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Preface

These pages describe the semi-classical limit for nonlinear Schrödinger equa-

tions in the presence of an external potential. The motivation of this study

is two-fold. First, it is expected to provide interesting models for physics.

For instance, the nonlinear Schrödinger equation is a common model for

Bose–Einstein condensation. To describe the physical phenomenon, qual-

itative properties of the solutions of these equations may be helpful. Ac-

cording to the various régimes considered, different asymptotic behaviors

associated to the equations may be interesting. One of them is the semi-

classical limit, where the behavior of the wave function as the (rescaled)

Planck constant goes to zero is studied. On the other hand, this study also

has purely analytical motivations. It is well-known that the semi-classical

limit (also called geometrical optics) yields useful information for problems

related to functional analysis, even when there is no Planck constant in the

initial problem. For instance, such methods have proven efficient in the

construction of parametrices or in studying the propagation of singulari-

ties. In these notes, we emphasize some applications of WKB analysis for

the study of qualitative properties of super-critical nonlinear Schrödinger

equations.

The book consists of two parts. The first one is dedicated to the WKB

methods and the semi-classical limit before the formation of caustics. The

second part treats the semi-classical limit in the presence of caustics in the

special geometric case where the caustic is reduced to a point (or to several

isolated points). Both parts are essentially independent. The first part may

be viewed simply as a motivation for the second part. Most of the content of

the second part does not refer to WKB analysis. Also, the technical aspects

are fairly independent in the two parts. The first part relies greatly on tech-

niques coming from the study of hyperbolic partial differential equations,

v
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and especially, from quasi-linear ones. The second part is more typical of

nonlinear Schrödinger equations in a way, since it involves scattering theory,

as well as Strichartz estimates related to Schrödinger equations.

These lecture notes correspond to an extended version of a course given

in Vienna at the Wolfgang Pauli Institute during a workshop organized by

Jean-Claude Saut in May 2007, and in Beijing in October 2007, during

a special semester organized by Ping Zhang at the Morningside Center

of Mathematics of the Chinese Academy of Sciences. The goal of this

course was to give an overview of the current knowledge and techniques in

the study of the semi-classical limit for nonlinear Schrödinger equations.

These notes are a good opportunity to fix (some of) the typographical

errors that have remained in the papers written by the author, and to

present several results in a unified way. We have also tried to point out

some interesting open questions, especially when they appear natural in

the course of the text. Since the course was addressed to researchers and to

graduate students, the present text is essentially self-contained, and only

for technical details and further developments have we chosen to direct the

reader to the original references.

I wish to thank warmly Thomas Alazard for his careful reading of the

initial version of the manuscript.
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General Notations

Functions

By default, the functions that we consider are complex-valued.

The space variable, denoted by x, belongs to Rn. The time variable is de-

noted by t.

The partial derivatives with respect to the time variable and to the j-th

space variable are denoted by ∂t and ∂j , respectively.

We denote by Λ the Fourier multiplier (Id−∆)1/2, where ∆ stands for the

Laplacian

∆ =
n∑

j=1

∂2
j .

Function spaces

We denote by Lp(Rn), or simply Lp, the usual Lebesgue spaces on Rn.

The inner product of L2(Rn) is defined as

〈f, g〉 =

∫

Rn

f(x)g(x)dx.

Consider f = f(t, x) a function from I×Rn to C, where I is a time interval.

If f ∈ C(I ;Lp(Rn)), we write

‖f‖L∞(I;Lp) = sup
t∈I

‖f(t)‖Lp(Rn).

vii
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The Schwartz class of smooth functions Rn → C which decay rapidly as

well as all their derivatives is denoted by S(Rn).

For f ∈ S(Rn), we define its Fourier transform by

f̂(ξ) = Ff(ξ) =
1

(2π)n/2

∫

Rn

e−ix·ξf(x)dx,

so that the inverse Fourier transform is given by

F−1f(x) =
1

(2π)n/2

∫

Rn

eix·ξf(ξ)dξ.

For s > 0, we define the Sobolev space Hs(Rn) = Hs as

Hs(Rn) =
{
f ∈ S ′(Rn) ; ξ 7→ 〈ξ〉s f̂(ξ) ∈ L2(Rn)

}
,

where we have denoted 〈ξ〉 = (1 + |ξ|2)1/2. Note that if s ∈ N, then

Hs(Rn) =
{
f ∈ L2(Rn) ; ∂αf ∈ L2(Rn), ∀α ∈ Nn, |α| 6 s

}
.

Recall that if s > n/2, then Hs(Rn) is an algebra, and Hs(Rn) ⊂ L∞(Rn).

The set H∞(Rn), or simply H∞, is the intersection of all these spaces:

H∞ = ∩s>0H
s(Rn).

This is a Fréchet space, equipped with the distance

d(f, g) =
∑

s∈N

2−s
‖f − g‖Hs

1 + ‖f − g‖Hs

.

Semi-classical limit

The dependence of functions upon the semi-classical parameter ε is denoted

by a superscript. For instance, the wave function is denoted by uε.

All the irrelevant constants are denoted by C. In particular, C stands for

a constant which is independent of ε, the semi-classical parameter.

Let (αh)0<h61 and (βh)0<h61 be two families of positive real numbers.

• We write αh � βh, or αh = o(βh), if lim sup
h→0

αh/βh = 0.

• We write αh . βh, or αh = O(βh), if lim sup
h→0

αh/βh <∞.

• We write αh ≈ βh if αh . βh and βh . αh.

If uh and vh are functions, we write uh ≈ vh if ‖uh− vh‖ � ‖vh‖, for some

norm to be precised (or not, when computations are purely formal).
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PART I

WKB Analysis

1
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Chapter 1

Preliminary Analysis

We consider nonlinear Schrödinger equations in the presence of a parameter

ε ∈]0, 1],

iε∂tu
ε +

ε2

2
∆uε = V uε + f

(
|uε|2

)
uε, (1.1)

where uε = uε(t, x) is complex-valued. Throughout this book, the space

variable, denoted by x, lies in the whole Euclidean space Rn, n > 1. Many of

the results presented in this first part can easily be adapted to the case of the

torus Tn. The external potential V = V (t, x) and the (local) nonlinearity f

are supposed to be smooth, real-valued, and independent of ε. The aim of

these notes is to describe some results about the asymptotic behavior of the

solution uε as the parameter ε goes to zero. We shall be more precise about

the initial data that we consider below. The nonlinearity f is local (e.g.

power-like nonlinearity): in particular, we choose not to mention results

related to nonlocal nonlinearities, such as the Schrödinger–Poisson system

iε∂tu
ε +

ε2

2
∆uε = V uε + Vpu

ε ; ∆Vp = λ
(
|uε|2 − c

)
,

or the Hartree equation

iε∂tu
ε +

ε2

2
∆uε = V uε + λ

(
1

|x|γ ∗ |uε|2
)
uε.

We do not consider ε-dependent potential either, an issue for which the

main model we have in mind is that of a lattice periodic potential, whose

period is of order ε:

iε∂tu
ε +

ε2

2
∆uε = V uε + VΓ

(x
ε

)
uε + f

(
|uε|2

)
uε,

where the potential VΓ is periodic with respect to some regular lattice

Γ ' Zn. See for instance [Bensoussan et al. (1978); Robert (1998); Teufel

3
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(2003)] for an introduction to the asymptotic study in the linear case of

the above equation, and [Carles et al. (2004)] for an example of asymptotic

behavior in a nonlinear régime. Our choice is to focus on (1.1), and to

describe as precisely as possible the variety of known phenomena in the

limit ε→ 0.

There are several reasons to study the asymptotic behavior of uε in

the semi-classical limit ε → 0. Let us mention two. First, (1.1) with

f(|u|2)u = |u|4u (quintic nonlinearity) is sometimes used as a model for

one-dimensional Bose–Einstein condensation in space dimension n = 1

([Kolomeisky et al. (2000)]). When n = 2 or 3, a cubic nonlinearity,

f(|u|2)u = |u|2u, is usually considered. The external potential V can be an

harmonic potential (isotropic or anisotropic), or a lattice periodic potential

(see e.g. [Dalfovo et al. (1999); Pitaevskii and Stringari (2003)]). According

to the different physical parameters at stake, the asymptotic behavior of

uε as ε → 0 may provide relevant informations to describe uε itself. This

approach is similar to the theory of geometric optics, developed initially to

describe the propagation of electro-magnetic waves, such as light. In that

context, the propagation of the wave is also described by partial differen-

tial equations, and ε usually corresponds to a wavelength, which is small

compared to the other parameters. For Maxwell’s equations, ε corresponds

to the inverse of the speed of light. We invite the reader to consult [Rauch

and Keel (1999)] for an overview of this theory, mainly in the context of

hyperbolic equations. We shall not develop further on the physical moti-

vations, but rather focus our attention on the mathematical aspects. The

term “geometric optics” means that it is expected that the propagation of

light is accurately described by rays. For Schrödinger equations, the ana-

logue of this notion is usually called “classical trajectories”. These notions

are identical, and follow from the notion of bicharacteristic curves. As a

consequence, the limit ε→ 0 relates classical and quantum wave equations.

In particular, the semi-classical limit ε → 0 for uε is expected to be de-

scribed by the laws of hydrodynamics. We will come back to this aspect

more precisely later.

Another motivation lies in the study the Cauchy problem for nonlinear

Schrödinger equations with no small parameter (V ≡ 0 and ε = 1 in (1.1),

typically). One can prove ill-posedness results for energy-supercritical equa-

tions by reducing the problem to semi-classical analysis for (1.1). This as-

pect is discussed in details in Sec. 5.1 and Sec. 5.2. Note that the application

of the theory of geometric optics to functional analysis has a long history.
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In [Lax (1957)], it was used to construct parametrices. It has also been

used to study the propagation of singularities (see e.g. [Taylor (1981)]), or

of quasi-singularities [Cheverry (2005)]. In the case of Schrödinger equa-

tions, semi-classical analysis has proven useful for instance in control theory

[Lebeau (1992)], in the proof of Strichartz estimates [Burq et al. (2004)],

and in the propagation of singularities for the nonlinear equation [Szeftel

(2005)].

We underscore the fact that the WKB analysis for (nonlinear)

Schrödinger equations is rather specific to this equation. An important

feature is the fact that for gauge invariant nonlinearities, it is possible to

describe the solution with one phase and one harmonic only, provided that

the initial data are of this form: uε ≈ aeiφ/ε. For several other equations

(e.g. Maxwell equations), the analysis is rather different, even on the alge-

braic level. We invite the reader to consult for instance [Joly et al. (1996b);

Métivier (2004b); Rauch and Keel (1999); Whitham (1999)], and references

therein, to have an idea of the important results for equations different

from the Schrödinger equation. However, the general framework presented

in §1.1 (derivation of the equation, and steps toward a justification) is not

specific to the equation: the main specificity of gauge invariant nonlinear

Schrödinger equations (as in Eq. (1.1)) is that the equations derived at the

formal step look simpler than for other equations, due to the fact that we

work with only one phase (and one harmonic).

Before introducing the approach developed in this first part, we present

two basic results, which will be used throughout these notes.

Lemma 1.1 (Gronwall lemma and a continuity argument).

(1) Let u, a, b ∈ C([0, T ]; R+) be such that

u(t) 6 u(0) +

∫ t

0

a(τ)u(τ)dτ +

∫ t

0

b(τ)dτ, ∀t ∈ [0, T ].

Denote A(t) =
∫ t
0
a(τ)dτ . Then

u(t) 6 u(0)eA(t) +

∫ t

0

b(s)eA(t)−A(s)ds, ∀t ∈ [0, T ].

(2) Let u, b ∈ C([0, T ]; R+) and f ∈ C(R+; R+) such that

u(t) 6 u(0) +

∫ t

0

f (u(τ)) u(τ)dτ +

∫ t

0

b(τ)dτ, ∀t ∈ [0, T ].

Let M = sup{f(v); v ∈ [0, 2u(0)]}. There exists t ∈]0, T ] such that

u(t) 6 u(0)eMt +

∫ t

0

b(s)eM(t−s)ds, ∀t ∈ [0, t].
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Proof. (1) Denote

w(t) = u(0) +

∫ t

0

a(τ)u(τ)dτ +

∫ t

0

b(τ)dτ.

By assumption, w ∈ C1([0, T ]) and w′(t) = a(t)u(t)+b(t) 6 a(t)w(t)+b(t).

Therefore,
(
w(t)e−A(t)

)′
6 b(t)e−A(t),

and the first point follows by integrating this inequality, since u(t) 6 w(t).

(2) Suppose that there exists t ∈]0, T ] such that u(t) > 2u(0). Since u is

continuous, we can define

t = min{τ ∈ [0, T ]; u(τ) = 2u(0)} > 0.

The assumption implies

u(t) 6 u(0) +M

∫ t

0

u(τ)dτ +

∫ t

0

b(τ)dτ, ∀t ∈ [0, t].

Gronwall lemma then yields

u(t) 6 u(0)eMt +

∫ t

0

b(s)eM(t−s)ds, ∀t ∈ [0, t].

The right hand side is continuous, and is equal to u(0) for t = 0. Up to

decreasing t, this right hand side does not exceed 2u(0) for t ∈ [0, t], hence

the conclusion of the lemma.

If u(t) 6 2u(0) for all t ∈ [0, T ], then we can trivially take t = T . �

Lemma 1.2 (Basic energy estimate). For ε > 0, consider uε solving

iε∂tu
ε +

ε2

2
∆uε = F εuε +Rε ; uε|t=0 = uε0. (1.2)

Assume that F ε = F ε(t, x) is real-valued. Let I be a time interval such that

0 ∈ I. Then we have, at least formally:

sup
t∈I

‖uε(t)‖L2 6 ‖uε0‖L2 +
1

ε

∫

I

‖Rε(τ)‖L2 dτ.

Proof. Since the statement is formal, so is the proof. Multiply (1.2) by

uε, and integrate over Rn:

iε

∫

Rn

uε∂tu
εdx+

ε2

2

∫

Rn

uε∆uεdx =

∫

Rn

F ε|uε|2dx+

∫

Rn

uεRεdx.
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Taking the imaginary part, the second term of the left hand side vanishes,

since ∆ is self-adjoint. Similarly, since F ε is real-valued, the first term of

the right hand side disappears, and we have:

ε
d

dt

∫

Rn

|uε|2 = ε

∫

Rn

∂t|uε|2 = 2 Im

∫

Rn

uεRε.

Cauchy–Schwarz inequality yields

ε
d

dt
‖uε‖2

L2 6 2‖uε‖L2‖Rε‖L2 .

Let δ > 0. We infer from the above inequality:

ε
d

dt

(
‖uε‖2

L2 + δ
)

6 2
(
‖uε‖2

L2 + δ
)1/2 ‖Rε‖L2 .

Since ‖uε‖2
L2 + δ > δ > 0, we can simplify:

ε
d

dt

(
‖uε‖2

L2 + δ
)1/2

6 ‖Rε‖L2 .

Integration with respect to time yields, for t ∈ I :

ε
(
‖uε(t)‖2

L2 + δ
)1/2

6 ε
(
‖uε0‖2

L2 + δ
)1/2

+

∫

I

‖Rε(t)‖L2dt.

The lemma follows by letting δ → 0. �

1.1 General presentation

The general approach of WKB expansions (after three papers by Wentzel,

Kramers and Brillouin respectively, in 1926) consists of mainly three steps.

The first step, which is described in more details in this section, consists in

seeking a function vε that solves (1.1) up to a small error term:

iε∂tv
ε +

ε2

2
∆vε = V vε + f

(
|vε|2

)
vε + rε,

where rε should be thought of as a “small” (as ε → 0) source term. Typi-

cally, we require

‖rε‖L∞([−T,T ];L2) = O
(
εN
)

for some T > 0 independent of ε, and N > 0 as large as possible. In this

first step, we derive equations that define vε, which are hopefully simpler

than (1.1). The second step consists in showing that such a vε actually

exists, that is, in solving the equations derived in the first step. The last

step is the study of stability (or consistency): even if rε is small, it is not
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clear that uε− vε is small too. Typically, we try to prove an error estimate

of the form

‖uε − vε‖L∞([−T,T ];L2) = O
(
εK
)

for some K > 0 (possibly smaller than N). Note also that for the nonlinear

problem (1.1), it is not even clear from the beginning that an L2 solution

can be constructed on a time interval independent of ε ∈]0, 1].

The initial data that we consider for WKB analysis are of the form

uε(0, x) = εκaε0(x)e
iφ0(x)/ε. (1.3)

The phase φ0 is independent of ε and real-valued. The initial amplitude aε0
is complex-valued, and may have an asymptotic expansion as ε→ 0,

aε0(x) ∼
ε→0

a0(x) + εa1(x) + ε2a2(x) + . . . , (1.4)

in the sense of formal asymptotic expansions, where the profiles aj are

independent of ε. Note that εκ then measures the size of uε(0, x) in L∞(Rn).

We shall always consider cases where κ > 0. When the nonlinearity is non-

trivial, f 6= 0, the asymptotic behavior of uε as ε→ 0 strongly depends on

the value of κ, as is discussed below. An important feature of Schrödinger

equations with gauge invariant nonlinearities like in (1.1) is that if the initial

data are of the form (1.3), then for small time at least (before caustics),

the solution uε is expected to keep the same form, at least approximately:

uε(t, x) ∼
ε→0

εκaε(t, x)eiφ(t,x)/ε, (1.5)

where aε is expected to have an asymptotic expansion as well. This is

in sharp contrast with the analogous problems for hyperbolic equations

(e.g. Maxwell, wave, Euler): typically, because the solutions of the wave

equations are real-valued, the factor eiφ0/ε is replaced, say, by 2 cos(φ0/ε) =

eiφ0/ε + e−iφ0/ε. By nonlinear interaction, other phases are expected to

appear, like eikφ/ε, k ∈ Z, for instance. This can be guessed by looking at

the first iterates of a Picard’s scheme. Moreover, phases different from φ

might be involved in the description of uε, by nonlinear mechanisms too.

We will see that unlike for these models, such a phenomenon is ruled out for

nonlinear Schrödinger equations, provided that only one phase is considered

initially, see (1.3). This is an important geometric feature in this study. On

the other hand, studying the asymptotic behavior of uε whose initial data

are sums of initial data as in (1.3) is an interesting open question so far.
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To describe the expected influence of the parameter κ on the asymptotic

behavior of uε, assume that the nonlinearity f is homogeneous:

f
(
|uε|2

)
uε = λ|uε|2σuε, λ ∈ R, σ > 0.

The case σ ∈ N \ {0} corresponds to a smooth nonlinearity. Even though

the parameter κ may be viewed as a measurement of the size of the (initial)

wave function, we shall rather consider data of order O(1), by introducing

ũε = ε−κuε. Dropping the tildes, we therefore consider

iε∂tu
ε +

ε2

2
∆uε = V uε + λεα|uε|2σuε ; uε(0, x) = aε0(x)e

iφ0(x)/ε, (1.6)

where α = 2σκ > 0.

1.2 Formal derivation of the equations

Assuming that the initial data have an asymptotic expansion of the form

(1.4), we seek uε(t, x) ∼ aε(t, x)eiφ(t,x)/ε , with

aε(t, x) ∼
ε→0

a(t, x) + εa(1)(t, x) + ε2a(2)(t, x) + . . .

We use the convention a(0) = a. On a formal level at least, the general idea

consists in plugging this asymptotic expansion into (1.6), and then ordering

in powers of ε. The lowest powers are the ones we really want to cancel,

and if we are left with some extra terms, we want to be able to consider

them as small source terms in the limit ε → 0 (by a perturbative analysis

for instance). To summarize, we first find b(0), b(1), . . ., such that

iε∂tu
ε +

ε2

2
∆uε − V uε − λεα|uε|2σuε ∼

ε→0

(
b(0) + εb(1) + ε2b(2) + . . .

)
eiφ/ε.

Then we consider the equations b(0) = 0, b(1) = 0, etc. Note that this makes

sense provided that α ∈ N, for otherwise, non-integer powers of ε appear

in the above right hand side.

Denoting by ∂ a differentiation with respect to the time variable, or any

space variable, we compute formally:

∂uε ∼
ε→0

(
iε−1

(
a+ εa(1) + ε2a(2) + . . .

)
∂φ

+ ∂a+ ε∂a(1) + ε2∂a(2) + . . .
)
eiφ/ε.
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Similarly, for 1 6 j 6 n,

∂2
j u

ε ∼
ε→0

(
− ε−2

(
a+ εa(1) + ε2a(2) + . . .

)
(∂jφ)2

+ iε−1
(
a+ εa(1) + ε2a(2) + . . .

)
∂2
j φ

+ 2iε−1
(
∂ja+ ε∂ja

(1) + ε2∂ja
(2) + . . .

)
∂jφ

+ ∂2
j a+ ε∂2

j a
(1) + ε2∂2

j a
(2) + . . .

)
eiφ/ε.

Ordering in powers of ε, we infer:

iε∂tu
ε +

ε2

2
∆uε ∼

ε→0

(
−
(
∂tφ+

1

2
|∇φ|2

)(
a+ εa(1) + ε2a(2) + . . .

)

+ iε

(
∂ta+ ∇φ · ∇a+

1

2
a∆φ

)

+ iε2
(
∂ta

(1) + ∇φ · ∇a(1) +
1

2
a(1)∆φ− i

2
∆a

)

...

+ iεj+1

(
∂ta

(j) + ∇φ · ∇a(j) +
1

2
a(j)∆φ− i

2
∆a(j−1)

)

+ . . .

)
eiφ/ε.

For the nonlinear term, we choose to compute only the first two terms:

|uε|2σuε ∼
ε→0

(
|a|2σa+ ε

(
|a|2σa(1) + 2σRe

(
aa(1)

)
|a|2σ−2a

)
+ . . .

)
eiφ/ε.

To simplify the discussion, assume in the following lines that α is an integer,

α ∈ N. Since we want to consider a leading order amplitude a which is not

identically zero, it is natural to demand, for the term of order ε0:

∂tφ+
1

2
|∇φ|2 + V =

{
0 if α > 0,

− λ|a|2σ if α = 0.
(1.7)

For the term of order ε1, we find:

∂ta+ ∇φ · ∇a+
1

2
a∆φ =





0 if α > 1,

− iλ|a|2σa if α = 1,

− 2iλσRe
(
aa(1)

)
|a|2σ−2a if α = 0.

(1.8)
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Before giving a rigorous meaning to this approach, we comment on these

cases. Intuitively, the larger the α, the smaller the influence of the nonlin-

earity: for large α, the nonlinearity is not expected to be relevant at leading

order as ε→ 0. In terms of the problem (1.1)–(1.3), this means that small

initial waves (large κ) evolve linearly at leading order: this corresponds to

the general phenomenon that very small nonlinear waves behave linearly

at leading order. Here, we see that if α > 1, then φ and a solve equations

which are independent of λ, hence of the nonlinearity. Since at leading

order, we expect

uε(t, x) ∼
ε→0

a(t, x)eiφ(t,x)/ε,

this means that the leading order behavior of uε is linear. As a consequence,

we also expect

uε(t, x) ∼
ε→0

uεlin(t, x),

where uεlin solves the linear problem

iε∂tu
ε
lin +

ε2

2
∆uεlin = V uεlin ; uεlin(0, x) = uε(0, x) = aε0(x)e

iφ0(x)/ε.

Decreasing the value of α, the critical threshold corresponds to α = 1: the

nonlinearity shows up in the equation for a, but not in the equation for

φ. This régime is referred to as weakly nonlinear geometric optics. The

term “weakly” means that the phase φ is determined independently of the

nonlinearity: the equations for a and φ are decoupled. We will see that

for α > 1, the equation for a can be understood as a transport equation

along the classical trajectories (rays of geometric optics) associated to φ,

which in turn are determined by the initial phase φ0 and the semi-classical

Hamiltonian

τ +
|ξ|2
2

+ V (t, x).

See Sec. 1.3.1 below.

The case α = 0 is supercritical, and contains several difficulties. We

point out two of those, which show that dealing with the supercritical case

requires a different approach. First, the equation for the phase involves the

amplitude a. But to solve the equation for a, it seems necessary to know

a(1). One could continue the expansion in powers of ε at arbitrarily high

order: no matter how many terms are included, the system is never closed.

This aspect is a general feature of supercritical geometric optics (see also

[Cheverry (2005, 2006); Cheverry and Guès (2007)]). The second difficulty
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concerns the stability analysis. We have claimed that the general approach

consists in computing φ, a, a(1), . . ., so that

uε`(t, x) :=
(
a(t, x) + εa(1)(t, x) + . . .+ ε`a(`)(t, x)

)
eiφ(t,x)/ε

solves (1.6) up to a small error term. Typically (recall that α = 0),

iε∂tu
ε
` +

ε2

2
∆uε` = V uε` + λ|uε` |2σuε` + ε`rε` ,

where rε` is bounded in a space “naturally” associated to the study of

(1.6). When working in spaces based on the conservation of the L2 norm

for nonlinear Schrödinger equations (see Sec. 1.4), we expect estimates in

L∞([0, T ];L2(Rn)) for some T > 0 independent of ε ∈]0, 1]. Suppose that

we have managed to construct such an approximate solution uε` . Assume

for simplicity that uε and uε` coincide at time t = 0. Setting wε` = uε − uε` ,

we have:

iε∂tw
ε
` +

ε2

2
∆wε` = V wε` + λ

(
|uε|2σuε − |uε` |2σuε`

)
− ε`rε` .

Suppose that uε and uε` remain bounded in L∞(Rn) on the time interval

[0, T ]. Then we have:
∣∣|uε(t, x)|2σuε(t, x) − |uε`(t, x)|2σuε`(t, x)

∣∣ 6 C(T )|wε` (t, x)|,

uniformly for t ∈ [0, T ] and x ∈ Rn. Lemma 1.2 yields the formal estimate,

for t ∈ [0, T ]:

ε‖wε` (t)‖L2 6 2|λ|C(T )

∫ t

0

‖wε`(τ)‖L2dτ + 2ε`
∫ t

0

‖rε`(τ)‖L2dτ.

Using Gronwall lemma, we infer:

‖wε(t)‖L2 6 Cε`−1eCt/ε.

The exponential factor shows that this method may yield interesting results

only up to time of the order cε| log ε|θ for some c, θ > 0. Note that in

some functional analysis contexts, this may be satisfactory (see Sec. 5.1).

However, in general, we wish to have a description of the solution of (1.6)

on a time interval independent of ε.

In Chap. 9, we give a rather explicit example of a situation similar to

the one considered above, where ` can be taken arbitrarily large, but wε` is

not small in L2, past the time where Gronwall lemma is satisfactory (see

Sec. 9.1.3).
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1.3 Linear Schrödinger equation

Before proceeding to the nonlinear analysis, we justify the above discussion

in the linear case: we consider (1.6) with λ = 0, that is

iε∂tu
ε +

ε2

2
∆uε = V uε ; uε(0, x) = aε0(x)e

iφ0(x)/ε. (1.9)

The results presented here will also be useful in the study of the pointwise

behavior of the solution uε to (1.1) in the nonlinear case (see Chap. 2 and

Sec. 4.2.2). We invite the reader to consult [Robert (1987)] for results

related to the semi-classical limit of Eq. (1.9) with a different point of view.

1.3.1 The eikonal equation

To cancel the ε0 term, the first step consists in solving (1.7):

∂tφeik +
1

2
|∇φeik|2 + V = 0 ; φeik(0, x) = φ0(x). (1.10)

This equation is called the eikonal equation. The term “eikonal” stems from

the theory of geometric optics: the solution to this equation determines the

set where light is propagated. In the case of the (linear) Schrödinger equa-

tion, we will see that a similar phenomenon occurs: the phase φeik deter-

mines the way the initial amplitude a0 is transported (see Sec. 1.3.2). Equa-

tion (1.10) is also referred to as a Hamilton–Jacobi equation. It is usually

solved locally in space and time in terms of the semi-classical Hamiltonian

H(t, x, τ, ξ) = τ +
|ξ|2
2

+ V (t, x), (t, x, τ, ξ) ∈ R × Rn × R × Rn.

More general Hamilton–Jacobi equations are equations of the form

H (t, x, ∂tφ,∇φ) = 0,

where H is a smooth real-valued function of its arguments. For the propa-

gation of light in a medium of variable speed of propagation c(x), we have

H(t, x, τ, ξ) = τ2 − c(x)2|ξ|2.
The local resolution of such equations appears in many books (see e.g.

[Dereziński and Gérard (1997); Grigis and Sjöstrand (1994); Evans (1998)]),

so we shall only outline the usual approach. Since in our case ∂τH = 1, the

Hamiltonian flow is given by the system of ordinary differential equations
{
∂tx(t, y) = ∂ξH = ξ (t, y) ; x(0, y) = y,

∂tξ(t, y) = −∂xH = −∇xV (t, x(t, y)) ; ξ(0, y) = ∇φ0(y).
(1.11)
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The projection of the solution (x, ξ) on the physical space, that is x(t, y),

is called classical trajectory , or ray . The Cauchy-Lipschitz Theorem yields:

Lemma 1.3. Assume that V and φ0 are smooth: V ∈ C∞(R×Rn; R) and

φ0 ∈ C∞(Rn; R). Then for all y ∈ Rn, there exists Ty > 0 and a unique

solution to (1.11), (x(t, y), ξ(t, y)) ∈ C∞([−Ty, Ty] × Rn; Rn)2.

The link with (1.10) appears in

Lemma 1.4. Let φeik be a smooth solution to (1.10). Then necessarily,

∇φeik (t, x(t, y)) = ξ(t, y),

as long as all the terms remain smooth.

Proof. For φeik a smooth solution to (1.10), introduce the ordinary dif-

ferential equation

d

dt
x̃ = ∇φeik (t, x̃) ; x̃

∣∣
t=0

= y. (1.12)

By the Cauchy-Lipschitz Theorem, (1.12) has a smooth solution x̃ ∈
C∞([−T̃y, T̃y]) for some T̃y > 0 possibly very small. Set

ξ̃(t) := ∇φeik (t, x̃(t)) .

We compute

d

dt
ξ̃ = ∇∂tφeik (t, x̃(t)) + ∇2φeik (t, x̃(t)) · d

dt
x̃(t)

= ∇∂tφeik (t, x̃(t)) + ∇2φeik (t, x̃(t)) · ∇φeik (t, x̃(t))

= ∇
(
∂tφeik +

1

2
|∇φeik|2

)
(t, x̃(t)) = −∇V (t, x̃(t)) .

We infer that (x̃, ξ̃) solves (1.11). The lemma then follows from uniqueness

for (1.11). �

Note that knowing ∇φeik suffices to get φeik itself, which is given by

φeik(t, x) = φ0(x) −
∫ t

0

(
1

2
|∇φeik(τ, x)|2 + V (τ, x)

)
dτ.

The above lemma and the Local Inversion Theorem yield

Lemma 1.5. Let V and φ0 smooth as in Lemma 1.3. Let t ∈ [−T, T ] and

θ0 an open set of Rn. Denote

θt := {x(t, y) ∈ Rn, y ∈ θ0} ; θ := {(t, x) ∈ [−T, T ]× Rn, x ∈ θt}.
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Suppose that for t ∈ [−T, T ], the mapping

θ0 3 y 7→ x(t, y) ∈ θt

is bijective, and denote by y(t, x) its inverse. Assume also that

∇xy ∈ L∞
loc(θ).

Then there exists a unique function θ 3 (t, x) 7→ φeik(t, x) ∈ R that solves

(1.10), and satisfies ∇2
xφeik ∈ L∞

loc(θ). Moreover,

∇φeik(t, x) = ξ(t, y(t, x)). (1.13)

Note that the existence time T may depend on the neighborhood θ0. It

actually does in general, as shown by the following example.

Example 1.6. Assume that V ≡ 0 and

φ0(x) = − 1

(2 + 2δ)Tc

(
|x|2 + 1

)1+δ
, Tc > 0, δ > 0.

For δ > 0, integrating (1.11) yields:

x(t, y) = y +

∫ t

0

ξ(s, y)ds = y +

∫ t

0

ξ(0, y)ds = y − t

Tc

(
|y|2 + 1

)δ
y

= y

(
1 − t

Tc

(
|y|2 + 1

)δ
)
.

For R > 0, we see that the rays starting from the ball {|y| = R} meet at

the origin at time

Tc(R) =
Tc

(R2 + 1)δ
.

Since R is arbitrary, this shows that several rays can meet arbitrarily fast,

thus showing that the above lemma cannot be applied uniformly in space.

Of course, the above issue would not appear if the space variable x belonged

to a compact set instead of the whole space Rn. To obtain a local time

of existence with is independent of y ∈ Rn, we have to make an extra

assumption, in order to be able to apply a global inversion theorem.

Assumption 1.7 (Geometric assumption). We assume that the po-

tential and the initial phase are smooth, real-valued, and subquadratic:

• V ∈ C∞(R × Rn), and ∂αxV ∈ C(R;L∞(Rn)) as soon as |α| > 2.

• φ0 ∈ C∞(Rn), and ∂αφ0 ∈ L∞(Rn) as soon as |α| > 2.
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As a consequence of this assumption on V , if aε0 ∈ L2, then (1.9) has a

unique solution uε ∈ C(R;L2). See e.g. [Reed and Simon (1975)].

The following result can be found in [Schwartz (1969)], or in Appendix A

of [Dereziński and Gérard (1997)].

Lemma 1.8. Suppose that the function Rn 3 y 7→ x(y) ∈ Rn satisfies:

| det∇yx| > C0 > 0 and
∣∣∂αy x

∣∣ 6 C, |α| = 1, 2.

Then x is bijective.

We can then prove

Proposition 1.9. Under Assumption 1.7, there exists T > 0 and a unique

solution φeik ∈ C∞ ([−T, T ]× Rn) to (1.10). In addition, this solution is

subquadratic: ∂αxφeik ∈ L∞([−T, T ]× Rn) as soon as |α| > 2.

Proof. We know that we can solve (1.11) locally in time in the neighbor-

hood of any y ∈ Rn. In order to apply the above global inversion result,

differentiate (1.11) with respect to y:
{
∂t∂yx(t, y) = ∂yξ (t, y) ; ∂yx(0, y) = Id,

∂t∂yξ(t, y) = −∇2
xV (t, x(t, y)) ∂yx(t, y) ; ∂yξ(0, y) = ∇2φ0(y).

(1.14)

Integrating (1.14) in time, we infer from Assumption 1.7 that for any T > 0,

there exists CT such that for (t, y) ∈ [−T, T ]× Rn:

|∂yx(t, y)| + |∂yξ(t, y)| 6 CT + CT

∫ t

0

(|∂yx(s, y)| + |∂yξ(s, y)|) ds.

Gronwall lemma yields:

‖∂yx(t)‖L∞
y

+ ‖∂yξ(t)‖L∞
y

6 C ′(T ). (1.15)

Similarly,
∥∥∂αy x(t)

∥∥
L∞

y

+
∥∥∂αy ξ(t)

∥∥
L∞

y

6 C(α, T ), ∀α ∈ Nn, |α| > 1. (1.16)

Integrating the first line of (1.14) in time, we have:

det∇yx(t, y) = det

(
Id +

∫ t

0

∇yξ (s, y) ds

)
.

We infer from (1.15) that for t ∈ [−T, T ], provided that T > 0 is sufficiently

small, we can find C0 > 0 such that:

|det∇yx(t, y)| > C0, ∀(t, y) ∈ [−T, T ]× Rn. (1.17)

Lemma 1.8 shows that we can invert y 7→ x(t, y) for t ∈ [−T, T ].
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To apply Lemma 1.5 with θ0 = θ = θt = Rn, we must check that

∇xy ∈ L∞
loc(R

n). Differentiate the relation

x (t, y(t, x)) = x

with respect to x:

∇xy(t, x)∇yx (t, y(t, x)) = Id.

Therefore, ∇xy(t, x) = ∇yx (t, y(t, x))
−1

as matrices, and

∇xy(t, x) =
1

det∇yx(t, y)
adj (∇yx (t, y(t, x))) , (1.18)

where adj (∇yx) denotes the adjugate of ∇yx. We infer from (1.15) and

(1.17) that ∇xy ∈ L∞(Rn) for t ∈ [−T, T ]. Therefore, Lemma 1.5 yields

a smooth solution φeik to (1.10); it is local in time and global in space:

φeik ∈ C∞([−T, T ]× Rn).

The fact that φeik is subquadratic as stated in Proposition 1.9 then

stems from (1.13), (1.16), (1.17) and (1.18). �

Note that Example 1.6 shows that the above result is essentially sharp:

if Assumption 1.7 is not satisfied, then the above result fails to be true.

Similarly, if we consider V = V (x) = −x4 in space dimension n = 1, then,

also due to an infinite speed of propagation, the Hamiltonian −∂2
x − x4 is

not essentially self-adjoint (see Chap. 13, Sect. 6, Cor. 22 in [Dunford and

Schwartz (1963)]). We now give some examples of cases where the phase

φeik can be computed explicitly, which also show that in general, the above

time T is necessarily finite.

Example 1.10 (Quadratic phase). Resume Example 1.6, and consider

the value δ = 0. In that case, Assumption 1.7 is satisfied, and (1.10) is

solved explicitly:

φeik(t, x) =
|x|2

2(t− Tc)
− 1

2Tc
.

This shows that we can solve (1.10) globally in space, but only locally in

time: as t → Tc, φeik ceases to be smooth. A caustic reduced to a single

point (the origin) is formed.

Remark 1.11. More generally, the space-time set where the map y 7→
x(t, y) ceases to be a diffeomorphism is called caustic. The behavior of the

solution uε to (1.6) with λ = 0 is given for all time in terms of oscillatory

integrals ([Duistermaat (1974); Maslov and Fedoriuk (1981)]). We present

results concerning the asymptotic behavior of solutions to (1.6) with λ 6= 0

in the presence of point caustics in the second part of this book.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

18 Semi-Classical Analysis for Nonlinear Schrödinger Equations

Example 1.12 (Harmonic potential). When φ0 ≡ 0, and V is inde-

pendent of time and quadratic, V = V (x) = 1
2

∑n
j=1 ω

2
jx

2
j , we have:

φeik(t, x) = −
n∑

j=1

ωj
2
x2
j tan(ωjt).

This also shows that we can solve (1.10) globally in space, but locally in

time only. Note that if we replace formally ωj by iωj , then V is turned into

−V , and the trigonometric functions become hyperbolic functions: we can

then solve (1.10) globally in space and time.

Example 1.13 (Plane wave). If we assume V ≡ 0 and φ0(x) = ξ0 ·x for

some ξ0 ∈ Rn, then we find:

φeik(t, x) = ξ0 · x− 1

2
|ξ0|2t.

Also in this case, we can solve (1.10) globally in space and time.

1.3.2 The transport equations

To cancel the ε1 term, the second step consists in solving (1.8):

∂ta+ ∇φeik · ∇a+
1

2
a∆φeik = 0 ; a(0, x) = a0(x), (1.19)

where a0 is given as the first term in the asymptotic expansion of the initial

amplitude (1.4). The equation is a transport equation (see e.g. [Evans

(1998)]), since the characteristics for the operator ∂t + ∇φeik · ∇ do not

meet for t ∈ [−T, T ], by construction. As a matter of fact, this equation

can be solved rather explicitly, in terms of the geometric tools that we have

used in the previous paragraph.

Introduce the Jacobi’s determinant

Jt(y) = det∇yx(t, y),

where x(t, y) is given by the Hamiltonian flow (1.11). Note that J0(y) = 1

for all y ∈ Rn. By construction, for t ∈ [−T, T ], the function y 7→ Jt(y) is

uniformly bounded from above and from below:

∃C > 0,
1

C
6 Jt(y) 6 C, ∀(t, y) ∈ [−T, T ]× Rn.

Define the function A by

A(t, y) := a (t, x(t, y))
√
Jt(y).
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Then since for t ∈ [−T, T ], y 7→ x(t, y) is a global diffeomorphism on Rn,

(1.19) is equivalent to the equation

∂tA(t, y) = 0 ; A(0, y) = a0(y).

We obviously have A(t, y) = a0(y) for all t ∈ [−T, T ], and back to the

function a, this yields

a(t, x) =
1√

Jt(y(t, x))
a0 (y(t, x)) , (1.20)

where y(t, x) is the inverse map of y 7→ x(t, y).

Remark 1.14. The computations of Sec. 1.2 show that the amplitudes are

given by

∂ta
(j) + ∇φeik · ∇a(j) +

1

2
a(j)∆φeik =

i

2
∆a(j−1) ; a

(j)
|t=0 = aj ,

with the convention a(−1) = 0 and a(0) = a. For j > 1, this equation is

the inhomogeneous analogue of (1.19). It can be solved by using the same

change of variable as above. This shows that when φeik becomes singular

(formation of a caustic), all the terms computed by this WKB analysis

become singular in general. The WKB hierarchy ceases to be relevant at a

caustic.

Proposition 1.15. Let s > 0 and a0 ∈ Hs(Rn). Then (1.19) has a unique

solution a ∈ C([−T ;T ];Hs), where T > 0 is given by Proposition 1.9.

Proof. Existence and uniqueness at the L2 level stem from the above

analysis, (1.20). To prove that an Hs regularity is propagated for s > 0, we

could also use (1.20). We shall use another approach, which will be more

natural in the nonlinear setting. To simplify the presentation, we assume

s ∈ N, and prove a priori estimates in Hs. Let α ∈ Nn, with |α| 6 s.

Applying ∂αx to (1.19), we find:

∂t∂
α
x a+ ∇φeik · ∇∂αx a = [∇φeik · ∇, ∂αx ] a− 1

2
∂αx (a∆φeik) =: Rα, (1.21)

where [P,Q] = PQ−QP denotes the commutator of the operators P and

Q. Take the inner product of (1.21) with ∂αx a, and consider the real part:

1

2

d

dt
‖∂αxa‖2

L2 + Re

∫

Rn

∂αx a∇φeik · ∇∂αx a 6 ‖Rα‖L2 ‖a‖Hs .

Notice that we have∣∣∣∣Re

∫

Rn

∂αx a∇φeik · ∇∂αx a
∣∣∣∣ =

1

2

∣∣∣∣
∫

Rn

∇φeik · ∇ |∂αx a|2
∣∣∣∣

=
1

2

∣∣∣∣
∫

Rn

|∂αx a|
2
∆φeik

∣∣∣∣ 6 C ‖a‖2
Hs ,
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since ∆φeik ∈ L∞([−T, T ] × Rn) from Proposition 1.9. Summing over α

such that |α| 6 s, we infer:

d

dt
‖a‖2

Hs 6 C ‖a‖2
Hs + ‖Rα‖2

Hs .

To apply Gronwall’s lemma, we need to estimate the last term. We use

the fact that the derivatives of order at least two of φeik are bounded, from

Proposition 1.9, to have:

‖Rα‖L2 6 C ‖a‖Hs .

We can then conclude:

‖a‖L∞([−T,T ];Hs) 6 C ‖a0‖Hs ,

which completes the proof of the proposition. �

Let us examine what can be deduced at this stage, and see which rigorous

meaning can be given to the relation uε ∼ aeiφeik/ε. Let

vε1(t, x) := a(t, x)eiφeik(t,x)/ε.

Proposition 1.16. Let s > 2, a0 ∈ Hs(Rn), and Assumption 1.7 be satis-

fied. Suppose that

‖aε0 − a0‖Hs−2 = O
(
εβ
)

for some β > 0. Then there exists C > 0 independent of ε ∈]0, 1] such that

sup
t∈[−T,T ]

‖uε(t) − vε1(t)‖L2 6 Cεmin(1,β),

where T is given by Proposition 1.9. If in addition s > n/2 + 2, then

sup
t∈[−T,T ]

‖uε(t) − vε1(t)‖L∞ 6 Cεmin(1,β).

Proof. Let wε1 := uε − vε1. By construction, is solves

iε∂tw
ε
1 +

ε2

2
∆wε1 = V wε1 −

ε2

2
eiφeik/ε∆a ; wε1|t=0 = aε0 − a0. (1.22)

By Lemma 1.2, which can be made rigorous in the present setting (exercise),

we have:

sup
t∈[−T,T ]

‖wε1(t)‖L2 6 ‖aε0 − a0‖L2 +
ε

2

∫ T

−T
‖∆a(τ)‖L2dτ 6 C

(
εβ + ε

)
,

where we have used the assumption on aε0 − a0 and Proposition 1.15. This

yields the first estimate of the proposition.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Preliminary Analysis 21

To prove the second estimate, we want to use the Sobolev embedding

Hs ⊂ L∞ for s > n/2. A first idea could be to differentiate (1.22) with re-

spect to space variables, and use Lemma 1.2. However, this direct approach

fails, because the source term

ε2

2
eiφeik/ε∆a

is of order O(ε2) in L2, but of order O(ε2−s) in Hs, s > 0. This is due

to the rapidly oscillatory factor eiφeik/ε. Moreover, under our assumptions,

it is not guaranteed that ∇φeik∆a ∈ C([−T, T ];L2), since ∇φeik may grow

linearly with respect to the space variable, as shown by Examples 1.10 and

1.12. We therefore adopt a different point of view, relying on the remark:

|uε − vε1| =
∣∣∣uε − aeiφeik/ε

∣∣∣ =
∣∣∣uεe−iφeik/ε − a

∣∣∣ .

Set aε := uεe−iφeik/ε. We check that it solves

∂ta
ε + ∇φeik · ∇aε +

1

2
aε∆φeik = i

ε

2
∆aε ; aε|t=0 = aε0.

Therefore, rε = aε − a = wε1e
−iφeik/ε solves

∂tr
ε+∇φeik ·∇rε+

1

2
rε∆φeik = i

ε

2
∆rε+i

ε

2
∆a ; rε|t=0 = aε0−a0. (1.23)

Note that this equation is very similar to the transport equation (1.19),

with two differences. First, the presence of the operator iε∆ acting on rε

on the right hand side. Second, the source term iε∆a, which makes the

equation inhomogeneous.

We know by construction that rε ∈ C([−T, T ];L2), and we seek a priori

estimates in C([−T, T ];Hk). These are established along the same lines as

in the proof of Proposition 1.15. We note that since the operator i∆ is

skew-symmetric on Hs, the term iε∆rε vanishes from the energy estimates

in Hs. Then, the source term is of order ε in C([−T ;T ];Hs−2) from Propo-

sition 1.15. We infer:

sup
t∈[−T,T ]

‖rε(t)‖Hs−2 . εβ + ε.

Note that this estimate, along with a standard continuation argument,

shows that aε ∈ C([−T ;T ];Hs−2) for ε > 0 sufficiently small. Since

s− 2 > n/2, we deduce

sup
t∈[−T,T ]

‖rε(t)‖L∞ . εβ + ε,

which completes the proof of the proposition. �
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Before analyzing the accuracy of higher order approximate solutions, let us

examine the candidate vε1 in the case of the examples given in Sec. 1.3.1.

Example 1.17 (Quadratic phase). Resume Example 1.10. In this case,

we compute, for t < Tc,

a(t, x) =

(
Tc

Tc − t

)n/2
a0

(
Tc

Tc − t
x

)
.

As t→ Tc, not only φeik ceases to be smooth, but also a. This is a general

feature of the formation of caustics: all the terms constructed by the usual

WKB analysis become singular.

Example 1.18 (Harmonic potential). Resume Example 1.12. If |t| is

sufficiently small so that φeik remains smooth on [0, t], we find:

a(t, x) =
n∏

j=1

(
1

cos(ωjt)

)1/2

a0

(
x1

cos(ω1t)
, . . . ,

xn
cos(ωnt)

)
.

Here again, φeik and a become singular simultaneously.

Example 1.19 (Plane wave). If we assume V ≡ 0 and φ0(x) = ξ0 ·x for

some ξ0 ∈ Rn, then we find:

a(t, x) = a0 (x− ξ0t) .

The initial amplitude is simply transported with constant velocity.

We can continue this analysis to arbitrary order:

Proposition 1.20. Let k ∈ N \ {0} and s > 2k+ 2. Let a0, a1, . . . , ak with

aj ∈ Hs−2j(Rn), and let Assumption 1.7 be satisfied. Suppose that

‖aε0 − a0 − εa1 − . . .− εkak‖Hs−2k−2 = O
(
εk+β

)

for some β > 0. Then we can find a(1), . . . , a(k), with

a(j) ∈ C([−T, T ];Hs−2j),

such that if we set

vεk+1 =
(
a+ εa(1) + . . .+ εka(k)

)
eiφeik/ε,

there exists C > 0 independent of ε ∈]0, 1] such that

sup
t∈[−T,T ]

∥∥∥
(
uε(t) − vεk+1(t)

)
e−iφeik(t)/ε

∥∥∥
Hs−2k−2

6 Cεmin(k+1,k+β),

where T is given by Proposition 1.9.
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Proof. We simply sketch the proof, since it follows arguments which have

been introduced above. First, the computations presented in Sec. 1.2 show

that to cancel the term in εj+1, 1 6 j 6 k, we naturally impose:

∂ta
(j) + ∇φeik · ∇a(j) +

1

2
a(j)∆φeik =

i

2
∆a(j−1) ; a

(j)
|t=0 = aj .

This equation is the inhomogeneous analogue of (1.19). Using the same

arguments as in the proof of Proposition 1.15, it is easy to see that it has

a unique solution a(j) ∈ C([−T, T ];L2), whose spatial regularity is that of

a(j−1), minus 2. Starting an induction with Proposition 1.15, we construct

a(j) ∈ C([−T, T ];Hs−2j).

To prove the error estimate, introduce rεk = aε − a − εa(1) − . . . − εka(k),

where we recall that aε = uεe−iφeik/ε. By construction, the remainder rεk is

in C([−T ;T ];L2) since s > 2k + 2, and it solves:




∂tr

ε
k + ∇φeik · ∇rεk +

1

2
rεk∆φeik = i

ε

2
∆rεk + i

εk+1

2
∆a(k),

rε|t=0 = aε0 − a0 − . . .− εkak.

We can then mimic the end of the proof of Proposition 1.16. �

To conclude, we see that we can construct an arbitrarily accurate (as ε→ 0)

approximation of uε on [−T, T ], provided that the initial profiles aj are

sufficiently smooth. The goal now is to see how this approach can be

adapted to a nonlinear framework.

1.4 Basic results in the nonlinear case

Before presenting a WKB analysis in the case f 6= 0 in (1.1), we recall

a few important facts about the nonlinear Cauchy problem for (1.1). We

shall simply gather classical results, which can be found for instance in

[Cazenave and Haraux (1998); Cazenave (2003); Ginibre and Velo (1985a);

Kato (1989); Tao (2006)]. Several notions of solutions are available. Ac-

cording to the cases, we will work with the notion of strong solutions (Chap-

ters 2, 4 and 5), of weak solutions (Chapters 3 and 5) or of mild solutions

(especially in the second part of this book).

In this section, one should think that the parameter ε > 0 is fixed. The

dependence upon ε is discussed in the forthcoming sections.
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1.4.1 Formal properties

Since V and f are real-valued, the L2 norm of uε is formally independent

of time:

‖uε(t)‖L2 = ‖uε(0)‖L2 . (1.24)

This can be seen from the proof of Lemma 1.2, with F ε = V + f
(
|uε|2

)

and Rε = 0. This relation yields an a priori bound for the L2 norm of uε.

When the potential V is time-independent, V = V (x), (1.1) has a

Hamiltonian structure. Introduce

F (y) =

∫ y

0

f(η)dη.

The following energy is formally independent of time:

Eε(uε(t)) =
1

2
‖ε∇uε(t)‖2

L2 +

∫

Rn

F
(
|uε(t, x)|2

)
dx

+

∫

Rn

V (x)|uε(t, x)|2dx.
(1.25)

We see that if Eε is finite, and if V > 0 and F > 0, then this yields an a

priori bound on ‖ε∇uε(t)‖L2 .

Example 1.21. If V = V (x) > and f(y) = λyσ , then (1.25) becomes

Eε =
1

2
‖ε∇uε(t)‖2

L2 +
λ

σ + 1

∫

Rn

|uε(t, x)|2σ+2dx +

∫

Rn

V (x)|uε(t, x)|2dx.

If λ > 0 (defocusing nonlinearity), this yields an a priori bound on

‖ε∇uε(t)‖L2 . On the other hand, if λ < 0, then ‖ε∇uε(t)‖L2 may be-

come unbounded in finite time: this is the finite time blow-up phenomenon

(see e.g. [Cazenave (2003); Sulem and Sulem (1999)]). Since the L2 norm

of uε is conserved, one can replace the assumption V > 0 with V > −C for

some C > 0, and leave the above discussion unchanged.

Example 1.22. If V is unbounded from below, the conservation of the

energy does not seem to provide interesting informations. For instance,

if V (x) = −|x|2, then even in the linear case f = 0, the energy is not a

positive energy functional (see [Carles (2003a)] though, for the nonlinear

Cauchy problem).
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1.4.2 Strong solutions

A remarkable fact is that if the external potential V is subquadratic in the

sense of Assumption 1.7, then one can define a strongly continuous semi-

group for the linear equation (1.9). As we have mentioned already, if no sign

assumption is made on V , then Assumption 1.7 is essentially sharp: if n = 1

and V (x) = −x4, then −∂2
x + V is not essentially self-adjoint on the set

of test functions ([Dunford and Schwartz (1963)]). Under Assumption 1.7,

one defines U ε(t, s) such that uεlin(t, x) = Uε(t, s)ϕε(x), where

iε∂tu
ε
lin +

ε2

2
∆uεlin = V uεlin ; uεlin(s, x) = ϕε(x).

Note that U ε(t, t) = Id. The existence of U ε(t, s) is established in [Fujiwara

(1979)], along with the following properties:

• The map (t, s) 7→ U ε(t, s) is strongly continuous.

• Uε(t, s)∗ = Uε(t, s)−1.

• Uε(t, τ)Uε(τ, s) = U ε(t, s).

• Uε(t, s) is unitary on L2: ‖Uε(t, s)ϕε‖L2 = ‖ϕε‖L2 .

We construct strong solutions which are (at least) in Hs(Rn), for s > n/2.

Recall that Hs is then an algebra, embedded into L∞(Rn). We shall also

use the following version of Schauder’s lemma:

Lemma 1.23 (Schauder’s lemma). Suppose that G : C → C is a

smooth function, such that G(0) = 0. Then the map u 7→ G(u) sends

Hs(Rn) to itself provided s > n/2. The map is uniformly Lipschitzean on

bounded subsets of Hs.

We refer to [Taylor (1997)] or [Rauch and Keel (1999)] for the proof of this

result, as well as to the following refinement (tame estimate):

Lemma 1.24 (Moser’s inequality). Suppose that G : C → C is a

smooth function, such that G(0) = 0. Then there exists C : [0,∞[→ [0,∞[

such that for all u ∈ Hs(Rn),

‖G(u)‖Hs 6 C (‖u‖L∞) ‖u‖Hs .

For k ∈ N, denote

Σ(k) = Hk ∩ F(Hk) = {f ∈ Hk(Rn) ; x 7→ 〈x〉k f(x) ∈ L2(Rn)}.

Proposition 1.25. Let V satisfy Assumption 1.7, and let f ∈ C∞(R+; R).

Let k ∈ N, with k > n/2, and fix ε ∈]0, 1].
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• If uε0 ∈ Σ(k), then there exist T ε−, T
ε
+ > 0 and a unique maximal solution

uε ∈ C(] − T ε−, T
ε
+[; Σ(k)) to (1.1), such that uε|t=0 = uε0. It is maximal in

the sense that if, say, T ε+ <∞, then

lim sup
t→T ε

+

‖uε(t)‖L∞(Rn) = +∞. (1.26)

• Assume in addition that V is sub-linear: ∇V ∈ L∞
loc(R;L∞(Rn)). Let

s > n/2 (not necessarily an integer). If uε0 ∈ Hs(Rn), then there exist

T ε−, T
ε
+ > 0 and a unique maximal solution uε ∈ C(]−T ε−, T ε+[;Hs) to (1.1),

such that uε|t=0 = uε0. It is maximal in the sense that if, say, T ε+ <∞, then

(1.26) holds. In particular, if uε0 ∈ H∞, then uε ∈ C∞(] − T ε−, T
ε
+[;H∞).

Proof. The proof follows arguments which are classical in the context

of semilinear evolution equations. We indicate a few important facts, and

refer to [Cazenave and Haraux (1998)] to fill the gaps.

The general idea consists in applying a fixed point argument on the

Duhamel’s formulation of (1.1) with associated initial datum uε0:

uε(t) = Uε(t, 0)uε0 − iε−1

∫ t

0

Uε(t, τ)
(
f
(
|uε(τ)|2

)
uε(τ)

)
dτ. (1.27)

We claim that for any k ∈ N and any T > 0,

sup
t∈[−T,T ]

‖Uε(t, 0)uε0‖Σ(k) 6 C(k, T )‖uε0‖Σ(k). (1.28)

For k = 0, this is due to the fact that U ε(t, 0) is unitary on L2(Rn). For

k = 1, notice the commutator identities
[
∇, iε∂t +

ε2

2
∆ − V

]
= −∇V ;

[
x, iε∂t +

ε2

2
∆ − V

]
= −ε2∇. (1.29)

By Assumption 1.7, |∇V (t, x)| 6 C(T ) 〈x〉 for |t| 6 T , and (1.28) follows

for k = 1. For k > 2, the proof follows the same lines.

To estimate the nonlinear term, we can assume without loss of generality

that f(0) = 0. Indeed, we can replace f with f−f(0) and V with V +f(0).

Schauder’s lemma shows that

u 7→ f
(
|u|2
)
u

sends Hs(Rn) (resp. Σ(k)) to itself, provided s > n/2 (resp. k > n/2),

and the map is uniformly Lipschitzean on bounded subsets of Hs(Rn) (resp.

Σ(k)). The existence and the uniqueness of a solution in the first part of the

proposition follow easily. The notion of maximality is then a consequence

of Lemma 1.24.
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When V is sub-linear, notice that in view of the commutator identities

(1.29), the estimate (1.28) can be replaced with

sup
t∈[−T,T ]

‖Uε(t, 0)uε0‖Hs 6 C(s, T )‖uε0‖Hs .

This is straightforward if s ∈ N, and follows by interpolation for general

s > 0. The proof of the second part of the proposition then follows the same

lines as the first part. Finally, if uε0 ∈ H∞, then uε is also smooth with

respect to the time variable, uε ∈ C∞(] − T ε−, T
ε
+[;H∞), by a bootstrap

argument. �

Note that the times T ε− and T ε+ may very well go to zero as ε→ 0. The fact

that we can bound these two quantities by T > 0 independent of ε ∈]0, 1]

is also a non-trivial information which will be provided by WKB analysis.

1.4.3 Mild solutions

Until the end of Sec. 1.4, to simplify the notations, we assume that the

nonlinearity is homogeneous:

f(y) = λyσ, λ ∈ R, σ > 0.

In view of the conservations of mass (1.24) and energy (1.25), it is natural

to look for solutions to (1.1) with initial data which are not necessarily

as smooth as in Proposition 1.25. Typically, rather that (1.1), we rather

consider its Duhamel’s formulation, which now reads

uε(t) = Uε(t, 0)uε0 − iλε−1

∫ t

0

Uε(t, τ)
(
|uε(τ)|2σuε(τ)

)
dτ. (1.30)

An extra property of U ε was proved in [Fujiwara (1979)], which becomes

interesting at this stage, that is, a dispersive estimate:

‖Uε(t, 0)Uε(s, 0)∗ϕ‖L∞(Rn) = ‖Uε(t, s)ϕ‖L∞(Rn) 6
C

(ε|t− s|)n/2
‖ϕ‖L1(Rn),

provided that |t − s| 6 δ, where C and δ > 0 are independent of ε ∈]0, 1].

As a consequence, Strichartz estimates are available for U ε (see e.g. [Keel

and Tao (1998)]). Note that as ε → 0, this dispersion estimate becomes

worse and worse: the semi-classical limit ε→ 0 is sometimes referred to as

dispersionless limit. Denoting

p =
4σ + 4

nσ
,

(the pair (p, 2σ + 2) is admissible, see Definition 7.4), we infer:
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Proposition 1.26. Let V satisfying Assumption 1.7.

• If σ < 2/n and uε0 ∈ L2, then (1.30) has a unique solution

uε ∈ C(R;L2) ∩ Lploc(R;L2σ+2),

and (1.24) holds for all t ∈ R.

• If uε0 ∈ Σ(1) and σ < 2/(n− 2) when n > 3, then there exist T ε−, T
ε
+ > 0

and a unique solution

uε ∈ C(] − T ε−, T
ε
+[; Σ(1)) ∩ Lploc(] − T ε−, T

ε
+[;W 1,2σ+2)

to (1.30). Moreover, the mass (1.24) and the energy (1.25) do not depend

on t ∈] − T ε−, T
ε
+[.

• If V = V (x) is sub-linear, uε0 ∈ H1 and σ < 2/(n− 2) when n > 3, then

there exist T ε−, T
ε
+ > 0 and a unique solution

uε ∈ C(] − T ε−, T
ε
+[;H1) ∩ Lploc(] − T ε−, T

ε
+[;W 1,2σ+2)

to (1.30). Moreover, the mass (1.24) does not depend on t ∈] − T ε−, T
ε
+[.

If the energy (1.25) is finite at time t = 0, then it is independent of t ∈
] − T ε−, T

ε
+[. If λ > 0, then we can take T ε− = T ε+ = ∞, even if the energy

is infinite.

• If V = 0, uε0 ∈ Σ(1) and σ < 2/(n − 2) when n > 3, then the following

evolution law holds so long as uε ∈ CtΣ(1):

d

dt

(
1

2
‖(x+ iεt∇)uε‖2

L2 +
λt2

σ + 1
‖uε‖2σ+2

L2σ+2

)
=

=
λt

σ + 1
(2 − nσ)‖uε‖2σ+2

L2σ+2 .

(1.31)

In particular, if λ > 0, then T ε− = T ε+ = ∞, and uε ∈ C(R; Σ(1)).

Proof. The first point follows from the result of Y. Tsutsumi in the case

V = 0 [Tsutsumi (1987)]. The proof relies on Strichartz estimates. The

case V 6= 0 proceeds along the same lines, since local in time Strichartz

estimates are available thanks to Assumption 1.7: the local in time result

is made global thanks to the conservation of mass (1.24), since the local

existence time depends only on the L2 norm of the initial data.

The second point can be found in [Cazenave (2003)] in the case V = 0.

To adapt it to the case V 6= 0, notice that (1.29) show that a closed family

of estimates is available for uε, ∇uε and xuε. It is then possible to mimic

the proof of the case V = 0. For the conservations of mass and energy, we

refer to [Cazenave (2003)].
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When V is sub-linear, it is possible to work in H1 only, since
[
∇, iε∂t +

ε2

2
∆ − V

]
= −∇V

belongs to L∞
loc(R;L∞(Rn)). For the global existence result, rewrite for-

mally the conservation of the energy as

d

dt

(
1

2
‖ε∇uε(t)‖2

L2 +
λ

σ + 1
‖uε(t)‖2σ+2

L2σ+2

)
= − d

dt

∫

Rn

V (x)|uε(t, x)|2dx

= −2 Re

∫

Rn

V (x)uε∂tu
εdx = −2 Im

∫

Rn

V (x)uε (i∂tu
ε) dx

= Im

∫

Rn

V (x)uεε∆uεdx = − Im

∫

Rn

uε∇V (x) · ε∇uεdx.

We conclude thanks to Cauchy–Schwarz inequality, the conservation of

mass and Gronwall lemma, that ‖∇uε(t)‖L2 remains bounded on bounded

time intervals. Therefore the solution is global in time. See [Carles (2008)]

for details.

The identity of the last point follows from the pseudo-conformal con-

servation law, derived by J. Ginibre and G. Velo [Ginibre and Velo (1979)]

for ε = 1. The case ε ∈]0, 1] is easily inferred via the scaling

(t, x) 7→
(
t

ε
,
x

ε

)
.

Since from the previous point, ε∇uε ∈ C(R;L2) and uε ∈ C(R;L2σ+2), this

evolution law shows the a priori estimate xuε ∈ L∞
loc

(
R;L2

)
. �

1.4.4 Weak solutions

We will mention weak solutions only in the case V = 0, for a defocusing

power-like nonlinearity. We therefore consider

iε∂tu
ε +

ε2

2
∆uε = |uε|2σuε ; uε|t=0 = uε0. (1.32)

Definition 1.27 (Weak solution). Let uε0 ∈ H1∩L2σ+2(Rn). A (global)

weak solution to (1.32) is a function uε ∈ C(R;D′) ∩ L∞(R;H1 ∩ L2σ+2)

solving (1.32) in D′(R × Rn) ∩ C(R;L2), and such that:

• ‖uε(t)‖L2 = ‖uε0‖L2, ∀t ∈ R.

• Eε(uε(t)) 6 Eε(uε0), ∀t ∈ R.
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Essentially, the energy conservation is replaced by an inequality, due to

a limiting procedure and the use of Fatou’s lemma in the construction of

weak solutions.

Proposition 1.28 ([Ginibre and Velo (1985a)]). Let σ > 0, ε ∈]0, 1],

and uε0 ∈ H1 ∩ L2σ+2(Rn). Then (1.32) has a global weak solution. More-

over, if σ < 2/(n−2), then this weak solution is unique, and coincides with

the mild solution of the last point in Proposition 1.26.
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Chapter 2

Weakly Nonlinear Geometric Optics

In this chapter, we consider the initial value problem

iε∂tu
ε +

ε2

2
∆uε = V uε + εαf

(
|uε|2

)
uε ; uε|t=0 = aε0e

iφ0/ε, (2.1)

in the case α > 1; note that α is not necessarily an integer. The formal

analysis of Sec. 1.2 suggests that if α > 1, then the nonlinearity f is not

relevant at leading order in the limit ε → 0. On the other hand, the value

α = 1 should be critical, and nonlinear effects are expected to influence

the behavior of uε at leading order. We prove that this holds true. In the

case α > 1, this means that at leading order, uε is described as in Sec. 1.3.

When α = 1, we describe precisely the nonlinear effect at leading order:

it consists of a nonlinear phase shift. In other words, the main nonlinear

effect is a phase self-modulation.

In the last paragraph of this chapter (Sec. 2.5), we show a consequence

of this analysis on the Cauchy problem without semi-classical parameter.

In addition to Assumption 1.7, the following assumption is made

throughout all Chap. 2:

Assumption 2.1. We assume that the nonlinearity is smooth, and that

the initial amplitude is bounded in the following sense:

• f ∈ C∞(R; R), and f(0) = 0.

• There exists s0 > n/2 such that (aε0)ε is bounded in Hs0 .

As noticed in Sec. 1.4.2, the assumption f(0) = 0 comes for free, up to

replacing V by V + f(0) and f by f − f(0). Note that we could also

consider the equation

iε∂tu
ε +

ε2

2
∆uε = V uε + f

(
εα|uε|2

)
uε ; uε|t=0 = aε0e

iφ0/ε.

31
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Of course, when f is the identity (cubic nonlinearity), this is the same equa-

tion as (2.1). Otherwise, it is a different problem. Despite the appearance,

this initial value problem is less general than (2.1) from the technical point

of view. Indeed, recall that the WKB analysis considers times where the

solution uε is of order O(1) (in L∞) as ε → 0. Therefore, since α > 1, the

Taylor expansion of f yields

f
(
εα|uε|2

)
uε ∼

ε→0
f ′(0)εα|uε|2uε +

f ′′(0)

2
ε2α|uε|4uε + . . .

Two cases can be distinguished. Either α > 1, and the analysis for (2.1)

will show that, in this case too, the nonlinearity is negligible at leading

order before a caustic is formed (if any); or α = 1, and only the cubic term

f ′(0)ε|uε|2uε is expected to be relevant at leading order. In both cases, we

leave it as an exercise to adapt the approach presented below, in order to

justify these assertions.

2.1 Precised existence results

If aε0 ∈ Σ(k) = Hk ∩F(Hk) for some k > n/2, Proposition 1.25 shows that

(2.1) has a unique solution uε ∈ C(] − T ε−, T
ε
+[; Σ(k)) for some T ε−, T

ε
+ > 0.

In this paragraph, we show that we may construct a strong solution uε

by assuming only aε0 ∈ Hs for some s > n/2. In addition, we show that

uε remains bounded on [−T, T ], where T > 0 is given by Proposition 1.9,

provided that aε0 in bounded in Hs as ε→ 0. As a corollary, we show that

if aε0 is uniformly in Σ(k) for some k > n/2, then T ε± > T .

As noticed during the proof of Proposition 1.16, it is more natural to

work with

aε(t, x) = uε(t, x)e−iφeik(t,x)/ε

than with uε directly. We check that (2.1) is equivalent to



∂ta

ε + ∇φeik · ∇aε +
1

2
aε∆φeik = i

ε

2
∆aε − iεα−1f

(
|aε|2

)
aε,

aε|t=0 = aε0.
(2.2)

Proposition 2.2. Let Assumptions 1.7 and 2.1 be satisfied. Then (2.2) has

a unique solution aε ∈ C([−T, T ];Hs0), where T is given by Proposition 1.9.

Moreover, (aε)ε is bounded in C([−T, T ];Hs0). If (aε0)ε is bounded in Hs

for some s > s0, then (aε)ε is bounded in C([−T, T ];Hs).
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Proof. There are at least two procedures to construct a solution to (2.2):

an iterative scheme, or Galerkin methods. For the iterative scheme, we

solve, for j > 0:


∂ta

ε
j+1 + ∇φeik · ∇aεj+1 +

1

2
aεj+1∆φeik = i

ε

2
∆aεj+1 − iεα−1f

(
|aεj |2

)
aεj ,

aεj+1|t=0 = aε0.

This is actually a linear Schrödinger equation: setting uεj := aεje
iφeik/ε, we

see that the above equation is equivalent to:

iε∂tu
ε
j+1 +

ε2

2
∆uεj+1 = V uεj+1 + εαf

(
|uεj |2

)
uεj ; uεj+1|t=0 = aε0e

iφ0/ε.

Using Galerkin methods, we can mimic the mollification procedure pre-

sented for instance in [Alinhac and Gérard (1991); Majda (1984)]; roughly

speaking, we solve an ordinary differential equation in Hs along character-

istics by considering


∂ta

ε
h + Jh (∇φeik · ∇Jhaεh) +

1

2
aεh∆φeik = i

ε

2
∆J2

ha
ε
h − iεα−1f

(
|aεh|2

)
aεh,

aεh|t=0 = aε0,

where Jh = (hD) is a Fourier multiplier, with  ∈ C∞
0 (Rn; R) equal to one

in a neighborhood of the origin.

For both methods, the problem boils down to obtaining energy estimates

for (2.2) in Hs, for all s > s0. Let s > n/2. Applying the operator

Λs = (Id−∆)s/2 to (2.2), we find:

∂tΛ
saε + ∇φeik · ∇Λsaε = i

ε

2
∆Λsaε − iεα−1Λs

(
f
(
|aε|2

)
aε
)

+Rεs, (2.3)

where

Rεs = [∇φeik · ∇,Λs]aε − 1

2
Λs (aε∆φeik) .

Take the inner product of (2.3) with Λsaε, and consider the real part:

the first term of the right hand side of (2.3) vanishes, since i∆ is skew-

symmetric, and we have:

1

2

d

dt
‖Λsaε‖2

L2 + Re

∫

Rn

Λsaε∇φeik · ∇Λsaε 6εα−1
∥∥f
(
|aε|2

)
aε
∥∥
Hs ‖aε‖Hs

+ ‖Rεs‖L2 ‖aε‖Hs .

Notice that we have∣∣∣∣Re

∫

Rn

Λsaε∇φeik · ∇Λsaε
∣∣∣∣ =

1

2

∣∣∣∣
∫

Rn

∇φeik · ∇ |Λsaε|2
∣∣∣∣

=
1

2

∣∣∣∣
∫

Rn

|Λsaε|2 ∆φeik

∣∣∣∣ 6 C ‖aε‖2
Hs ,
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since ∆φeik ∈ L∞([−T, T ] × Rn) from Proposition 1.9. Moser’s inequality

(Lemma 1.24) yields, in view of Assumption 2.1:∥∥f
(
|aε|2

)
aε
∥∥
Hs 6 C (‖aε‖L∞) ‖aε‖Hs .

We infer:
d

dt
‖aε‖2

Hs 6 C (‖aε‖L∞) ‖aε‖2
Hs + ‖Rεs‖Hs ‖aε‖Hs .

Note that the above locally bounded map C(·) can be taken independent

of ε if and only if α > 1. To apply Gronwall lemma, we need to estimate

the last term: we use the fact that the derivatives of order at least two of

φeik are bounded, from Proposition 1.9, to have:

‖Rεs‖L2 6 C ‖aε‖Hs .

We can then conclude by Gronwall lemma and a continuity argument:

‖aε‖L∞([−T,T ];Hs) 6 C (s, ‖aε0‖Hs) .

This yields boundedness in the “high” norm. Contraction in the “small”

norm (that is, contraction in L2) follows easily. Let aε and bε be solutions

to (2.2), with initial data aε0 and bε0 respectively. Assume that aε and bε are

bounded in L∞([−T, T ];Hs) for some s > n/2. The difference wε = aε−bε
solves

∂tw
ε+∇φeik·∇wε+

1

2
wε∆φeik = i

ε

2
∆wε−iεα−1

(
f
(
|aε|2

)
aε − f

(
|bε|2

)
bε
)
.

The above computations yield

d

dt
‖wε(t)‖2

L2 6 C‖wε(t)‖2
L2 +

∥∥f
(
|aε|2

)
aε − f

(
|bε|2

)
bε
∥∥2

L2 ,

where we have used Young’s inequality

xy 6
1

2

(
x2 + y2

)
, ∀x, y > 0.

Denote g(z) = f(|z|2)z. Using Taylor’s formula, write

f
(
|aε|2

)
aε−f

(
|bε|2

)
bε = g (wε + bε) − g (bε)

= wε
∫ 1

0

∂zg (bε + θwε) dθ + wε
∫ 1

0

∂zg (bε + θwε) dθ.

We infer

∥∥f
(
|aε|2

)
aε − f

(
|bε|2

)
bε
∥∥2

L2 6 ‖wε‖2
L2

∥∥∥∥
∫ 1

0

g′ (bε + θwε) dθ

∥∥∥∥
2

L∞

6 C (‖wε‖L∞ , ‖bε‖L∞) ‖wε‖2
L2

6 C̃ (‖aε‖L∞, ‖bε‖L∞) ‖wε‖2
L2 .

This yields the contraction in the L2 norm on small time intervals, hence

the proposition. �
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Remark 2.3. It is not true in general that uε ∈ C([−T, T ];Hs). Indeed, uε

is the product of aε ∈ C([−T, T ];Hs) and eiφeik/ε. If xaε 6∈ C([−T, T ];L2)

and if φeik grows quadratically in space, then uε 6∈ C([−T, T ];H1). This

phenomenon is geometric, not nonlinear: if f = 0 and if V is an harmonic

potential, then uε may instantly cease to be in Hs for all s > 0 (but not

s = 0). See Sec. 2.5.

Corollary 2.4. Let Assumptions 1.7 and 2.1 be satisfied. If in addition

aε0 ∈ Σ(k) for an integer k > n/2, then aε ∈ C([−T, T ]; Σ(k)). If (aε0)ε is

bounded in Σ(k), then (aε)ε is bounded in C([−T, T ]; Σ(k)).

Proof. Proposition 2.2 shows that (aε)ε is bounded in C([−T, T ];Hk).

By multiplying (2.2) by xβ and using energy estimates as in the proof of

Proposition 2.2, induction on k′ = |β| yields the corollary. �

2.2 Leading order asymptotic analysis

To pass to the limit in (2.2), we assume:

There exist s >
n

2
+ 2 and a0 ∈ Hs, such that aε0 −→

ε→0
a0 in Hs−2. (2.4)

Since we deal with a general α > 1, we keep the last term in (2.2), and

consider 


∂tã

ε + ∇φeik · ∇ãε +
1

2
ãε∆φeik = −iεα−1f

(
|ãε|2

)
ãε,

ãε|t=0 = a0.
(2.5)

The proof of Proposition 2.2 shows that (2.5) has a unique solution ãε,

which is bounded in C([−T, T ];Hs), where s appears in (2.4).

Proposition 2.5. Let Assumptions 1.7 and 2.1 be satisfied, as well as

(2.4). Then there exists C > 0 such that

‖aε − ãε‖L∞([−T,T ];Hs−2) 6 C (ε+ ‖aε0 − a0‖Hs−2) .

Proof. Set wεa = aε − ãε. It solves



∂tw
ε
a + ∇φeik · ∇wεa +

1

2
wεa∆φeik =i

ε

2
∆wεa + i

ε

2
∆ãε

− iεα−1 (g (aε) − g (ãε)) ,

wεa|t=0 =aε0 − a0,

where g(z) = f(|z|2)z. Note that the term i∆wεa vanishes from the en-

ergy estimates. The term iε∆ãε is viewed as a source term of order O(ε)
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in C([−T, T ];Hs−2). Since s − 2 > n/2, g is uniformly Lipschitzean on

bounded sets of Hs−2 (Lemma 1.23), and the same computations as in the

proof of Proposition 2.2 show that we can apply Gronwall lemma, which

yields the proposition. �

Proposition 2.5 shows that the leading order asymptotic behavior of uε is

given by ∥∥∥uε − ãεeiφeik/ε
∥∥∥
L∞([−T,T ];L2∩L∞)

−→
ε→0

0.

Note also that in the case α = 1, ãε does not depend on ε. Therefore, the

formal computations of Sec. 1.2 are justified at leading order when α = 1. It

turns out that (2.5) can be solved rather explicitly, in terms of the geometric

objects introduced in Sec. 1.3, as shown in the next paragraph, where the

case α > 1 is also analyzed more precisely.

2.3 Interpretation

Recall from Sec. 1.3 that classical trajectories are given by the Hamiltonian

system (1.11):
{
∂tx(t, y) = ξ (t, y) ; x(0, y) = y,

∂tξ(t, y) = −∇xV (t, x(t, y)) ; ξ(0, y) = ∇φ0(y).

For t ∈ [−T, T ], y 7→ x(t, y) is a diffeomorphism on Rn, and the Jacobi’s

determinant

Jt(y) = det∇yx(t, y)

is uniformly bounded from above and from below:

∃C > 0,
1

C
6 Jt(y) 6 C, ∀(t, y) ∈ [−T, T ]× Rn. (2.6)

Denote

Ãε(t, y) := ãε (t, x(t, y))
√
Jt(y).

For t ∈ [−T, T ], (2.5) is equivalent to:

∂tÃ
ε = −iεα−1f

(
Jt(y)

−1
∣∣∣Ãε
∣∣∣
2
)
Ãε ; Ãε(0, y) = a0(y).

Despite the appearances, this ordinary differential equation along the rays

of geometrical optics is a linear equation. Indeed, since f is real-valued, it

is of the form

∂tA = iVA, V ∈ R.
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This implies ∂t|A|2 = 0. In our case, ∂t|Ãε|2 = 0, hence

Ãε(t, y) = a0(y) exp

(
−iεα−1

∫ t

0

f
(
Js(y)

−1 |a0(y)|2
)
ds

)
.

Back to the function ãε, we have:

ãε(t, x) = a(t, x)eiε
α−1G(t,x),

where a is given in the linear case by (1.20), that is

a(t, x) =
1√

Jt(y(t, x))
a0 (y(t, x)) ,

and the phase shift G is given by:

G(t, x) = −
∫ t

0

f
(
Js(y(t, x))

−1 |a0(y(t, x))|2
)
ds. (2.7)

If α > 1, then

ãε(t, x) − a(t, x) = O
(
εα−1

)
,

and no nonlinear effect is present at leading order. On the other hand, in

the case α = 1, we see that the leading order nonlinear effect is described by

the function G: a phase shift generated by a nonlinear mechanism. In the

context of laser physics, this phenomenon is known as phase self-modulation

(see e.g. [Zakharov and Shabat (1971); Boyd (1992)]). Note that this func-

tion G does not affect the convergence of the main two quadratic quantities:

Position density: ρε = |uε|2 = |aε|2,
Current density: Jε = ε Im (uε∇uε) = |aε|2∇φeik + ε Im (aε∇aε) .

We refer to Chap. 3 for further discussions on these quantities.

One may wonder if this approach could be extended to some values

α < 1. To have a simple ansatz as above, we would like to remove the

Laplacian in the limit ε→ 0 in (2.2). We find:

ãε(t, x) = a(t, x)eiε
α−1G(t,x),

where a and G are given by the same expressions as above. Now recall

that in Proposition 2.2, we prove that aε is bounded in Hs, uniformly

for ε ∈]0, 1]; this property is used to approximate aε by ãε. But when

α < 1, ãε is no longer uniformly bounded in Hs, because what was a phase

modulation for α > 1 is now a rapid oscillation. This is another hint that

when α < 1, the approach must be modified. The analogous study in

the case α = 0 is presented in Chap. 4. See also Sec. 4.2.3 for the case

0 < α < 1.
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2.4 Higher order asymptotic analysis

To compute the next term in the asymptotic expansion of aε, we assume

that α ∈ N \ {0}, and

∃s > n

2
+ 4, a0 ∈ Hs, a1 ∈ Hs−2/ ‖aε0 − a0 − εa1‖Hs−4 = o(ε). (2.8)

Define a(0) by

a(0)(t, x) =

{
a(t, x) if α > 2,

a(t, x)eiG(t,x) if α = 1.

Define the first corrector a(1) in the WKB analysis as the solution to

∂ta
(1) + ∇φeik · ∇a(1) +

1

2
a(1)∆φeik =

i

2
∆a(0) + Sα, (2.9)

with initial datum a(1)(0, x) = a1(x), where

Sα =





0 if α > 3,

− if

(∣∣∣a(0)
∣∣∣
2
)
a(0) if α = 2,

− if

(∣∣∣a(0)
∣∣∣
2
)
a(1) − 2if ′

(∣∣∣a(0)
∣∣∣
2
)
a(0) Re

(
a(0)a(1)

)
if α = 1.

Note that in all the cases, (2.9) is a linear equation. Since φeik is smooth

and a(0) ∈ C([−T, T ];Hs), the regularity of a(1) is given by the regularity

of its initial datum and of its source term i∆a(0) ∈ C([−T, T ];Hs−2). Since

s > n/2, the term ‖Sα‖Hs is controlled by 1 + ‖a(1)‖Hs in all the cases, so

a(1) ∈ C([−T, T ];Hs−2). Using the same approach as above, the following

result is left as an exercise:

Proposition 2.6. Let Assumptions 1.7 and 2.1 be satisfied, as well as

(2.9). Then there exists C > 0 such that
∥∥∥aε − a(0) − εa(1)

∥∥∥
L∞([−T,T ];Hs−4)

6 C (ε+ ‖aε0 − a0 − εa1‖Hs−4) .

We see that this analysis can be continued to arbitrary order, with essen-

tially the loss of two derivatives at each step, like in the linear case. To

justify the asymptotics at order j > 0, we assume s > n/2 + 2j + 2. We

leave out the computations here, for the higher order analysis bears no new

difficulty or interest.
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2.5 An application: Cauchy problem in Sobolev spaces for

nonlinear Schrödinger equations with potential

In this paragraph, we set ε = 1, and consider the Cauchy problem

i∂tu+
1

2
∆u = V u+ f

(
|u|2
)
u ; u|t=0 = a0. (2.10)

We assume a0 ∈ Hs for s > n/2, f ∈ C∞(R; R), and V = V (x) to simplify,

satisfying Assumption 1.7. We consider Eq. (2.10) as a weakly nonlinear

equation (α = 1), even though ε = 1. We have seen in Sec. 1.4.2 that under

Assumption 1.7, it is fairly natural to work in the space

Σ(k) = Hk ∩ F(Hk) = {f ∈ Hk(Rn) ; x 7→ 〈x〉k f(x) ∈ L2(Rn)},

for some k > n/2. When ∇V ∈ L∞(Rn), Σ(k) can be replaced by Hk. We

now address the same question when ∇V is unbounded. The typical exam-

ple of such an occurrence under Assumption 1.7 is when V is an harmonic

potential, say V (x) = |x|2. In the linear case f = 0, it is well-known that

V acts as a rotation in the phase space. Therefore, a0 must have similar

properties on the x-side and on the ξ-side in order for the Sobolev regular-

ity to be propagated. In particular, if a0 ∈ H∞ with x 7→ 〈x〉 a0(x) 6∈ L2,

then u(t, ·) ceases to be in Hs for s > 1 as soon as t > 0. It is natural to

expect a similar phenomenon in the nonlinear case. We show that this is

so, with a proof which is valid both for the linear case and the nonlinear

case ([Carles (2008)]).

First, introduce φeik solution to the eikonal equation

∂tφeik +
1

2
|∇φeik|2 + V = 0 ; φeik(0, x) = 0.

From Proposition 1.9, there exist T > 0 and a unique φeik ∈ C∞([−T, T ]×
Rn) solution to the above equation. Proposition 2.2 shows that there exists

a ∈ C([−T, T ];H∞) such that u = aeiφeik solves (2.10). The function a

solves:

∂ta+ ∇φeik · ∇a+
1

2
a∆φeik =

i

2
∆a− if

(
|a|2
)
a ; a|t=0 = a0. (2.11)

Since in particular, u ∈ C([−T, T ];L2 ∩L∞), u is the unique such solution:

if v ∈ C([−T, T ];L2 ∩ L∞) solves Eq. (2.10), then w = u− v solves

i∂tw +
1

2
∆w = V w + f

(
|v + w|2

)
(v + w) − f

(
|v|2
)
v ; w|t=0 = 0.
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Lemma 1.2 shows that for t > 0,

‖w(t)‖L2 6

∫ t

0

∥∥f
(
|v + w|2

)
(v + w) − f

(
|v|2
)
v
∥∥
L2 dτ

6 C

∫ t

0

‖w(τ)‖L2 dτ.

Gronwall lemma implies w ≡ 0.

Proposition 2.7. Let n > 1, and f be smooth, f ∈ C∞(R+; R). Assume

that V is super-linear, and that there exist 0 < k(6 1) and C > 0 such that

|∇V (x)| 6 C 〈x〉k , ∀x ∈ Rn,

and ω, ω′ ∈ Sn−1 such that

|ω · ∇V (x)| > c |ω′ · x|k as |x| → ∞, for some c > 0. (2.12)

Then there exists a0 ∈ H∞ such that for arbitrarily small t > 0 and all

s > 0, the solution u(t, ·) to (2.10) fails to be in Hs(Rn).

Example 2.8. For V , we may consider any non-trivial quadratic form, or

V (x) = ±〈x′〉a, with 1 < a 6 2, for some decomposition x = (x′, x′′) ∈ Rn.

Remark 2.9. No assumption is made on the growth of the nonlinearity

at infinity: the above result reveals a geometric phenomenon, and not an

ill-posedness result like in Chap. 5.

To prove the above result, recall that u = aeiφeik , where a is given by (2.11).

Consider only positive times, and define b as the solution on [0, T ] to:

∂tb+ ∇φeik · ∇b+
1

2
b∆φeik = −if

(
|b|2
)
b ; b|t=0 = a0. (2.13)

As noticed in Sec. 2.3,

b(t, x) =
1√

Jt(y(t, x))
a0 (y(t, x)) e−iβ(t,x),

where β(t, x) =

∫ t

0

f
(
Js (y(t, x))

−1 |a0 (y(t, x))|2
)
ds,

x(t, y) is given by Eq. (1.11) with φ0 = 0, and the Jacobi’s determinant is

defined by

Jt(y) = det∇yx(t, y).
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Observe that b ∈ C([0, T ];H∞). Let r = a − b: r ∈ C([0, T ];H∞). For

1 6 j 6 n, xjr solves:




∂t(xjr) + ∇φeik · ∇(xjr) +
1

2
xjr∆φeik =

i

2
∆(xjr) + r∂jφeik − i∂jr

+
i

2
xj∆b− ixj

(
f
(
|b+ r|2

)
(b+ r) − f

(
|b|2
)
b
)
,

xjr|t=0 = 0.

The fundamental theorem of calculus yields:

xj
(
f
(
|a|2
)
a− f

(
|b|2
)
b
)

= xj
(
f
(
|b+ r|2

)
(b+ r) − f

(
|b|2
)
b
)

= xjr

∫ 1

0

∂zg (b+ sr) ds+ xjr

∫ 1

0

∂zg (b+ sr) ds,

where g(z) = f(|z|2)z. In particular, we know that

∫ 1

0

∂zg (b+ sr) ds,

∫ 1

0

∂zg (b+ sr) ds ∈ C ∩ L∞([0, T ] × Rd).

Energy estimates as in §2.1 show that:

‖xr‖L∞([0,t];L2) 6 C
(
1 + ‖x∆b‖L1([0,t];L2)

)
.

We must make sure that the last term is, or can be chosen, finite. We shall

demand x∆b ∈ L∞([0, T ];L2). In view of (2.6), this requirement is met as

soon as a0 ∈ H∞(Rn) is such that x∆a0, xa0|∇a0|2 ∈ L2(Rn):

If a0 ∈ H∞ is such that x∆a0, xa0|∇a0|2 ∈ L2(Rn), then:

a = b+ r, with b, r ∈ C([0, T ];H∞), and xr ∈ C([0, T ];L2).
(2.14)

We now prove that for small times, ∇φeik(t, x) can be approximated by

−t∇V (x).

Lemma 2.10. Assume that there exist 0 6 k 6 1 and C > 0 such that

|∇V (x)| 6 C 〈x〉k , ∀x ∈ Rn.

Then there exist T0, C0 > 0 such that

|∇φeik(t, x) + t∇V (x)| 6 C0t
2 〈x〉k , ∀t ∈ [0, T0].

Proof. We infer from Proposition 1.9 that

|∂t∇φeik(t, x) + ∇V (x)| 6 ‖∇2φeik(t)‖L∞ |∇φeik(t, x)|
. |∇φeik(t, x)|.

(2.15)
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From Eq. (1.11), we also have

|∇φeik(t, x)| = |ξ (t, y(t, x))| =

∣∣∣∣
∫ t

0

∇V (x(s, y(t, x))) ds

∣∣∣∣

.

∫ t

0

|∇V (y(t, x))| ds+

∫ t

0

|x(s, y(t, x)) − y(t, x)| ds.

We claim that

|x(t, y) − y| . t2 〈y〉k . (2.16)

Indeed, we have from (1.11),

|x(t, y) − y| =

∣∣∣∣
∫ t

0

∂tx(s, y)ds

∣∣∣∣ =
∣∣∣∣
∫ t

0

∫ s

0

∇V (x(s′, y)) ds′ds

∣∣∣∣

=

∣∣∣∣
∫ t

0

(t− s′)∇V (x(s′, y)) ds′
∣∣∣∣

=

∣∣∣∣
∫ t

0

(t− s)∇V (y) ds+

∫ t

0

(t− s) (∇V (x(s, y)) −∇V (y)) ds

∣∣∣∣

. t2 〈y〉k +

∫ t

0

(t− s) |x(s, y) − y| ds,

and (2.16) follows from Gronwall lemma. We infer that for t > 0 sufficiently

small,

|y(t, x) − x| . t2 〈x〉k ,

and therefore,

|∇φeik(t, x)| .

∫ t

0

|∇V (y(t, x))| ds+

∫ t

0

|x(s, y(t, x)) − y(t, x)| ds

.

∫ t

0

|∇V (x)| ds+

∫ t

0

|x− y(t, x)| ds

+

∫ t

0

|x(s, y(t, x)) − y(t, x)| ds

.t 〈x〉k + t3 〈x〉k +

∫ t

0

s2 〈y(t, x)〉k ds

.t 〈x〉k + t3 〈x〉k + t3
(
〈x〉k + t2k 〈x〉2k

)
.

Then (2.15) yields

|∂t∇φeik(t, x) + ∇V (x)| . t 〈x〉k ,

Lemma 2.10 follows by integration in time. �
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We infer that for t > 0 small enough,

|ω · ∇φeik(t, x)| & t|ω · ∇V (x)|. (2.17)

To complete the proof of Proposition 2.7, consider

a0(x) =
1

〈x〉n/2 log (2 + |x|2)
. (2.18)

As is easily checked, a0 meets the requirements of the first line of (2.14).

Denote

v = beiφeik ; w = reiφeik .

Obviously, u = v + w. From (2.14) and (2.17), v(t, ·) ∈ L2(Rn) \H1(Rn)

for t > 0 sufficiently small. On the other hand, w(t, ·) ∈ H1(Rn) for all

t ∈ [0, T ], hence u(t, ·) ∈ L2(Rn) \H1(Rn) for 0 < t� 1.

We now just have to see that the same holds if we replace H1(Rn) with

Hs(Rn) for 0 < s < 1. We use the following characterization of Hs(Rn)

(see e.g. [Chemin (1998)]): for ϕ ∈ L2(Rn) and 0 < s < 1,

ϕ ∈ Hs(Rn) ⇐⇒
∫∫

Rn×Rn

|ϕ(x+ y) − ϕ(x)|2
|y|n+2s

dxdy <∞.

Since w(t, ·) ∈ H1 for all t ∈ [0, T ], we shall prove that v(t, ·) ∈ L2 \Hs for

t sufficiently small. We prove that for 0 < t� 1 independent of s ∈]0, 1[,

I :=

∫

|y|61

∫

x∈Rn

|v(t, x+ y) − v(t, x)|2
|y|n+2s

dxdy = ∞.

To apply a fractional Leibnitz rule, write

v(t, x + y) − v(t, x) = (b(t, x+ y) − b(t, x)) eiφeik(t,x+y)

+
(
eiφeik(t,x+y) − eiφeik(t,x)

)
b(t, x).

In view of the inequality |α− β|2 > α2/2− β2, we have:

|v(t, x + y) − v(t, x)|2 >
1

2

∣∣∣
(
eiφeik(t,x+y) − eiφeik(t,x)

)
b(t, x)

∣∣∣
2

− |b(t, x+ y) − b(t, x)|2 .
We can leave out the last term, since b(t, ·) ∈ H∞ for t ∈ [0, T ]:

∫∫

Rn×Rn

|b(t, x+ y) − b(t, x)|2
|y|n+2s

dxdy <∞, ∀t ∈ [0, T ].

We now want to prove

∫

|y|61

∫

x∈Rn

|b(t, x)|2
∣∣∣sin

(
φeik(t,x+y)−φeik(t,x)

2

)∣∣∣
2

|y|n+2s
dxdy = ∞.
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Proposition 1.9 yields:

(∂t + ∇φeik · ∇)∇2φeik ∈ L∞ ([0, T ]× Rn)
n2

; ∇2φeik|t=0 = 0.

Therefore, ∥∥∇2φeik(t, ·)
∥∥
L∞(Rn)n2 = O(t) as t → 0.

We infer:

φeik(t, x+ y)−φeik(t, x) = y · ∇φeik(t, x) +O(t|y|2), uniformly for x ∈ Rn,

and

sin

(
φeik(t, x+ y) − φeik(t, x)

2

)
= sin

(
y · ∇φeik(t, x)

2

)
cos
(
O(t|y|2)

)

+ cos

(
y · ∇φeik(t, x)

2

)
sin
(
O(t|y|2)

)
.

The second term is O(t|y|2). Using the estimate |α−β|2 > α2/2−β2 again,

we see that the integral corresponding to the second term is finite, and can

be left out. To prove that

I ′ =

∫

|y|61

∫

x∈Rn

|b(t, x)|2
∣∣∣sin

(
y·∇φeik(t,x)

2

)∣∣∣
2

|y|n+2s
dxdy = ∞ for 0 < t� 1,

we can localize y in a small conic neighborhood of ωR ∩ {|y| 6 1}:
Vε = {|y| 6 1 ; |y − (y · ω)ω| 6 ε|y|}, 0 < ε� 1.

For 0 < ε, t� 1, (2.17) yields:∣∣∣∣sin
(
y · ∇φeik(t, x)

2

)∣∣∣∣ & t|y · ω| × |ω · ∇V (x)| , y ∈ Vε.
Introduce a conic localization for x close to ω′, excluding the origin:

Uε = {|x| > 1 ; |x− (x · ω′)ω′| 6 ε|x|}.
Change the variable in the y-integral: for t and ε sufficiently small, and

x ∈ Uε, set

y′ = ω · ∇φeik(t, x)y.

This change of variable is admissible, from (2.12) and (2.17). We infer, for

0 < ε, t� 1:

I ′ >

∫

y∈Vε

∫

x∈Rn

|b(t, x)|2
∣∣∣sin

(
y·∇φeik(t,x)

2

)∣∣∣
2

|y|n+2s
dxdy

&

∫

x∈Uε

|b(t, x)|2|ω · ∇φeik(t, x)|2s
(∫

y∈|ω·∇φeik(t,x)|Vε

dy

|y|n+2s−2

)
dx

&

∫

x∈Uε

|b(t, x)|2|ω · ∇φeik(t, x)|2s
(∫

y∈ctVε

dy

|y|n+2s−2

)
dx.

The assumption (2.12), the expression of b and the choice (2.18) for a0

then show that for 0 < t � 1, I ′ = ∞. This completes the proof of

Proposition 2.7.
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Chapter 3

Convergence of Quadratic

Observables via Modulated Energy

Functionals

3.1 Presentation

In this chapter, we turn to what has appeared as a supercritical case in

Sec. 1.2: the case α = 0. We consider the case of a defocusing power-like

nonlinearity, with no external potential

iε∂tu
ε +

ε2

2
∆uε = |uε|2σuε ; uε|t=0 = aε0e

iφ0/ε. (3.1)

We discuss in Chap. 4 how to take the presence of an external potential

into account. As noticed in Sec. 1.2, an aspect of supercriticality is that the

cascade of equations (1.7), (1.8), etc., is not closed. However, we remark

that the transport equation (1.8) reads, in this case:

∂ta+ ∇φ · ∇a+
1

2
a∆φ = −2iσRe

(
aa(1)

)
|a|2σ−2a if α = 0.

Suppose that we know φ (which is not straightforward at all, since (1.7)

now contains |a|2σ). Then the above equation shares an interesting property

with (2.5): after changing the space variable to follow the characteristics

associated to ∇φ, this equation is of the form

∂tA = iVA, V ∈ R.

In particular, ∂t|A|2 = 0, which yields the identity which can be checked

directly:

∂t|a|2 + ∇φ · ∇|a|2 + |a|2∆φ = 0. (3.2)

Setting (ρ, v) := (|a|2,∇φ), we see that (1.7)–(1.8) implies :
{
∂tv + v · ∇v + ∇ (ρσ) = 0 ; v|t=0 = ∇φ0,

∂tρ+ div (ρv) = 0 ; ρ|t=0 = |a0|2,
(3.3)

45
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where we have naturally assumed that aε0 → a0 as ε→ 0. The above system

is an isentropic, compressible Euler equation, where the pressure law is such

that ρ∇(ρσ) = ∇p, that is

p(ρ) =
σ

σ + 1
ρσ+1.

It is remarkable that this system is quasi-linear, while for fixed ε > 0,

(3.1) is a semi-linear equation. We may say that this increase in the non-

linear aspect of the equations we consider is due to the fact that (3.1) is

supercritical as far as WKB analysis is concerned.

In this chapter, we do not prove any asymptotics for the wave function

uε. This will be done in Chap. 4. We present here an approach that makes

it possible to establish the convergence of two quadratic observables which

are of particular interest in Physics. We have introduced in Sec. 2.3:

Position density: ρε = |uε|2,
Current density: Jε = ε Im (uε∇uε) .

The above discussion suggests that we should have

ρε−→
ε→0

ρ ; Jε−→
ε→0

ρv.

A rigorous proof of such convergences is a consequence of the analysis pre-

sented in this chapter.

Compare the above convergence to the result of the previous chapter.

In (2.1), assume that V ≡ 0 and α > 1. Then Proposition 2.5 shows that

ρε−→
ε→0

ρ in L∞ ([−T, T ];L1(Rn)
)
,

Jε−→
ε→0

ρv in L∞ ([−T, T ];L1
loc(R

n)
)
,

where (ρ, v) = (|a|2,∇φeik) solves
{
∂tv + v · ∇v = 0 ; v|t=0 = ∇φ0,

∂tρ+ div
(
ρv
)

= 0 ; ρ|t=0
= |a0|2.

This is a pressure-less Euler system. A non-trivial pressure law appears,

when the semi-classical limit is considered, in a supercritical case only.

Note that for linear problems, and the nonlinear problem of the

Schrödinger–Poisson system, the convergence of the above two quadratic

observables can be determined thanks to the study of the Wigner measure

associated to uε. See e.g. [Gérard et al. (1997); Lions and Paul (1993)], and

Sec. 3.4 below. For the nonlinear case (3.1), another tool was introduced by
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Y. Brenier [Brenier (2000)], inspired by the notion of dissipative solution

in fluid mechanics [Lions (1996)]. In a context very similar to (3.1), this

technique has been used initially by F. Lin and P. Zhang [Lin and Zhang

(2005)].

The first idea to understand the modulated energy functional is that

since the rapid oscillations (at scale ε) in uε are expected to be described

by φ, uεe−iφ/ε should not be ε-oscillatory; it should even converge strongly

as ε goes to zero, while uε does not. Recall that the energy associated to

(3.1) is

Eε =
1

2
‖ε∇uε‖2

L2 +
1

σ + 1
‖uε‖2σ+2

L2σ+2 .

It is therefore natural to replace the first part of the energy (kinetic energy)

with

1

2

∥∥∥ε∇
(
uεe−iφ/ε

)∥∥∥
2

L2
=

1

2
‖(ε∇− iv)uε‖2

L2 .

To understand how to treat the second part of the energy (potential energy),

introduce a more general notation, as in Sec. 1.4: for the equation

iε∂tu
ε +

ε2

2
∆uε = f

(
|uε|2

)
uε, (3.4)

setting

F (y) =

∫ y

0

f(η)dη,

the potential energy is
∫

Rn

F
(
|uε(t, x)|2

)
dx.

The above discussion shows that |uε|2 is expected to be well approximated

by ρ, where (ρ, v) solves an Euler equation whose pressure law is related to

f . The Taylor expansion of the potential energy yields

F
(
|uε|2

)
= F (ρ) +

(
|uε|2 − ρ

)
f (ρ) + O

((
|uε|2 − ρ

)2)
.

In the modulated energy functional, we subtract the first two terms of this

Taylor expansion. This leads to the definition:

Hε(t) =
1

2
‖(ε∇− iv)uε(t)‖2

L2

+

∫

Rn

(
F
(
|uε|2

)
− F (ρ) −

(
|uε|2 − ρ

)
f (ρ)

)
(t, x)dx.

(3.5)

We recover the form suggested in Remark 1, (2) in [Lin and Zhang (2005)].
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Note that the energy functional Eε is non-negative because we consider

a defocusing nonlinearity. We will see that thanks to convexity arguments,

the modulated energy functional Hε is non-negative as well. If instead of

(3.1), we considered its focusing counterpart

iε∂tu
ε +

ε2

2
∆uε = −|uε|2σuε ; uε|t=0 = aε0e

iφ0/ε,

then the energy functionals would not be signed any more, and the energy

estimates presented below would fail. We refer to Sec. 4.5 for the case of

focusing nonlinearities.

3.2 Formal computation

Let (ρ, v) solve (3.3) on some time interval [−T, T ]. Introduce the hydro-

dynamic variables:

ρε = |uε|2 ; Jε = Im (εuε∇uε) .

For y > 0, denote

f(y) = yσ ; F (y) =

∫ y

0

f(z)dz =
1

σ + 1
yσ+1 ;

G(y) =

∫ y

0

zf ′(z)dz = yf(y) − F (y) =
σ

σ + 1
yσ+1.

We check that (ρε, Jε) satisfies, for σ > 1:




∂tρ
ε + div Jε = 0.

∂tJ
ε
j +

ε2

4

∑

k

∂k
(
4 Re∂ju

ε∂ku
ε − ∂2

jkρ
ε
)

+ ∂jG(ρε) = 0.
(3.6)

Split the modulated energy functional (3.5) into two parts, and denote

Kε(t) =
1

2

∫

Rn

|(ε∇− iv(t, x)) uε(t, x)|2 dx

=
1

2

∫
|ε∇uε|2 +

1

2

∫
|v|2 |uε|2 −

∫
Jε · v.

Using the conservation of energy, we find

d

dt
Kε = − d

dt

∫
F (ρε) +

1

2

∫
|v|2∂tρε +

∫
ρεv · ∂tv

−
∫
Jε · ∂tv −

∫
v · ∂tJε.
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The first term on the right hand side is compensated by the first term of the

potential energy in the modulated energy functional. In view of (3.6), the

second term of the right had side is controlled by an integration by parts.

The third and fourth are controlled directly, but the last term is not. The

advantage of the modulated energy functional is to exactly cancel out this

term: integrations by parts, which are studied in more detail below, yield

d

dt
Hε(t) = O

(
Kε + ε2

)
−
∫

Rn

(G(ρε) −G(ρ) − (ρε − ρ)G′(ρ)) div v dx.

At first glance, we cannot apply Gronwall lemma directly yet: the right

hand side does not involve Hε. However, we get by thanks to convexity

arguments. We check that there exists c > 0 such that

Hε(t) > Kε(t) + c

∫

Rn

(ρε − ρ)2
(
(ρε)σ−1 + ρσ−1

)
dx.

On the other hand, we have

|G(ρε) −G(ρ) − (ρε − ρ)G′(ρ)| 6 C(ρε − ρ)2
(
(ρε)

σ−1
+ ρσ−1

)
.

Setting

H̃ε(t) = Kε(t) + c

∫

Rn

(ρε − ρ)2
(
(ρε)σ−1 + ρσ−1

)
dx,

we have therefore:

H̃ε(t) 6 H̃ε(0) + C

∫ t

0

(
H̃ε(s) + ε2

)
ds.

We check that if aε0 = a0 + O(ε),

H̃ε(0) =
1

2
‖ε∇aε0‖2

L2 + c

∫

Rn

(|aε0|2 − |a0|2)2
(
|aε0|2σ−2 + |a0|2σ−2

)
dx

= O(ε2).

We infer by Gronwall lemma that H̃ε(t) = O(ε2) so long as it is defined,

which can be rewritten:

‖(ε∇− iv)uε‖2
L∞([−T,T ];L2) +

∥∥∥(ρε − ρ)
2 (

(ρε)σ−1 + ρσ−1
)∥∥∥
L∞([−T,T ];L1)

=

= O(ε2).

This suffices to establish the strong convergence of position and current

densities.
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3.3 Justification

Two aspects have to be pointed out in view of a rigorous justification of

the above computations. First, we have to make sure that the limiting

Euler equation possesses a unique, sufficiently smooth, solution. We will

see that this is rather straightforward in the cubic case σ = 1, but de-

mands a non-trivial argument when σ > 2. Next, the above integrations by

part require sufficient regularity on the solution uε. Even if we know from

Proposition 1.25 that uε remains smooth on some time interval ]−T ε−, T ε+[,

it may happen that T ε− or T ε+ goes to zero as ε → 0. In general, we only

know that uε exists as a global weak solution, from Proposition 1.28.

3.3.1 The Cauchy problem for (3.3)

For a more general nonlinearity like in (3.4), the same arguments as above

lead to the following Euler equation:{
∂tv + v · ∇v + ∇ (f (ρ)) = 0 ; v|t=0 = ∇φ0,

∂tρ+ div (ρv) = 0 ; ρ|t=0 = |a0|2.
(3.7)

When f ′ > 0, this system enters the framework of symmetric, hyperbolic,

quasi-linear equations. It is classical that if the initial data are in Hs(Rn)

for some s > n/2 + 1, then there exists T > 0 such that (3.7) has a unique

solution (ρ, v) ∈ C([−T, T ];Hs)2. We refer for instance to [Majda (1984)] or

[Taylor (1997)]. Moreover, tame estimates show that the time of existence

T > 0 can be chosen independent of s > n/2 + 1.

In the homogeneous case f(y) = yσ, σ ∈ N\{0}, which we have in mind,

f ′ > 0 only in the cubic case σ = 1. For σ > 2, f ′ possesses zeroes, and

this causes a lack of (strict) hyperbolicity in (3.7). This corresponds to the

presence of vacuum in fluid dynamics. From the analytical point of view,

such lack of hyperbolicity may cause a loss of regularity in energy estimates;

see e.g. [Cicognani and Colombini (2006a,b)] and references therein. We

overcome this issue, and in view of Chap. 4, we prove:

Lemma 3.1. Let σ ∈ N \ {0}, s > n/2 + 1, φ0 ∈ Hs+1 and a0 ∈ Hs.

Consider 


∂tv + v · ∇v + ∇

(
|a|2σ

)
= 0 ; v|t=0 = ∇φ0.

∂ta+ v · ∇a+
1

2
a div v = 0 ; a|t=0 = a0.

(3.8)

There exists T−, T+ > 0 such that Eq. (3.8) has a unique maximal solution

(v, a) ∈ C(]− T−, T+[;Hs ×Hs−1). It is maximal in the sense that if, say,
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T+ <∞, then

‖(v, a)(t)‖W 1,∞(Rn) −→
t→T+

∞.

In addition, if φ0, a0 ∈ H∞, then v, a ∈ C∞(] − T−, T+[;H∞). Setting ρ =

|a|2, we infer that (3.3) has a unique solution (v, ρ) ∈ C(] − T−, T+[;Hs ×
Hs−1).

Remark 3.2. This shows that the possible loss of regularity due to the

lack of hyperbolicity for Eq. (3.3) remains limited.

Remark 3.3. The backward and forward lifespans T− and T+ are finite

for all compactly supported initial data, as shown in [Makino et al. (1986)]

(see also [Chemin (1990)]): singularities appear in finite time.

Proof. Adapting the idea of [Makino et al. (1986)], consider the unknown

(v, u) = (v, aσ). Even though the map a 7→ aσ is not bijective, this will

suffice to prove the lemma. The pair (v, u) solves:




∂tv + v · ∇v + ∇
(
|u|2
)

= 0 ; v|t=0 = ∇φ0 ∈ Hs(Rn),

∂tu+ v · ∇u+
σ

2
u div v = 0 ; u|t=0 = aσ0 ∈ Hs(Rn).

(3.9)

This system is hyperbolic symmetric, with a constant symmetrizer. There-

fore, there exist T−, T+ > 0 and a unique maximal solution (v, u) ∈
C(] − T−, T+[;Hs)2. The notion of maximality follows from Moser’s in-

equality (Lemma 1.24). Now that v is known, we define a as the solution

of the linear transport equation

∂ta+ v · ∇a+
1

2
a div v = 0 ; a|t=0 = a0.

The function a has the regularity announced in Lemma 3.1. We check that

aσ solves the second equation in (3.9). Since v is a smooth coefficient,

by uniqueness for this linear equation, we have u = aσ . Therefore, (v, a)

solves Eq. (3.8). Note that the local existence times T−, T+ may be chosen

independent of s > n/2 + 1, thanks to tame estimates. �

3.3.2 Rigorous estimates for the modulated energy

Fix T > 0 such that T < min(T−, T+), where T− and T+ are given by

Lemma 3.1. We stop counting the derivatives, and assume that the initial

data are in H∞:
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Theorem 3.4. Let n > 1, σ > 1 be an integer, and φ0, a0 ∈ H∞. Let

(v, ρ) ∈ C([−T, T ];H∞)2 given by Lemma 3.1. Assume that there exists

s > n/2 such that

‖aε0 − a0‖Hs = O(ε).

Denote ρε = |uε|2. Then we have the following estimate:

‖(ε∇− iv)uε‖2
L∞([−T,T ];L2) +

∥∥∥(ρε − ρ)
2 (

(ρε)σ−1 + ρσ−1
)∥∥∥
L∞([−T,T ];L1)

= O(ε2).

Remark 3.5. The above quantities are well-defined for weak solutions, so

the above quantities are well-defined, since uε is (at least) a global weak

solution.

Proof. Recall that in general, the integrations by parts mentioned in

Sec. 3.2 do not make sense for all t ∈ [−T, T ], since we consider weak solu-

tions only. To make the above approach rigorous, we work on a sequence

of global strong solutions, converging to a weak solution. For (δm)m a

sequence of positive numbers going to zero, introduce the saturated non-

linearity, defined for y > 0:

fm(y) =
yσ

1 + (δmy)
σ .

Note that fm is a symbol of degree 0. For fixed m and ε > 0, we have a

global mild solution uεm ∈ C(R;H1) to:

iε∂tu
ε
m +

ε2

2
∆uεm = fm

(
|uεm|2

)
uεm ; uεm(0, x) = aε0(x)e

iφ0(x)/ε. (3.10)

As m→ ∞, the sequence (uεm)m converges to a weak solution of (3.1) (see

[Ginibre and Velo (1985a); Lebeau (2005)]). For y > 0, introduce also

Fm(y) =

∫ y

0

fm(z)dz ; Gm(y) =

∫ y

0

zf ′
m(z)dz = yfm(y) − Fm(y).

The mass and energy associated to uεm are conserved:

Mε
m(t) =

∫
|uεm(t, x)|2dx ≡ ‖a0‖2

L2 .

Eεm(t) =
1

2
‖ε∇uεm(t)‖2

L2 +

∫

Rn

Fm
(
|uεm(t, x)|2

)
dx ≡ Eεm(0).

Moreover, the solution is in H2(Rn) for all time: uεm ∈ C(R;H2). To see

this, we use an idea due to T. Kato [Kato (1987, 1989)], and consider ∂tu
ε
m.

It solves(
iε∂t +

ε2

2
∆

)
∂tu

ε
m = 2f ′

m

(
|uεm|2

)
Re (uεm∂tu

ε
m) uεm + fm

(
|uεm|2

)
∂tu

ε
m.
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To compute the initial data for ∂tu
ε
m, we use (3.10):

∂tu
ε
m|t=0 =

i

ε

(
ε2

2
∆uεm − fm

(
|uεm|2

)
uεm

) ∣∣∣
t=0

∈ H∞.

Note that since fm is a symbol of degree 0, there exists Cm > 0 independent

of uεm such that

|uεm|2f ′
m

(
|uεm|2

)
+ fm

(
|uεm|2

)
6 Cm.

Energy estimates (see Lemma 1.2) then show that ∂tu
ε
m ∈ C(R;L2). Using

(3.10) and the boundedness of fm, we infer ∆uεm ∈ C(R;L2).

We consider the hydrodynamic variables:

ρεm = |uεm|2 ; Jεm = Im (εuεm∇uεm) .

From the above discussion, we have:

ρεm(t) ∈ W 2,1(Rn) and Jεm(t) ∈ W 1,1(Rn), ∀t ∈ R. (3.11)

The analogue of (3.6) is:




∂tρ
ε
m + div Jεm = 0.

∂t(J
ε
m)j +

ε2

4

∑

k

∂k(4 Re ∂ju
ε
m∂ku

ε
m − ∂2

jkρ
ε
m) + ∂jGm(ρεm) = 0.

(3.12)

Introduce the modulated energy functional “adapted to (3.10)”:

Hε
m(t) =

1

2

∫

Rn

|(ε∇− iv)uεm|2 dx

+

∫

Rn

(Fm(ρεm) − Fm(ρ) − (ρεm − ρ)fm(ρ)) dx.

Notice that this functional is not exactly adapted to (3.10), since the lim-

iting quantities (as ε→ 0) ρ and v are constructed with the nonlinearity f

and not the nonlinearity fm. We also distinguish the kinetic part:

Kε
m(t) =

1

2

∫

Rn

|(ε∇− iv)uεm|2 dx.

Thanks to the conservation of energy for uεm, we have:

d

dt
Kε
m = − d

dt

∫
Fm(ρεm) +

1

2

∫
|v|2∂tρεm +

∫
ρεmv · ∂tv

−
∫
Jεm · ∂tv −

∫
v · ∂tJεm.
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Using Lemma 3.1, Eqs. (3.11) and (3.12), (licit) integrations by parts yield:

d

dt
Kε
m = − d

dt

∫
Fm(ρεm) − 1

2

∫
|v|2 div Jεm −

∑

j,k

ρεmvjvk∂jvk

−
∫
ρεm∇f(ρ) · v +

∫
(v · ∇v) · Jεm +

∫
∇f(ρ) · Jεm

−
∑

j,k

∫
∂kvj Re (ε∂ju

ε
mε∂ku

ε
m) − ε2

4

∫
∇ (div v) · ∇ρεm +

∫
ρεmv · ∇fm(ρε).

Proceeding as in [Lin and Zhang (2005)], we have:

ε2
∫

div (∇v) · ∇ρεm = ε

∫
div (∇v) · (uεmε∇uεm + uεmε∇uεm)

= ε

∫
div (∇v) ·

(
uεm(ε∇− iv)uεm + uεm(ε∇− iv)uεm

)

= O
(
Kε
m + ε2

)
,

where we have used the conservation of mass and Young’s inequality

ab 6
1

2

(
a2 + b2

)
, ∀a, b > 0.

From now on, we use the convention that the constant associated to

the notation O is independent of m and ε. Treating the term involving

∂kvj Re (ε∂ju
ε
mε∂ku

ε
m) in a similar fashion, simplifications yield:

d

dt
Kε
m =O

(
Kε
m + ε2

)
− d

dt

∫
Fm(ρεm) +

∫
∇fm(ρεm)ρεmv

−
∫

∇f(ρ) · (ρεmv − Jεm) .

Similar computations for Hε
m −Kε

m yield:

d

dt
Hε
m =O

(
Kε
m + ε2

)
−
∫

(Gm(ρεm) −Gm(ρ) − (ρεm − ρ)G′
m(ρ)) div v

+

∫
∇ (f(ρ) − fm(ρ)) · (Jεm − ρεmv).

Note that f(ρ) − fm(ρ) → 0 in L∞([0, T ];W 1,∞) as m→ ∞. We can thus

write:
d

dt
Hε
m =O

(
Kε
m + ε2

)
+ om→∞(1)

−
∫

(Gm(ρεm) −Gm(ρ) − (ρεm − ρ)G′
m(ρ)) div v.

(3.13)

We check that there exists C independent of m such that

|Gm(ρεm) −Gm(ρ) − (ρεm − ρ)G′
m(ρ)| 6 C(ρεm − ρ)2 (θm(ρεm) + θm(ρ)) ,
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where we have set, for y > 0,

θ(y) =
yσ−1

1 + yσ
; θm(y) =

yσ−1

1 + (δmy)σ
·

Easy computations show that there exists K > 0 such that

1

K
(θ(a) + θ(b)) 6 θ(a+ b) 6 K (θ(a) + θ(b)) , ∀a, b > 0.

Since the numerator of θm is homogeneous, we infer that the above esti-

mate remains true when θ is replaced by θm, with the same constant K

(independent of m). Therefore, there exists c > 0 independent of m, such

that:

Hε
m(t) > H̃ε

m(t) := Kε
m(t) + c

∫
(ρεm − ρ)2 (θm(ρεm) + θm(ρ)) .

The above computations yield

d

dt
H̃ε
m(t) 6 C

(
H̃ε
m(t) + ε2

)
+ om→∞(1),

where C is independent of ε and m. By assumption,

H̃ε
m(0) =

1

2
‖ε∇aε0‖2

L2 + c

∫ (
|aε0|2 − |a0|2

)2 (
θm(|aε0|2) + θm(|a0|2)

)
dx

= O
(
ε2
)
.

Using Gronwall lemma, we infer

sup
t∈[−T,T ]

H̃ε
m(t) 6 Cε2 + om→∞(1),

for some constant C independent of m. Letting m → ∞, Fatou’s lemma

yields

‖(ε∇− iv)uε(t)‖2
L2 +

∫

Rn

(ρε − ρ)2
(
(ρε)σ−1 + ρσ−1

)
dx = O

(
ε2
)
,

uniformly for t ∈ [−T, T ]. This completes the proof of Theorem 3.4. �

3.4 Convergence of quadratic observables

We infer the convergence of quadratic observables from Theorem 3.4. Recall

a few basic facts about the Wigner measures. For (x, ξ) ∈ Rn × Rn, the

Wigner transform of uε ∈ L∞
t L

2
x is defined by

wε(t, x, ξ) = (2π)−n
∫

Rn

uε
(
t, x− ε

η

2

)
uε
(
t, x+ ε

η

2

)
eiη·ξdη,
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The position and current densities can be recovered from wε, by

ρε(t, x) = |uε(t, x)|2 =

∫

Rn

wε(t, x, ξ)dξ,

Jε(t, x) = Im (εuε∇uε) (t, x) =

∫

Rn

ξwε(t, x, ξ)dξ.

A measure µ is a Wigner measure associated to uε (there is no uniqueness

in general) if, up to extracting a subsequence, wε converges to µ as ε→ 0.

Note that µ is a non-negative measure on the phase space. We refer to [Burq

(1997)] and references therein for various results on Wigner measures, as

well as applications to several problems.

Recall that if X and Y are two Banach spaces, X +Y is equipped with

the norm

‖u‖X+Y = inf {‖u1‖X + ‖u2‖Y ; u = u1 + u2, u1 ∈ X, u2 ∈ Y } .

Corollary 3.6. Under the assumptions of Theorem 3.4, the position and

current densities converge strongly on [−T, T ] as ε→ 0:

|uε|2 −→
ε→0

|a|2 in C
(
[−T, T ];Lσ+1(Rn)

)
.

Im (εuε∇uε)−→
ε→0

|a|2v in C
(
[−T, T ];Lσ+1(Rn) + L1(Rn)

)
.

In particular, there is only one Wigner measure associated to (uε)ε, and it

is given by

µ(t, dx, dξ) = |a(t, x)|2dx⊗ δ (ξ − v(t, x)) .

Remark 3.7. The above convergences imply the following local L1 con-

vergences:

|uε|2 −→
ε→0

|a|2 in C
(
[−T, T ];L1(|x| 6 R)

)
,

Im (εuε∇uε)−→
ε→0

|a|2v in C
(
[−T, T ];L1(|x| 6 R)

)
, ∀R > 0.

Proof. The second part of the estimate in Theorem 3.4 yields

sup
t∈[−T,T ]

∫

Rn

(
|uε(t, x)|2 − |a(t, x)|2

)2 (|uε(t, x)|2σ−2 + |a(t, x)|2σ−2
)2
dx =

= O
(
ε2
)
.

Therefore, since there exists Cσ such that

|α− β|σ+1 6 Cσ(α− β)2
(
ασ−1 + βσ−1

)
, ∀α, β > 0,



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Modulated Energy Functionals 57

we infer:

sup
t∈[T,T ]

∫

Rn

∣∣|uε(t, x)|2 − |a(t, x)|2
∣∣σ+1

dx = O
(
ε2
)
.

This yields the first part of the corollary, along with a bound on the rate

of convergence as ε→ 0. For the current density, write

Im (εuε∇uε) = Im (uε (ε∇− iv)uε) + |uε|2v.

Since v ∈ L∞([−T, T ]× Rn), we have

|uε|2v−→
ε→0

|a|2v in C([−T, T ];Lσ+1).

On the other hand, Cauchy–Schwarz inequality and Theorem 3.4 yield

Im (uε (ε∇− iv)uε) = O(ε) in C([−T, T ];L1).

This completes the proof of the corollary. �

To conclude this paragraph, we point out a phenomenon which is typical

of the supercritical WKB régime, and which is the key point at the origin

of the instability mechanisms presented in Chap. 5. Suppose that no rapid

oscillation is present in the initial datum for uε:

φ0 = 0.

Then v|t=0 = 0 in (3.8). The equation for v at time t = 0 then yields:

∂tv|t=0 = −∇
(
|a0|2σ

)
.

Thus, at least for t > 0 independent of ε but sufficiently small,

v(t, ·) = −t∇
(
|a0|2σ

)
+ O

(
t2
)
.

Note also that for a non-trivial a0 ∈ L2(Rn), ∇
(
|a0|2σ

)
6≡ 0. Therefore,

even if no rapid oscillation is present initially, uε becomes instantaneously

ε-oscillatory.
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Chapter 4

Pointwise Description of the

Wave Function

In the previous chapter, we have established the convergence of quadratic

observables thanks to a modulated energy functional, in the case of a de-

focusing nonlinearity, with no external potential. In this chapter, we study

the asymptotic behavior of the wave function itself, as ε → 0, in the same

supercritical WKB régime: we consider

iε∂tu
ε +

ε2

2
∆uε = V uε + f

(
|uε|2

)
uε ; uε|t=0 = aε0e

iφ0/ε. (4.1)

Recall that the standard WKB approach meets the problem of closing the

cascade of equations. This problem was eluded in the previous section, since

we have noticed that the system relating the phase φ (or equivalently, its

gradient v) and the modulus of the leading order profile a is closed (Euler

equation). To study the wave function uε itself, this does not suffice: we will

see in particular that O(ε) perturbations of the initial profile aε0 affect the

wave function uε at leading order, through a term of modulus one (phase

modulation).

We first discuss several possibilities to adapt the WKB method to this

case. In particular, we explain why the case of a focusing nonlinearity

is extremely different (Sec. 4.5). For instance, the framework of Sobolev

spaces is not well adapted to this case. For defocusing nonlinearities, we

provide a pointwise description of uε as ε→ 0 in two cases:

• Defocusing nonlinearity, which is cubic at the origin: f ′ > 0.

• Smooth, homogeneous, defocusing nonlinearity: f(y) = yσ, σ ∈ N.

59
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4.1 Several possible approaches

To overcome the absence of closure in the regular WKB analysis, a possi-

bility consists in trying to write the exact solution uε as the product of an

amplitude and of a rapidly oscillatory factor:

uε = aεeiΦ
ε/ε, (4.2)

where aε and Φε depend on ε. If one can construct aε and Φε such that

uε can be represented as above, then we recover a WKB-like expansion as

soon as aε and Φε have asymptotic expansions as ε→ 0.

A standard approach is to assume that aε0 is real-valued, and to seek

a real-valued amplitude aε; see e.g. [Landau and Lifschitz (1967)]. The

phase Φε is real-valued too. Plugging (4.2) into Eq. (4.1), and separating

real and imaginary parts, we find (adding tildes to avoid confusion):



ãε
(
∂tΦ̃

ε +
1

2
|∇Φ̃ε|2 + V + f

(
|ãε|2

))
=
ε2

2
∆ãε ; Φ̃ε|t=0 = φ0,

∂tã
ε + ∇Φ̃ε · ∇̃aε +

1

2
ãε∆Φ̃ε = 0 ; ãε|t=0 = aε0.

(4.3)

The problem in seeking a solution (Φ̃ε, ãε) to the above system, with

ãε(t, ·) ∈ L2(Rn), is the meaning of the first equation at the zeroes of

ãε (that is, the zeroes of uε).

Another possibility consists in allowing aε to be complex-valued. In that

case, we have an extra degree of freedom in imposing the system solved by

(Φε, aε). The choice proposed by E. Grenier [Grenier (1998)] (in the case

V ≡ 0) consists in considering



∂tΦ
ε +

1

2
|∇Φε|2 + V + f

(
|aε|2

)
= 0 ; Φε|t=0 = φ0,

∂ta
ε + ∇Φε · ∇aε +

1

2
aε∆Φε = i

ε

2
∆aε ; aε|t=0 = aε0.

(4.4)

We will see in the next section that this approach is very efficient when

f ′ > 0, that is, for a defocusing nonlinearity which is cubic at the origin.

In Eq. (4.3) as well as in Eq. (4.4), assuming that Φε and aε are bounded

in, say, C([−T, T ];Hs) for some sufficiently large s, it is natural to expect

Φε−→
ε→0

Φ, aε−→
ε→0

a,

where (Φ, a) solves



∂tΦ +
1

2
|∇Φ|2 + V + f

(
|a|2
)

= 0 ; Φ|t=0 = φ0,

∂ta+ ∇Φ · ∇a+
1

2
a∆Φ = 0 ; a|t=0 = a0.

(4.5)
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Note that when V = 0, we see that (∇Φ, a) solves the Euler type system

(3.8). This leads to the second approach which we present here. This

approach makes it possible to treat the case of defocusing nonlinearities

which are not cubic at the origin, but homogeneous of degree 2σ + 1, with

σ ∈ N\{0}. The idea, already present in Chap. 3, is to say that if Eq. (4.5)

has some rigorous meaning, then at least the rapid oscillations of uε should

be described by Φ. We point out at this stage that this is the most rea-

sonable thing to expect. In general, a does not suffice to describe the

(complex-valued) amplitude of the wave function uε, unless, for instance,

a0 ∈ R and a1 ∈ iR (e.g. a1 = 0), where

aε0 = a0 + εa1 + o(ε) in Hs(Rn).

See Sec. 4.2.1 below. Once Φ is determined, change the unknown function

uε — and the notation (4.2) — to

aε := uεe−iΦ/ε.

The idea is that this process should filter out all the rapid oscillations, so

that aε is bounded in Sobolev spaces, and converges strongly (while uε does

not, as soon as Φ is not trivial). With this definition for aε, Eq. (4.1) is

equivalent to

∂ta
ε + ∇Φ · ∇aε +

1

2
aε∆Φ = i

ε

2
∆aε − i

ε

(
f
(
|aε|2

)
− f

(
|a|2
))

aε.

The major difficulty to prove that aε is bounded and converges strongly in

Sobolev spaces, is the singular factor 1/ε in front of the last term. Note

already that it is reasonable to hope that this singularity is “artificial”,

since we expect |aε|2 = |a|2 +O(ε) (this is already suggested by the results

of Chap. 3). We prove that this is so in the homogeneous case f(y) = yσ,

σ ∈ N, in Sec. 4.3. Note that the results in the case f ′ > 0 as well as in

the case f(y) = yσ , σ ∈ N, show that the presence of vacuum (zeroes of uε)

is not a real problem, but barely a technical difficulty (a non-trivial one,

though).

Finally, we discuss the case of a focusing nonlinearity (f ′ < 0) in Sec. 4.5.

4.2 E. Grenier’s idea

In this section, we explain the approach based on Eq. (4.4). We first con-

sider the case V = 0 for some initial phase φ0 ∈ Hs for large s, in Sec. 4.2.1.

We then show how to adapt the approach to the case where V and φ0 are

smooth and subquadratic, that is, under Assumption 1.7, in Sec. 4.2.2.
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4.2.1 Without external potential

In this paragraph, we assume V = 0, and we recall the approach of Grenier

(1998). To study Eq. (4.4), we introduce an intermediary system, in terms

of the amplitude aε and the “velocity” vε := ∇Φε. The second equation in

Eq. (4.4) can directly be expressed in terms of aε and vε. Differentiating

the first equation in (4.4) with respect to x, we find:



∂tv

ε + vε · ∇vε + 2f ′ (|aε|2
)
Re (aε∇aε) = 0 ; vε|t=0 = ∇φ0,

∂ta
ε + vε · ∇aε +

1

2
aε div vε = i

ε

2
∆aε ; aε|t=0 = aε0.

(4.6)

The important remark made by E. Grenier is to notice that if f ′ > 0,

the above system is hyperbolic symmetric, perturbed by a skew-symmetric

term. To make this fact more explicit, separate the real and imaginary

parts of aε, to consider the unknown

uε =




Re aε

Im aε

vε1
...

vεn




=




aε1
aε2
vε1
...

vεn




∈ Rn+2.

In terms of this unknown function, Eq. (4.6) reads

∂tu
ε +

n∑

j=1

Aj(u
ε)∂ju

ε =
ε

2
Luε , (4.7)

where the matrices Aj ∈ Mn+2(R) are given by:

A(u, ξ) =

n∑

j=1

Aj(u)ξj =




v · ξ 0 1
2a1

tξ

0 v · ξ 1
2a2

tξ

2f ′a1 ξ 2f ′a2 ξ v · ξIn


 ,

where f ′ stands for f ′(|a1|2 + |a2|2). The linear operator L is given by

L =




0 −∆ 0 . . . 0

∆ 0 0 . . . 0

0 0 0n×n


 .

The important remark is that even though L is a differential operator of

order two, it causes no loss of regularity in the energy estimates, since it

is skew-symmetric. The other important fact is that the left hand side of

Eq. (4.7) is hyperbolic symmetric (or symmetrizable), provided f ′ > 0. Let

S =

(
I2 0

0 1
4f ′ In

)
. (4.8)
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This matrix is symmetric and positive if (and only if) f ′ > 0, and SA is

symmetric,

SA(u, ξ) ∈ Sn+2(R), ∀(u, ξ) ∈ Rn+2 × Rn.

Theorem 4.1 ([Grenier (1998)]). Let f ∈ C∞(R+; R) with f(0) = 0

and f ′ > 0. Let s > 2 + n/2. Assume that φ0 ∈ Hs+1, and that aε0 is

uniformly bounded in Hs for ε ∈]0, 1]. There exist T > 0 independent of

ε ∈]0, 1] and s > n/2 + 2, and uε = aεeiΦ
ε/ε solution to (4.1) on [−T, T ].

Moreover, aε and Φε are bounded in C([−T, T ];Hs) and C([−T, T ];Hs+1)

respectively, uniformly in ε ∈]0, 1].

Remark 4.2. The assumption f(0) = 0 is not really one. Indeed, consid-

ering uεeitf(0)/ε instead of uε turns f into f − f(0) in Eq. (4.1).

Proof. We first prove that (4.6) has a unique solution (vε, aε) in

C([−T, T ];Hs)2, uniformly in ε ∈]0, 1]. The main step to prove this fact

consists in obtaining a priori estimates, so we shall detail this part only.

For s > n/2 + 2, we bound

〈SΛsuε,Λsuε〉 ,
(scalar product in L2(Rn+2)) by computing its time derivative:

d

dt
〈SΛsuε,Λsuε〉 = 〈∂tSΛsuε,Λsuε〉 + 2 〈S∂tΛsuε,Λsuε〉 ,

since S is symmetric. For the first term, we consider the lower n×n block:

〈∂tSΛsuε,Λsuε〉 6

∥∥∥∥
1

f ′ ∂t
(
f ′ (|aε1|2 + |aε2|2

))∥∥∥∥
L∞

〈SΛsuε,Λsuε〉 .

Since aε0 is bounded in Hs(Rn) ⊂ L∞(Rn), there exists C0 independent of

ε ∈]0, 1] such that

‖aε0‖L∞ 6 C0.

So long as ‖uε‖L∞ 6 2C0, we have:

f ′ (|aε1|2 + |aε2|2
)

> inf
{
f ′(y) ; 0 6 y 6 4C2

0

}
= δn > 0,

where δn is now fixed, since f ′ is continuous with f ′ > 0. Note that this

property implies that there exists C > 0 such that

1

C
In+2 6 S 6 CIn+2, (4.9)

in the sense of symmetric matrices. We infer,∥∥∥∥
1

f ′ ∂t
(
f ′ (|aε1|2 + |aε2|2

))∥∥∥∥
L∞

6 C
∥∥∂t

(
|aε1|2 + |aε2|2

)∥∥
L∞

6 C‖∂taε‖L∞ 6 C‖uε‖Hs ,
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where we have used (4.7), the assumption s > n/2 + 2, and Sobolev em-

beddings. Note that we need to assume s > n/2 + 2 instead of the more

standard assumption s > n/2 + 1 for quasi-linear systems, because the

operator L is of second order. If the symmetrizer S is constant (in the

case of an exactly cubic, defocusing nonlinearity), we can assume simply

s > n/2 + 1.

For the second term we use

〈S∂tΛsuε,Λsuε〉 =
ε

2
〈SL(Λsuε),Λsuε〉 −

〈
SΛs

( n∑

j=1

Aj(u
ε)∂ju

ε
)
,Λsuε

〉
.

We notice that SL is a skew-symmetric second order operator, so the first

term is zero. For the second term, write

〈
SΛs

( n∑

j=1

Aj(u
ε)∂ju

ε
)
,Λsuε

〉
=

n∑

j=1

〈
SAj(u

ε)∂jΛ
suε,Λsuε

〉

+
〈
S
( n∑

j=1

[Λs, Aj(u
ε)∂j ]u

ε
)
,Λsuε

〉
. (4.10)

Since the matrices SAj(u
ε) are symmetric, we have

〈
SAj(u

ε)∂jΛ
suε,Λsuε

〉
=
〈
∂jΛ

suε, SAj(u
ε)Λsuε

〉

= −
〈
Λsuε, ∂j (SAj(u

ε)) Λsuε
〉

−
〈
Λsuε, SAj(u

ε)Λs∂ju
ε
〉

= −1

2

〈
Λsuε, ∂j (SAj(u

ε)) Λsuε
〉
.

This yields∣∣∣
〈
SAj(u

ε)∂jΛ
suε,Λsuε

〉∣∣∣ 6 ‖∂j (SAj(u
ε))‖L∞ ‖uε‖2

Hs

6 C (‖uε‖Hs) ‖uε‖2
Hs ,

where we have used Schauder’s lemma (Lemma 1.23) and the assumption

s > n/2 + 1. Usual estimates on commutators (see e.g. [Majda (1984);

Taylor (1997)]), and Eq. (4.9), yield finally:

d

dt
〈SΛsuε,Λsuε〉 6 C (‖uε‖Hs) 〈SΛsuε,Λsuε〉 ,

for s > n/2 + 2. Gronwall lemma along with a continuity argument (to

make sure that ‖uε‖L∞ 6 2C0) show that we can find T > 0 independent

of ε, such that Eq. (4.4) has a unique solution (vε, aε) in C([−T, T ];Hs)2,

uniformly in ε ∈]0, 1].
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The fact that T can be chosen independent of s > n/2 + 2 follows from

tame estimates (see Lemma 1.24).

Finally, once vε is known, we can proceed in two ways to conclude.

Either remark that vε is irrotational (∇× vε ≡ 0), so there exists Φ̃ε such

that vε = ∇Φ̃ε; up to adding a function F = F (t) of time only, Φε = Φ̃ε+F

solves the first equation in (4.4). The other possibility is to define directly

Φε as

Φε(t, x) = φ0(x) −
∫ t

0

(
1

2
|vε(τ, x)|2 + f

(
|aε(τ, x)|2

))
dτ.

We check

∂t (∇Φε − vε) = ∇∂tΦε − ∂tv
ε = 0.

Since ∇Φε and vε have the same initial data, we infer that ∇Φε = vε, and

(Φε, aε) solves Eq. (4.4). Since vε, aε ∈ C([−T, T ];Hs) and s > n/2, we

have directly Φε ∈ C([−T, T ];L2) (this is where we need f(0) = 0), and we

conclude Φε ∈ C([−T, T ];Hs+1). �

Once we have constructed the solution to Eq. (4.4), the next step is to

study the asymptotic behavior of (Φε, aε) as ε→ 0. In view of Eq. (4.4), it

is natural to consider Eq. (4.5) in the case V = 0:




∂tΦ +
1

2
|∇Φ|2 + f

(
|a|2
)

= 0 ; Φ|t=0 = φ0,

∂ta+ ∇Φ · ∇a+
1

2
a∆Φ = 0 ; a|t=0 = a0.

(4.11)

The proof of Theorem 4.1 shows that if a0 ∈ Hs (and φ0 ∈ Hs+1) for some

s > n/2 + 1 (there is no second order operator in the analogue of Eq. (4.6)

with ε = 0), then Eq. (4.11) has a unique solution

(Φ, a) ∈ C([−T, T ];Hs+1 ×Hs).

The error estimate between (Φε, aε) and (Φ, a) is given by:

Proposition 4.3. Let f ∈ C∞(R+; R) with f(0) = 0 and f ′ > 0. Let

s > 2 + n/2. Assume that φ0 ∈ Hs+3, a0 ∈ Hs+2 and

‖aε0 − a0‖Hs −→
ε→0

0.

Then for T > 0 given by Theorem 4.1, there exists C > 0 independent of ε

such that

‖Φε − Φ‖L∞([−T,T ];Hs+1) + ‖aε − a‖L∞([−T,T ];Hs) 6 C (ε+ ‖aε0 − a0‖Hs) .
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Proof. Resume the above notation uε, and introduce u, its counterpart

associated to (Φ, a). We know that u ∈ C([−T, T ];Hs+2). Consider the

error wε = uε − u. It solves

∂tw
ε +

n∑

j=1

(Aj(u
ε)∂ju

ε −Aj(u)∂ju) =
ε

2
Luε.

Rewrite this equation as:

∂tw
ε +

n∑

j=1

Aj(u
ε)∂jw

ε = −
n∑

j=1

(Aj(u
ε) −Aj(u)) ∂ju +

ε

2
Lwε +

ε

2
Lu.

The operator on the left hand side is the same operator as in Eq. (4.7).

It is symmetrized by S, defined in Eq. (4.8). This means that we keep

the symmetrizer associated to uε. We do not consider the symmetrizer

associated to u. The term Lwε is not present in the energy estimates,

since it is skew-symmetric. The term εLu is considered as a source term:

it is of order ε, uniformly in C([−T, T ];Hs). Finally, the first term on the

right hand side is a semi-linear perturbation:

‖(Aj(uε) −Aj(u)) ∂ju‖Hs 6 ‖(Aj(uε) −Aj(u))‖Hs ‖u‖Hs+1

6 C ‖(Aj(wε + u) −Aj(u))‖Hs

6 C (‖wε‖L∞ , ‖u‖L∞) ‖wε‖Hs ,

where we have used Moser’s inequality. Finally, we know that wε is

bounded in L∞([−T, T ] × Rn), as the difference of two bounded terms.

With the same approach as in the proof of Theorem 4.1, we end up with:

d

dt
〈SΛswε,Λswε〉 6 C

(
ε+ ‖wε‖2

Hs

)
6 C (ε+ 〈SΛswε,Λswε〉) .

Gronwall lemma yields:

‖∇Φε −∇Φ‖L∞([−T,T ];Hs) + ‖aε − a‖L∞([−T,T ];Hs) 6 C (ε+ ‖aε0 − a0‖Hs) .

We infer

‖∂t(Φε − Φ)‖Hs 6 C (ε+ ‖aε0 − a0‖Hs) ,

and since Φε and Φ coincide at time t = 0,

‖Φε(t) − Φ(t)‖Hs+1 6 Ct (ε+ ‖aε0 − a0‖Hs) , t ∈ [−T, T ]. (4.12)

This completes the proof of the proposition. �
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At this stage of the study, it is tempting to consider aeiΦ/ε as a decent

approximation for uε. In general, this approximation is interesting for very

small time only:∣∣∣uε − aeiΦ/ε
∣∣∣ =

∣∣∣aεeiΦε/ε − aeiΦ/ε
∣∣∣

6 |aε − a| + |a|
∣∣∣eiΦε/ε − eiΦ/ε

∣∣∣

6 C (ε+ ‖aε0 − a0‖Hs) + C

∣∣∣∣sin
(

Φε − Φ

2ε

)∣∣∣∣ .

In view of (4.12), we infer:
∥∥∥uε(t) − a(t)eiΦ(t)/ε

∥∥∥
L∞

6 oε→0(1) + O(t) + O
(
t‖aε0 − a0‖Hs

ε

)
.

The best we can expect in general is, provided ‖aε0 − a0‖Hs = O(ε),∥∥∥uε(t) − a(t)eiΦ(t)/ε
∥∥∥
L∞

= oε→0(1) + O(t). (4.13)

This shows that because the phase is divided by ε, we will obtain a good

approximation for uε only if we know the asymptotic behavior of Φε as

ε → 0 up to a remainder which is at least o(ε). The above computation

shows that it is reasonable to require the same thing about aε0, because of

the coupling because phase and amplitude.

We therefore seek an asymptotic expansion for (Φε, aε). The formal

approach is the same as the one presented in Sec. 1.2: we plug an asymptotic

expansion of the form

(Φε, aε) = (Φ, a) + ε
(
Φ(1), a(1)

)
+ ε2

(
Φ(2), a(2)

)
+ . . .

into Eq. (4.4), and we identify the powers of ε. Of course, we also assume

aε0 = a0 + εa1 + ε2a2 + . . .

The term in ε0 yields Eq. (4.5). For the term in ε1, we obtain:



∂tΦ
(1) + ∇Φ · ∇Φ(1) + 2f ′ (|a|2

)
Re
(
aa(1)

)
= 0,

∂ta
(1) + ∇Φ · ∇a(1) + ∇Φ(1) · ∇a+

1

2
a(1)∆Φ +

1

2
a∆Φ(1) =

i

2
∆a,

Φ
(1)
|t=0 = 0 ; a

(1)
|t=0 = a1.

To solve this system, introduce v(1) = ∇Φ(1) (and v = ∇Φ):



∂tv
(1) + v · ∇v(1) + 2∇

(
f ′ (|a|2

)
Re
(
aa(1)

))
= −v(1) · ∇v,

∂ta
(1) + v · ∇a(1) +

1

2
a div v(1) = −v(1) · ∇a− 1

2
a(1)∆Φ +

i

2
∆a,

v
(1)
|t=0 = 0 ; a

(1)
|t=0 = a1.

(4.14)
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The left hand side is a linear hyperbolic symmetric operator, applied to

(v(1), a(1)). The right hand side consists of terms which are linear in

(v(1), a(1)), plus the source i∆a. We infer the following existence lemma,

whose easy proof is left out.

Lemma 4.4. Let s > n/2 + 2. Assume that φ0 ∈ Hs+3, a0 ∈ Hs+2 and

a1 ∈ Hs. Then Eq. (4.14) has a unique solution

(v(1), a(1)) ∈ C([−T ;T ];Hs)2.

With this lemma, we can find (Φ(1), a(1)) as the second term of the asymp-

totic expansion for (Φε, aε). Set

(Φε1, a
ε
1) = (Φ, a) + ε

(
Φ(1), a(1)

)
.

By construction, it solves Eq. (4.4), up to a source term of order O(ε2):





∂tΦ
ε
1 +

1

2
|∇Φε1|2 + f

(
|aε1|2

)
= −ε

2

2
|∇Φ(1)|2

− ε2
∫ 1

0

h′′
(
a+ θεa(1)

)
· a(1) · a(1)dθ,

∂ta
ε
1 + ∇Φε1 · ∇aε1 +

1

2
aε1∆Φε1 = i

ε

2
∆aε1 − ε2∇Φ(1) · ∇a(1)

− ε2

2
a(1)∆Φ(1) − i

ε2

2
∆a(1),

Φε1|t=0 = φ0 ; aε1|t=0 = a0 + εa1.

We have used the notation h(z) = f(|z|2), and the last term in the equa-

tion for Φε1 is an obvious formal notation. Mimicking the proof of Proposi-

tion 4.3, the following result is left as an exercise:

Proposition 4.5. Let f ∈ C∞(R+; R) with f(0) = 0 and f ′ > 0. Let

s > 2 + n/2. Assume that φ0 ∈ Hs+5, a0 ∈ Hs+4, a1 ∈ Hs+2, and

‖aε0 − a0 − εa1‖Hs = o(ε) as ε→ 0.

Then for T > 0 given by Theorem 4.1, there exists C > 0 independent of ε

such that
∥∥∥Φε − Φ − εΦ(1)

∥∥∥
L∞([−T,T ];Hs+1)

+
∥∥∥aε − a− εa(1)

∥∥∥
L∞([−T,T ];Hs)

6

6 C
(
ε2 + ‖aε0 − a0 − εa(1)‖Hs

)
.
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Despite the notations, it seems unadapted to consider Φ(1) as being part of

the phase. Indeed, we infer from the above proposition
∥∥∥uε − aeiΦ

(1)

eiΦ/ε
∥∥∥
L∞([−T,T ];L2∩L∞)

6 ‖aε − a‖L∞([−T,T ];L2∩L∞)

+ ‖a‖L∞([−T,T ];L2∩L∞)

∥∥∥eiΦε/ε − eiΦ
(1)

eiΦ/ε
∥∥∥
L∞([−T,T ]×Rn)

6 O(ε) + O
(‖aε0 − a0 − εa(1)‖Hs

ε

)

6 o(1).

If in addition ‖aε0 − a0 − εa(1)‖Hs = O(ε2) (as is usual in WKB analysis),

we find
∥∥∥uε − aeiΦ

(1)

eiΦ/ε
∥∥∥
L∞([−T,T ];L2∩L∞)

= O(ε).

Since Φ(1) depends on a1 while a does not, we retrieve the fact that in su-

percritical régimes, the leading order amplitude in WKB methods depends

on the initial first corrector a1. This phenomenon was called ghost effect in

the context of gas dynamics [Sone et al. (1996)]: the corrector a1 vanishes

in the limit ε→ 0 at time t = 0, but plays a non-negligible role for t > 0.

Remark 4.6. The term eiΦ
(1)

does not appear in the Wigner measure

of aeiΦ
(1)

eiΦ/ε. Thus, from the point of view of Wigner measures, the

asymptotic behavior of the exact solution is described by the Euler-type

system (3.7). We also recover the result of Chap. 3

The above procedure can be pursued to arbitrary order, and we leave it

at this stage. To conclude this paragraph, we examine more closely the

relevance of the term Φ(1). From the equation, we find

Φ
(1)
|t=0 = 0 ; ∂tΦ

(1)
|t=0 = −2f ′ (|a0|2

)
Re (a0a1) .

So if Re (a0a1) 6≡ 0, Φ(1) is non-trivial for t > 0. Note that even if a1 = 0,

then in general, Φ(1) is non-trivial for t > 0. Indeed, if a1 = 0, we have

a
(1)
|t=0 = 0 ; ∂ta

(1)
|t=0 =

i

2
∆a0,

and therefore

Φ
(1)
|t=0 = ∂tΦ

(1)
|t=0 = 0 ; ∂2

tΦ
(1)
|t=0 = −f ′ (|a0|2

)
Im (a0∆a0) .

If a0 has a constant argument, then Φ(1) ≡ 0, as shown below.
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With the case of Eq. (4.3) in mind, assume that a0e
iθ is real-valued

some some constant θ ∈ R; then so is aeiθ, from Eq. (4.5). In that case,

we check that
(
Φ(1),Re

(
aa(1)

))
solves an homogeneous linear system, since

then

∂t Re
(
aa(1)

)
+ ∇Φ · Re

(
aa(1)

)
= −1

2
div
(
|a|2∇Φ(1)

)
− Re

(
aa(1)

)
∆Φ.

By uniqueness, if a0e
iθ is real-valued and a1e

iθ is purely imaginary (e.g.

a1 = 0), then Φ(1) ≡ 0. Note however that if a1e
iθ 6∈ iR is non-trivial (e.g.

a1e
iθ ∈ R), then Φ(1) is non-trivial.

4.2.2 With an external potential

When V 6= 0, the first idea consists in trying the same arguments as above.

Obviously, if V ∈ H∞, then the previous approach can be repeated. Even

if we assume only ∇V ∈ H∞, we can construct (vε, aε) in Sobolev spaces,

and then Φε is not necessarily in L2, which is not a big issue.

This approach is essentially perturbative. Its main drawback is that it

is incompatible with the case when V is an harmonic potential for instance,

a case motivated by Physics. We seek a solution to Eq. (4.4), with

Φε = φeik + φε,

where φeik was constructed in Sec. 1.3.1, and φε belongs to some Sobolev

space. This idea is very näıve, since the equations at stake are nonlinear

(note that even when f = 0, the eikonal equation is a nonlinear equation).

However, it turns out to be fruitful, essentially because φeik is subquadratic

with respect to the space variable. For the sake of readability, we rewrite

Assumption 1.7 and the main result of Sec. 1.3.1:

Assumption 4.7 (Geometric assumption). We assume that the po-

tential and the initial phase are smooth, real-valued, and subquadratic:

• V ∈ C∞(R × Rn), and ∂αxV ∈ C(R;L∞(Rn)) as soon as |α| > 2.

• φ0 ∈ C∞(Rn), and ∂αφ0 ∈ L∞(Rn) as soon as |α| > 2.

Proposition 4.8. Under Assumption 4.7, there exists T > 0 and a unique

solution φeik ∈ C∞ ([−T, T ]× Rn) to

∂tφeik +
1

2
|∇φeik|2 + V = 0 ; φeik(0, x) = φ0(x).

In addition, this solution is subquadratic: ∂αxφeik ∈ L∞([−T, T ] × Rn) as

soon as |α| > 2.
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In terms of the unkown function (φε, aε), Eq. (4.4) reads:




∂tφ
ε + ∇φeik · ∇φε +

1

2
|∇φε|2 + f

(
|aε|2

)
= 0,

∂ta
ε + ∇φeik · ∇aε + ∇φε · ∇aε +

1

2
aε∆φeik +

1

2
aε∆φε = i

ε

2
∆aε,

φε|t=0 = 0 ; aε|t=0 = aε0.

By construction, the potential V has disappeared from the equation. To

prove the analogue of Theorem 4.1, we stop counting the derivatives, and

we distinguish two cases, whether the nonlinearity is exactly cubic or not:

Assumption 4.9 (Analytical assumption). We assume that aε0 is

bounded in Hs for all s > 0, and f ∈ C∞(R+; R) with f(0) = 0 and

f ′ > 0. Moreover,

• The nonlinearity is exactly cubic, f(y) = λy for some λ > 0, or

• The first momentum of aε0 is bounded in Sobolev spaces: xaε0 is

bounded in Hs for all s > 0.

The above distinction makes it possible to refine a result in [Carles (2007c)]:

Theorem 4.10. Let Assumptions 4.7 and 4.9 be satisfied. There exist

T∗ > 0 independent of ε ∈]0, 1], and uε = aεei(φeik+φε)/ε solution to (4.1)

on [−T∗, T∗]. Moreover, aε and φε are bounded in C([−T∗, T∗];H∞). In

addition, in the second case of Assumption 4.9, xaε and x∇φε are bounded

in L∞([−T∗, T∗];Hs) for all s > 0.

Proof. The proof proceeds along the same lines as the proof of Theo-

rem 4.1, so we point out the main differences. We only work with times

such that |t| 6 T , so that φeik remains smooth. Like in the previous para-

graph, we introduce vε = ∇φε, and the notations

uε =




Re aε

Im aε

vε1
...

vεn




=




aε1
aε2
vε1
...

vεn




, L =




0 −∆ 0 . . . 0

∆ 0 0 . . . 0

0 0 0n×n


 ,

and A(u, ξ) =

n∑

j=1

Aj(u)ξj =




v · ξ 0 a1

2
tξ

0 v · ξ a2

2
tξ

2f ′a1 ξ 2f ′a2 ξ v · ξIn


 ,
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where f ′ stands for f ′(|a1|2 + |a2|2). Instead of (4.7), we now have a system

of the form

∂tu
ε +

n∑

j=1

Aj(u
ε)∂ju

ε + ∇φeik · ∇uε +M
(
∇2φeik

)
uε =

ε

2
Luε , (4.15)

where the matrix M is smooth and locally bounded. The quasi-linear part

of the above equation is the same as in Eq. (4.7), and involves the matrices

Aj . In particular, we keep the same symmetrizer S given by (4.8). The

term ∇φeik ·∇uε has a semi-linear contribution, as we see below. The term

corresponding to the matrix M can obviously be considered as a source

term, since φeik is subquadratic.

For s > n/2 + 2, we still have

d

dt
〈SΛsuε,Λsuε〉 = 〈∂tSΛsuε,Λsuε〉 + 2 〈S∂tΛsuε,Λsuε〉 .

Two cases must then be distinguished, which explain the two cases in As-

sumption 4.9: if f ′ is constant, then so is the symmetrizer S. Otherwise,

we have

〈∂tSΛsuε,Λsuε〉 6

∥∥∥∥
1

f ′ ∂t
(
f ′ (|aε1|2 + |aε2|2

))∥∥∥∥
L∞

〈SΛsuε,Λsuε〉 .

Since aε0 is bounded in Hs(Rn) ⊂ L∞(Rn), there exists C0 independent of

ε ∈]0, 1] such that

‖aε0‖L∞ 6 C0.

So long as ‖uε‖L∞ 6 2C0, we have:

f ′ (|aε1|2 + |aε2|2
)

> inf
{
f ′(y) ; 0 6 y 6 4C2

0

}
= δn > 0,

where δn is now fixed, since f ′ is continuous with f ′ > 0. We infer,
∥∥∥∥

1

f ′∂t
(
f ′ (|aε1|2 + |aε2|2

))∥∥∥∥
L∞

6 C
∥∥∂t

(
|aε1|2 + |aε2|2

)∥∥
L∞ .

Using the equation for aε, we see that to estimate ∂ta
ε, new terms appear,

compared to the proof of Theorem 4.1: ∇φeik ·∇aε and aε∆φeik. Since φeik

is subquadratic, we have, thanks to Sobolev embeddings:
∥∥∥∥

1

f ′ ∂t
(
f ′ (|aε1|2 + |aε2|2

))∥∥∥∥
L∞

6 C (‖uε‖Hs + ‖xuε‖Hs−1) .

For the clarity of the proof, we distinguish the cases for the rest of the

computations.
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First case: exactly cubic nonlinearity. In the first case of Assump-

tion 4.9, we have noticed that the symmetrizer S is constant. For the

quasi-linear estimates involving the matrices Aj , we can mimic the proof

of Theorem 4.1:
d

dt
〈SΛsuε,Λsuε〉 6 C (‖uε‖Hs) 〈SΛsuε,Λsuε〉

+
∣∣∣
〈
SΛs

(
∇φeik · ∇uε

)
,Λsuε

〉∣∣∣
+
∣∣〈SΛs

(
M(∇2φeik)u

ε
)
,Λsuε

〉∣∣ .
For the second term of the right hand side, write:〈

SΛs
(
∂jφeik∂ju

ε
)
,Λsuε

〉
=
〈
S∂jφeik∂jΛ

suε,Λsuε
〉

+
〈
S [Λs, ∂jφeik∂j ]u

ε
)
,Λsuε

〉
.

For the first term of the right hand side, an integration by parts yields:∣∣∣
〈
S∂jφeik∂jΛ

suε,Λsuε
〉∣∣∣ 6 ‖∂j (S∂jφeik)‖L∞ ‖uε‖2

Hs (4.16)

6 C‖uε‖2
Hs ,

where we have used the fact that S is constant and φeik is subquadratic.

This also shows that the commutator

[Λs, ∂jφeik∂j ]

is a pseudo-differential operator of degree 6 s, with bounded coefficients.

We infer: ∣∣∣
〈
SΛs

(
∇φeik · ∇uε

)
,Λsuε

〉∣∣∣ 6 C‖uε‖2
Hs .

We have obviously
∣∣〈SΛs

(
M(∇2φeik)u

ε
)
,Λsuε

〉∣∣ 6 C‖uε‖2
Hs .

This yields:

d

dt
〈SΛsuε,Λsuε〉 6 C (‖uε‖Hs) 〈SΛsuε,Λsuε〉 , (4.17)

and we conclude like in Theorem 4.1.

Second case. If we assume only f ′ > 0, the assumption xaε0 ∈ Hs makes

it possible to conclude in a similar fashion. We have:

d

dt
〈SΛsuε,Λsuε〉 6 C (‖uε‖Hs + ‖xuε‖Hs−1) 〈SΛsuε,Λsuε〉

+
∣∣∣
〈
SΛs

(
∇φeik · ∇uε

)
,Λsuε

〉∣∣∣
+
∣∣〈SΛs

(
M(∇2φeik)u

ε
)
,Λsuε

〉∣∣ .
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The last term is obviously controlled by ‖uε‖2
Hs . For the second term,

resume the estimate (4.16). Using the definition of S, we find

‖∂j (S∂jφeik)‖L∞ 6 C (‖uε‖L∞) ‖ 〈x〉 aε‖L∞‖∂jaε‖L∞

6 C (‖uε‖L∞) ‖ 〈x〉 aε‖Hs−1‖aε‖Hs .

We infer:

d

dt
〈SΛsuε,Λsuε〉 6 F

(
‖uε‖Hs + ‖xuε‖Hs−1

)
〈SΛsuε,Λsuε〉 .

To close the family of estimates, we show that

d

dt

〈
SΛs−1 (xuε) ,Λs−1 (xuε)

〉

can be bounded in a similar fashion. Let 1 6 k 6 n:

∂t(xku
ε) +

n∑

j=1

Aj(u
ε)∂j(xku

ε) + ∇φeik · ∇(xku
ε) +M

(
∇2φeik

)
xku

ε

=
ε

2
L(xku

ε) +Ak(u
ε)uε + ∂kφeiku

ε +
ε

2
[xk , L]uε.

The quasi-linear part and the term ∇φeik·∇(xku
ε) are estimated like before.

The termsM
(
∇2φeik

)
xku

ε and Ak(u
ε)uε are controlled in an obvious way.

The term ∂kφeiku
ε is controlled by 〈x〉uε, since φeik is subquadratic: this

is a linear perturbation. Finally,

[xk , L] =




0 2∂k 0 . . . 0

−2∂k 0 0 . . . 0

0 0 0n×n


 .

Therefore,
∥∥Λs−1[xk, L]uε

∥∥
L2 6 2‖uε‖Hs .

This shows that we obtain a closed family of estimates. Gronwall lemma

and a continuity argument yield existence and uniqueness for uε, like for

Theorem 4.1. Note that thanks to tame estimates, T∗ does not depend on

s > n/2 + 2. Finally, we define φε by

φε(t) = −
∫ t

0

(
∇φeik · vε +

1

2
|vε|2 + f

(
|aε0|2

))
(τ)dτ.

We check that φε ∈ C([−T∗, T∗];L2) and ∂t (∇φε − vε) = 0, and the proof

of the theorem is complete. �
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Note that the phase φeik+φε belongs to a somewhat non-standard space:

it is the sum of a subquadratic function and an H∞ function. Even if φε

goes to zero at infinity, it should not be considered as a small perturbation

of φeik in L∞. Indeed, like for the case V ≡ 0, the coupling between the

amplitude aε and φε is so strong that even though φε|t=0 = 0,

∂tφ
ε
|t=0 = −f

(
|aε0|2

)
,

so φε is of order O(1) in L∞ for t > 0.

The next step in the semi-classical analysis is to study the asymptotic

expansion of (φε, aε) as ε → 0. It proceeds along the same lines as in the

case V = 0 (Sec. 4.2.1), up to the adaptations pointed out in the above

proof. We leave out the discussion at this stage, since all the tools have

been given, and the conclusion is essentially the same as in Sec. 4.2.1.

4.2.3 The case 0 < α < 1

So far, we have addressed the case of weakly nonlinear geometric optics

(Chap. 2), and the supercritical case (4.1). In this paragraph, we discuss

the intermediary case of

iε∂tu
ε +

ε2

2
∆uε = V uε + εαf

(
|uε|2

)
uε ; uε|t=0 = aε0e

iφ0/ε, (4.18)

in the case 0 < α < 1. We have seen in Chap. 2 that the nonlinear term

is so strong that we should not expect uεe−iφeik/ε to be bounded in Hs

(s > 0) as ε→ 0. So we adapt the point of view of the previous paragraph,

that is, Eq. (4.18) with α = 0. Again, we write the exact solution as

uε = aεeiΦ
ε/ε, with Φε = φeik + φε.

Let Assumptions 4.7 and 4.9 be satisfied. To simplify the discussion, sup-

pose that we are in the second case of Assumption 4.9 (which is not incom-

patible with the first case!). The unknown function is the pair (aε, φε). We

have two unknown functions to solve a single equation, (1.1). We can choose

how to balance the terms: we resume the approach followed when α = 0.

Note that this approach would also be efficient for the case α > 1, with the

serious drawback that we still assume f ′ > 0, an assumption proven to be

unnecessary when α > 1 (see Chap. 2). We impose:



∂tφ
ε +

1

2
|∇φε|2 + ∇φeik · ∇φε + εαf

(
|aε|2

)
= 0,

∂ta
ε + ∇φε · ∇aε + ∇φeik · ∇aε +

1

2
aε∆φε +

1

2
aε∆φeik = i

ε

2
∆aε,

φε|t=0 = 0 ; aε|t=0 = aε0 .
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This is the same system as before, with only f replaced by εαf . Mimicking

the analysis of the previous paragraph, we work with the unknown uε given

by the same definition: it solves the system (4.15), where only the matrices

Aj have changed, and now depend on ε. The symmetrizer is the same as

before, with f ′ replaced by εαf ′: the matrix S = Sε is not bounded as

ε → 0, but its inverse is. We claim that we can still proceed as before,

thanks to this remark and the following reasons:

• The matrix Sε is diagonal.

• The matrix M is block diagonal.

• The matrices SεAεj are independent of ε ∈]0, 1].

• The inverse of Sε is uniformly bounded on compact sets, as ε→ 0.

Gronwall lemma then implies the analogue of Theorem 4.10: in particular,

uε exists locally in time, with Hs-norm uniformly bounded as ε→ 0. Note

that since φε
∣∣
t=0

= 0, we have:

(SεΛsuε,Λsuε)
∣∣
t=0

= O(1),

and we infer more precisely:

‖aε‖L∞([−T∗,T∗];Hs) + ‖xaε‖L∞([−T∗,T∗];Hs) = O(1),

‖φε‖L∞([−T∗,T∗];Hs) + ‖x∇φε‖L∞([−T∗,T∗];Hs) = O (εα) .

It seems natural to change unknown functions, and work with φ̃ε = ε−αφε

instead of φε. With this, we somehow correct the shift in the cascade of

equations caused by the factor εα in front of the nonlinearity. We find




∂tφ̃
ε +

εα

2

∣∣∣∇φ̃ε
∣∣∣
2

+ ∇φeik · ∇φ̃ε + f
(
|aε|2

)
= 0,

∂ta
ε + εα∇φ̃ε · ∇aε + ∇φeik · ∇aε +

εα

2
aε∆φ̃ε +

1

2
aε∆φeik = i

ε

2
∆aε,

φ̃ε|t=0 = 0 ; aε|t=0 = aε0 .

The pairs (φ̃ε, aε) and (∂tφ̃
ε, ∂ta

ε) are bounded in C([−T∗, T∗];Hs). There-

fore, Arzela–Ascoli’s theorem shows that a subsequence is convergent, and

the limit is given by:




∂tφ̃+ ∇φeik · ∇φ̃ + f
(
|a|2
)

= 0 ; φ̃|t=0 = 0,

∂ta+ ∇φeik · ∇a+
1

2
a∆φeik = 0 ; a|t=0 = a0 .

We see that a solves the same transport equation as in the linear case,

Eq. (1.19); φ̃ is given by an ordinary differential equation along the rays
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associated to φeik, with a source term showing nonlinear effect: f
(
|a|2
)
.

By uniqueness, the whole sequence is convergent. Roughly speaking, we

see that if

wε = t
(
∇
(
φ̃ε − φ̃

)
, aε − a

)
,

then Gronwall lemma yields:

(Sε∂αxwε, ∂αxwε) 6 C (ε+ εα) 6 2Cεα.

We infer, for |t| 6 T∗:

‖aε(t) − a(t)‖Hs 6 Csε
α ; ‖φε(t) − εαφ̃‖Hs 6 Csε

2αt.

Three cases must be distinguished:

• If 1/2 < α < 1, then we can infer
∥∥∥uε − aeiφeik/εeiφ̃/ε

1−α
∥∥∥
L∞([−T∗,T∗];L2∩L∞)

−→
ε→0

0.

• If α = 1/2, then we can infer a similar result for small time only:
∥∥∥uε − aeiφeik/εeiφ̃/ε

1−α
∥∥∥
L∞([−t,t];L2∩L∞)

→ 0 as ε and t → 0.

• If 0 < α < 1/2, then we must pursue the analysis, and compute a

corrector of order ε2α.

We shall not go further into detailed computations, but instead, discuss

the whole analysis in a rather loose fashion. However, we note that all the

ingredients have been given for a complete justification.

Let N = [1/α], where [r] is the largest integer not larger than r > 0.

We construct a(1), . . . , a(N) and φ̃(1), . . . , φ̃(N) such that:
∥∥∥aε − a− εαa(1) − . . .− εNαa(N)

∥∥∥
L∞([−T∗,T∗];Hs)

+

+
∥∥∥φ̃ε − φ̃− εαφ̃(1) − . . .− εNαφ̃(N)

∥∥∥
L∞([−T∗,T∗];Hs)

= o
(
εNα

)
.

But since N + 1 > 1/α, we have:
∥∥∥φε − εαφ̃− ε2αφ̃(1) − . . .− εNαφ̃(N−1)

∥∥∥
L∞([−T∗,T∗];Hs)

= O
(
ε(N+1)α

)

= o(ε).

We infer: ∥∥∥uε − aeiφeik/ε+iφ
ε
app

∥∥∥
L∞([−T∗,T∗];L2∩L∞)

= o(1),
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where

φεapp =
φ̃

ε1−α
+

φ̃(1)

ε1−2α
+ . . .+

φ̃(N−1)

ε1−Nα
.

Remark 4.11. In the case α = 1, N = 1, and the above analysis shows

that one phase shift factor appears: we retrieve the result of Chap. 2,

and φ̃ coincides with the function G of Eq. (2.7) (under the unnecessary

assumption f ′ > 0). If α > 1, then N = 0, and we see that aeiφeik/ε is a

good approximation for uε.

To conclude this paragraph, we consider the convergence of quadratic ob-

servables. It follows from the pointwise description of the wave function uε.

Since the nonlinear effects are present at leading order only through φεapp,

the quadratic observables converge to the same quantities as in the linear

case (just like for the case α = 1):

|uε|2 = ρε−→
ε→0

ρ ; ε Im (uε∇uε) = Jε−→
ε→0

ρv,

where (ρ, v) = (|a|2,∇φeik) solves the Euler equation
{
∂tv + v · ∇v + ∇V = 0 ; v|t=0 = ∇φ0,

∂tρ+ div
(
ρv
)

= 0 ; ρ|t=0
= |a0|2.

The pressure is given by p = 0, and the external force is ∇V . We see that

even if α = 1 is the critical threshold as far as WKB analysis is concerned,

when it turns to quadratic observables, the critical threshold becomes α = 0

(when the pressure law in Euler equations depends on f).

4.3 Higher order homogeneous nonlinearities

If we consider a quintic nonlinearity in (4.1), f(y) = y2, the previous ap-

proach fails. Essentially, the symmetrizer

S =

(
I2 0

0 1
4f ′(|uε|2)In

)
.

becomes singular at the zeroes of uε. Since we have no control on the zeroes

of uε, the approach must be modified. We present the result of [Alazard

and Carles (2007b)], for the case of

iε∂tu
ε +

ε2

2
∆uε = |uε|2σuε ; uε|t=0 = aε0e

iφ0/ε. (4.19)

We assume V = 0: in the spirit of Sec. 4.2.2, inserting an external potential

adds no technical difficulty, but makes the presentation heavier. We also

assume that the nonlinearity is homogeneous, and smooth: σ ∈ N \ {0}.
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Several ideas are natural in view of the results of Sec. 4.2. First, as-

suming that we could construct (Φε, aε) solution to Eq. (4.4), bounded in

Sobolev spaces, then passing to the limit, we expect (Φε, aε) to converge to

(Φ, a) given by Eq. (4.5). Write

uε ∼
ε→0

aeiΦ/εei(Φ
ε−Φ)/ε.

The only ε-oscillatory factor is measured by Φ: set aε := uεe−iΦ/ε. For

aε to be bounded in Hs, we need another information: we need a rate of

convergence of Φε towards Φ,

Φε − Φ = O(ε).

Otherwise, ∇aε may not be bounded as ε→ 0. The study led in Sec. 4.2.1

shows that for this property to be satisfied, we have to know aε0 up to an

error of order O(ε). We refuse to count the derivatives when not necessary:

Assumption 4.12. There exists a0 ∈ H∞ such that for all s > 0,

‖aε0 − a0‖Hs = O(ε).

Lemma 4.13. Let σ ∈ N and φ0, a0 ∈ H∞. There exists T ∗ > 0 such that





∂tφ+
1

2
|∇φ|2 + |a|2σ = 0 ; φ|t=0 = φ0,

∂ta+ ∇φ · ∇a+
1

2
a∆φ = 0 ; a|t=0 = a0.

(4.20)

has a unique solution (φ, a) ∈ C∞([−T ∗, T ∗];H∞(Rn))2.

Proof. In Chap. 3, we have considered the system



∂tv + v · ∇v + ∇

(
|a|2σ

)
= 0 ; v|t=0 = ∇φ0.

∂ta+ v · ∇a+
1

2
a div v = 0 ; a|t=0 = a0.

Thanks to the idea of [Makino et al. (1986)], we have proved that it possesses

a unique solution (v, a) ∈ C∞([−T ∗, T ∗];H∞(Rn))2. Now set

φ(t, x) = φ0(x) −
∫ t

0

(
1

2
|v(τ, x)|2 + |a(τ, x)|2σ

)
dτ.

We check that ∂t(∇φ − v) = ∇∂tφ − ∂tv = 0, and φ ∈ C([−T ∗, T ∗];L2).

Hence the lemma. �
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Define

aε := uεe−iφ/ε.

Equation (4.19) is equivalent to



∂ta

ε + ∇φ · ∇aε +
1

2
aε∆φ = i

ε

2
∆aε − i

ε

(
|aε|2σ − |a|2σ

)
aε,

aε|t=0 = aε0.
(4.21)

The main problem to prove that aε is bounded in Sobolev spaces is the

presence of the singular factor 1/ε on the right hand side. On the other

hand, the analysis of Sec. 4.2 shows that it is natural to expect

aε = a+ O(ε).

In this case, the singular factor 1/ε is compensated. Nevertheless, this

argument does not seem closed: apparently, to prove that aε is bounded in

Sobolev spaces, we need a more precise information. The idea in [Alazard

and Carles (2007b)] consists in introducing an extra unknown function in

order to obtain a closed system of estimates. The approach of considering

more unknown functions that in the initial problem has proven very efficient

in several contexts. We can mention the study of blow-up for the nonlinear

wave equation, [Alinhac (1995b)] (see also [Alinhac (1995a, 2002)]), low

Mach number limit of the full Navier–Stokes equations [Alazard (2006)], or

geometric optics for the incompressible Euler or Navier-Stokes equations

[Cheverry (2004, 2006); Cheverry and Guès (2007)].

Inspired by the analysis of E. Grenier, the idea is to symmetrize the

equations, and to obtain a system for the family of unknown functions

which is hyperbolic symmetric. Split the term |aε|2σ − |a|2σ as a product

|aε|2 − |a|2σ = εgεqε = ε(GQ)(|aε|2 , |a|2)
= εG(r1, r2)Q(r1, r2)

∣∣
(r1,r2)=(|aε|2,|a|2),

where qε satisfies an equation of the form

∂tq
ε + L(a, φ, ∂x)q

ε + gε div (Im(aε∇aε)) = 0, (4.22)

and L is a first order differential operator. Introduce the position densities

ρ := |a|2 ; ρε := |aε|2 = |uε|2 .
Recall that v = ∇φ. Elementary computations show that:

∂tρ+ div(ρv) = 0, (4.23)

∂tρ
ε + div Im (εuε∇uε) = 0, (4.24)

∂tρ
ε + div (Im(εaε∇aε) + ρεv) = 0. (4.25)



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Pointwise Description 81

Denote

βε = εqε = B(r1, r2)
∣∣
(r1,r2)=(|aε|2,|a|2)

; Jε := ε Im(aε∇aε).
By writing

∂tβ
ε = (∂r1B)(ρε, ρ)∂tρ

ε + (∂r2B)(ρε, ρ)∂tρ,

we compute, from (4.23) and (4.25):

∂tβ
ε + (∂r1B)(ρε, ρ) div(Jε + ρεv) + (∂r2B)(ρε, ρ) div(ρv) = 0.

Hence, in order to have an equation of the desired form (4.22), we impose

∂r1B(r1, r2) = G(r1, r2).

Since on the other hand,

G(r1, r2)B(r1, r2) = rσ1 − rσ2 ,

this suggests to choose βε such that

(βε)2 =
2

σ + 1
(ρε)σ+1 − 2ρσρε + f(ρ). (4.26)

To obtain an operator L which is linear with respect to βε we choose

(βε)2 =
2

σ + 1
(ρε)σ+1 − 2

σ + 1
ρσ+1 − 2ρσ(ρε − ρ). (4.27)

With this choice, we formally compute:

∂tβ
ε + εgε div(Im(aε∇aε)) + v · ∇βε +

σ + 1

2
βε div v = 0.

This equation is derived rigorously in [Alazard and Carles (2007b)], and we

refer to the paper for the complete proof. Examine the right hand side of

(4.27). Taylor’s formula yields
2

σ + 1
(ρε)σ+1 − 2

σ + 1
ρσ+1 − 2ρσ(ρε − ρ) = (ρε − ρ)2Qσ(ρ

ε, ρ),

where Qσ is given by:

Qσ(r1, r2) := 2σ

∫ 1

0

(1 − s) (r2 + s(r1 − r2))
σ−1

ds. (4.28)

Note that there exists Cσ such that:

Qσ(r1, r2) > Cσ
(
rσ−1
1 + rσ−1

2

)
. (4.29)

This is the same convexity inequality as the one we have used in Sec. 3.2.

Notation 4.14. Let σ ∈ N. Introduce

Gσ(r1, r2) =
Pσ(r1, r2)√
Qσ(r1, r2)

; Bσ(r1, r2) := (r1 − r2)
√
Qσ(r1, r2),

where Qσ is given by (4.28) and

Pσ(r1, r2) =
rσ1 − rσ2
r1 − r2

=

σ−1∑

`=0

rσ−1−`
1 r`2.
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Example 4.15. For σ = 1, 2, 3, we compute

G1 = 1, B1 = r1 − r2.

G2 =

√
3

2

r1 + r2√
r1 + 2r2

, B2 =

√
2

3
(r1 − r2)

√
r1 + 2r2.

G3 =
√

2
r21 + r1r2 + r22√
(r1 − r2)2 + 2r22

, B3 =
1√
2
(r1 − r2)

√
(r1 − r2)2 + 2r22.

A remarkable fact is that, although the functions Gσ and Bσ are not smooth

for σ > 2, one can compute an evolution equation for the unknown βε, as

mentioned above.

Denote ψε = ∇aε. Noticing that

gε div(Im(aεψε)) = Im(gεaε divψε),

we find that the unknown (aε, ψε, qε) solves




∂ta
ε + v · ∇aε − i

ε

2
∆aε = −1

2
aε div v − igεqεaε.

∂tψ
ε + v · ∇ψε + iaεgε∇qε − i

ε

2
∆ψε

= −1

2
ψε div v − ψε · ∇v − 1

2
aε∇ div v − iqε∇ (aεgε) ,

∂tq
ε + v · ∇qε + Im(gεaε divψε) = −σ + 1

2
qε div v.

(4.30)

Note that by assumption,

‖aε|t=0‖Hs(Rn) + ‖ψε|t=0‖Hs(Rn) = O(1), ∀s > 0. (4.31)

A similar estimate for the initial data of qε is a more delicate issue, since

Bσ is not a smooth function. An important remark is that qε, viewed as a

function of aε and a, is an homogeneous function of degree σ+ 1. We then

use the following lemma, which can be proved by induction on m:

Lemma 4.16. Let p > 1 and m > 2 be integers and consider F : Rp → C.

Assume that F ∈ C∞(Rp \ {0}) is homogeneous of degree m, that is:

F (λy) = λmF (y), ∀λ > 0, ∀y ∈ Rp.

Then, for n 6 3, there exists K > 0 such that, for all u ∈ Hm(Rn) with

values in Rp, F (u) ∈ Hm(Rn) and

‖F (u)‖Hm 6 K‖u‖mHm .

The same is true when m = 1 and n ∈ N.
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Remark 4.17. Note that the result is false for n > 4 and m > 2. Also, one

must not expect F (u) ∈ Hm+1(Rn), even for u ∈ H∞(Rn). For instance, if

n = 1 = p, m = 2, F (y) = y|y|, u(x) = xe−x
2

,

then F (u) ∈ H2(R) and F (u) 6∈ H3(R). Similarly, in general, one must not

expect Fσ(u, v) ∈ Hσ+1(Rn), even for (u, v) ∈ H∞(Rn)2.

The left hand side of (4.30) is a first order quasi-linear symmetric hyperbolic

system, plus a second order skew-symmetric term. The right hand side can

be viewed as a semi-linear source term. Denoting U ε := (2qε, aε, aε, ψε, ψ
ε
),

we see that

∂tU
ε +

∑

16j6n

Aj(v, a
εgε, aεgε)∂jU

ε + εL(∂x)U
ε = E(Φ, Uε, aεgε,∇(aεgε)),

where Φ = (∇φ,∇2φ,∇3φ), the Aj ’s are Hermitian matrices linear in their

arguments, L(∂x) =
∑
Ljk∂j∂k is a skew-symmetric second order differ-

ential operator with constant coefficients, and E is a C∞ function of its

arguments, vanishing at the origin.

Using the above structure, quasi-linear analysis for hyperbolic systems,

and estimates for non-smooth homogeneous functions, the main result in

[Alazard and Carles (2007b)] follows:

Theorem 4.18. Let n 6 3, φ0 ∈ H∞ and let Assumption 4.12 be satisfied.

There exists T ∈]0, T ∗[, where T ∗ is given by Lemma 4.13, such that the

following holds. For all ε ∈]0, 1], the Cauchy problem (1.1) has a unique

solution uε ∈ C([−T, T ];H∞(Rn)). Moreover,

sup
ε∈]0,1]

(∥∥aε
∥∥
L∞([−T,T ];Hk(Rn))

+
∥∥qε
∥∥
L∞([−T,T ];Hk−1(Rn))

)
< +∞, (4.32)

where the index k is as follows:

• If σ = 1, then k ∈ N is arbitrary.

• If σ = 2 and n = 1, then we can take k = 2.

• If σ = 2 and 2 6 n 6 3, then we can take k = 1.

• If σ > 3, then we can take k = σ.

The assumption n 6 3 appears when estimating non-smooth homogeneous

functions. It could be removed, up to considering sufficiently large σ. The

restriction for k when σ > 2 follows from Lemma 4.16. This argument is

used not only to estimate qε at time t = 0, but also the factor aεgε in terms

of aε, in Eq. (4.30).
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Note that for k = 1, Eq. (4.32) is exactly Theorem 3.4. From this point

of view, Eq. (4.30) can be interpreted as a local form for the modulated

energy. This is even more explicit when considering

eε := |aε|2 + |ψε|2 + |qε|2.

It satisfies an equation of the form ∂te
ε + div(ηε) + [ε = O(eε), where∫

[ε = 0. Indeed, directly from Eq. (4.30), we compute

∂te
ε + div(veε) + 2 div

(
Im(gεqεaεψε)

)
+ ε Im

(
aε∆aε + ψε∆ψε

)

= −σ|qε|2 div v − Re
(
(2ψε · ∇v + aε∇ div v)ψε

)
.

We have thus obtained an evolution equation for a local modulated energy.

Gronwall lemma yields

‖eε(t)‖L1(Rn) 6 ‖eε(0)‖L1(Rn) exp (Ct) .

Finally, we check that (eε(0))ε is bounded in L1(Rn). Therefore, this argu-

ment yields Eq. (4.32) for k = 1.

To obtain the pointwise asymptotics of the wave function uε, we can

proceed in a similar spirit, guided by the results of Sec. 4.2.1. We make the

following assumption on the initial amplitude:

Assumption 4.19. There exist a0, a1 ∈ H∞ such that for all s > 0,

‖aε0 − a0 − εa1‖Hs = O
(
ε2
)
.

Introduce the system




∂tφ
(1) + ∇φ · ∇φ(1) + 2σRe

(
aa(1)

)
|a|2σ−2 = 0,

∂ta
(1) + ∇φ · ∇a(1) + ∇φ(1) · ∇a+

1

2
a(1)∆φ +

1

2
a∆φ(1) =

i

2
∆a,

φ(1)
∣∣
t=0

= 0 ; a(1)
∣∣
t=0

= a1.

(4.33)

Again, at the zeroes of a, Eq. (4.33) ceases to be strictly hyperbolic, and

we cannot solve the Cauchy problem by a standard argument. Yet, we can

prove:

Lemma 4.20. Let n > 1, φ0 ∈ H∞, and let Assumption 4.19 be satisfied.

Then (4.33) has a unique solution (φ(1), a(1)) in C([−T ∗, T ∗];H∞)2, where

T ∗ is given by Lemma 4.13.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Pointwise Description 85

Proof. [Sketch of the proof] We transform the equations so as to obtain

an auxiliary hyperbolic system for (∇φ(1), A1) for some unknown A1, de-

pending linearly upon a(1). The definition of A1 depends on the parity of

σ. This allows to determine a function φ(1) and, next, to define a function

a(1) by solving the second equation in (4.33). We conclude the proof by

checking that (φ(1), a(1)) does solve (4.33). The first change of unknown

consists in considering v1 := ∇φ(1). The first equation in (4.33) yields:

∂tv1 + v · ∇v1 + 2σ∇Re
(
|a|2σ−2aa(1)

)
= −v1 · ∇v.

First case: σ > 2 is even. Consider the new unknown

A1 := |a|σ−2 Re
(
aa(1)

)
.

We check that, if (φ(1), a(1)) solves (4.33), then



∂tv1 + v · ∇v1 + 2σ|a|σ∇A1 = −v1 · ∇v − 2σA1∇ (|a|σ) ,

∂tA1 + v · ∇A1 +
1

2
|a|σ div v1 = − 1

σ
∇ (|a|σ) · v1 −

σ

2
A1 div v

+
i

2
Re
(
|a|σ−2a∆a

)
.

(4.34)

This linear system is hyperbolic symmetric, and its coefficients are smooth.

In particular, uniqueness for (4.33) follows from the uniqueness for (4.34).

Equation (4.34) possesses a unique solution in C∞([−T ∗, T ∗];H∞). We

next define φ(1) and a(1) as announced above.

Second case: σ is odd. In this case, σ = 2m + 1, for some m ∈ N. We

consider the new unknown

A1 := |a|σ−1a(1) = |a|2ma(1).

We check that (v1, A1) must solve



∂tv1 + v · ∇v1 + 2σRe
(
|a|2ma∇A1

)
= −v1 · ∇v − 2σRe

(
A1∇

(
|a|2ma

))
,

∂tA1 + v · ∇A1 +
1

2
|a|2ma div v1 = −σ

2
A1 div v − |a|2m∇a · v1

+
i

2
|a|2m∆a.

We can then conclude as in the first case. �

We can now describe the wave function uε at leading order as ε→ 0:

Proposition 4.21. Let n 6 3, φ0 ∈ H∞, and let Assumption 4.19

be satisfied. Set ã := aeiφ
(1)

. Then there exists ε0 > 0 such that

aε ∈ C([−T ∗, T ∗];H∞) for ε ∈]0, ε0], and

‖aε − ã‖L∞([−T∗,T∗];Hk) = O(ε),

where k is as in Theorem 4.18.
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Proof. We indicate the main steps of the proof only. Denote

rε = aε − ã ; ã(1) = a(1)eiφ
(1)

.

From (4.20), (4.21) and (4.33), we see that rε solves



∂tr

ε + v · ∇rε +
1

2
rε div v − i

ε

2
∆rε = i

ε

2
∆ã− iSε,

rε|t=0 = aε0 − a0 = εa1 + O
(
ε2
)
,

where the term Sε is given by:

Sε =
1

ε

(
|aε|2σ − |ã|2σ

)
aε − 2σã|ã|2σ−2 Re

(
ãã(1)

)
.

We check that for all s > 0, we have, in Hs(Rn):

Sε =
1

ε

(
|aε|2σ − |ã+ εã(1)|2σ

)
aε + 2σrε|ã|2σ−2 Re

(
ãã(1)

)
+ O(ε).

The last term should be viewed as a small source term. The second one is

linear in rε, and is suitable in view of an application of the Gronwall lemma.

There remains to handle the first term. At this stage, we can mimic the

previous approach. Introduce the nonlinear change of unknown:

q̃ε =
1

ε
Bσ

(
|aε|2, |ã+ εã(1)|2

)
; g̃ε = Gσ

(
|aε|2, |ã+ εã(1)|2

)
,

where Bσ and Gσ are defined in Notation 4.14. We check that (rε,∇rε, q̃ε)
solves a system of the form (4.30), plus some extra source terms of order

O(ε) in Hs(Rn). We also note that the initial data are of order O(ε), from

Assumption 4.19:
∥∥(rε,∇rε)

∣∣
t=0

∥∥
Hs

= O(ε), ∀s > 0.

We also have
∥∥q̃ε
∣∣
t=0

∥∥
Hk−1 = O(ε),

where k is as Theorem 4.18.

The proposition then stems from Gronwall lemma and a standard conti-

nuity argument, which we sketch for the convenience of the reader (see also

[Rauch and Keel (1999)]). Proceeding like in the proof of Theorem 4.18,

Gronwall lemma shows that there exists T > 0 and C > 0 independent of

ε, such that

‖rε‖L∞([−T,T ];Hk) + ‖q̃ε‖L∞([−T,T ];Hk−1) 6 Cε.

The rate O(ε) follows from the fact that the initial data are of order O(ε),

as well as the source term in the system for (rε,∇rε, q̃ε). If aε were not

smooth on [0, T ∗], then there would exist tε > 0 such that

‖rε(tε)‖Hk + ‖q̃ε(tε)‖Hk−1 = 1.
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Let tε the smallest such tε > 0:

‖rε‖L∞([0,tε];Hk) + ‖q̃ε‖L∞([0,tε];Hk−1) 6 1.

Using this estimate, and Gronwall lemma, we infer

‖rε‖L∞([0,tε];Hk) + ‖q̃ε‖L∞([0,tε];Hk−1) 6 Cε,

for some C > 0 independent of ε. For ε > 0 sufficiently small, Cε 6 1/2.

This contradicts the definition of tε. Therefore, aε is smooth on [0, T ∗]
(and on [−T ∗, 0] by the same argument) provided ε 6 ε0 for some ε0 > 0

sufficiently small, and the error estimate follows. �

4.4 On conservation laws

Recall some important evolution laws for (4.19):

Mass:
d

dt
‖uε(t)‖L2 = 0 .

Energy:
d

dt

(
1

2
‖ε∇xu

ε‖2
L2 +

1

σ + 1
‖uε‖2σ+2

L2σ+2

)
= 0 .

Momentum:
d

dt
Im

∫
uε(t, x)ε∇xu

ε(t, x)dx = 0 .

Pseudo-conformal law:
d

dt

(
1

2
‖Jε(t)uε‖2

L2 +
t2

σ + 1
‖uε‖2σ+2

L2σ+2

)

=
t

σ + 1
(2 − nσ)‖uε‖2σ+2

L2σ+2 ,

where Jε(t) = x+ iεt∇. These evolutions are deduced from the usual ones

(ε = 1, see e.g. [Cazenave (2003); Sulem and Sulem (1999)]) via the scaling

ψ(t, x) = u(εt, εx). Writing uε = aεeiφ/ε, and passing to the limit formally

in the above formulae yields:

d

dt
‖a(t)‖L2 = 0 .

d

dt

∫ (
1

2
|a(t, x)|2|∇φ(t, x)|2 +

1

σ + 1
|a(t, x)|2σ+2

)
dx = 0 .

d

dt

∫
|a(t, x)|2∇φ(t, x)dx = 0 .

d

dt

∫ (
1

2
|(x− t∇φ(t, x)) a(t, x)|2 +

t2

σ + 1
|a(t, x)|2σ+2

)
dx

=
t

σ + 1
(2 − nσ)

∫
|a(t, x)|2σ+2dx .
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Note that we also have the conservation ([Carles and Nakamura (2004)]):

d

dt
Re

∫
uε(t, x)Jε(t)uε(t, x)dx = 0 ,

which yields:

d

dt

∫
(x− t∇φ(t, x)) |a(t, x)|2dx = 0 .

All these expressions involve only (|a|2,∇φ) = (|ã|2,∇φ). Recall that if we

set (ρ, v) = (|a|2,∇φ),
{
∂tv + v · ∇v + ∇ (ρσ) = 0 ; v|t=0 = ∇φ0,

∂tρ+ div (ρv) = 0 ; ρ|t=0 = |a0|2.
(4.35)

Rewriting the above evolution laws, we get:

d

dt

∫

Rn

ρ(t, x)dx = 0.

d

dt

∫ (
1

2
ρ(t, x)|v(t, x)|2 +

1

σ + 1
ρ(t, x)σ+1

)
dx = 0.

d

dt

∫
ρ(t, x)v(t, x)dx = 0.

d

dt

∫ (
1

2
|(x− tv(t, x))|2 ρ(t, x) +

t2

σ + 1
ρ(t, x)σ+1

)
dx

=
t

σ + 1
(2 − nσ)

∫
ρ(t, x)σ+1dx.

d

dt

∫
(x− tv(t, x)) ρ(t, x)dx = 0.

We thus retrieve formally some evolution laws for the compressible Euler

equation (4.35) (see e.g. [Serre (1997); Xin (1998)]), with the pressure law

p(ρ) = cρσ+1.

4.5 Focusing nonlinearities

The main feature of the limit system we used is that it enters, up to a change

of unknowns, into the framework of quasi-linear hyperbolic systems. This

comes from the fact that we consider the defocusing case. Had we worked

instead with the focusing case, where +|u|2σu is replaced with −|u|2σu,
the corresponding limit system would have been ill-posed. We refer to

[Métivier (2005)], in which G. Métivier establishes Hadamard’s instabilities

for non-hyperbolic nonlinear equations.
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As an example, consider the Cauchy problem in space dimension n = 1




∂tφ+
1

2
|∂xφ|2 − |a|2σ = 0 ; φ|t=0 = φ0,

∂ta+ ∂xφ∂xa+
1

2
a∂2

xφ = 0 ; a|t=0 = a0.

(4.36)

As opposed to the previous analysis, this system is not hyperbolic, but ellip-

tic. The following result follows from Hadamard’s argument (see [Métivier

(2005)]).

Proposition 4.22. Suppose that (φ, a) in C2([0, T ]×R)2 solves (4.36). If

φ0(x) is real analytic near x and if a0(x) > 0, then a0(x) is real analytic

near x. Consequently, there are smooth initial data for which the Cauchy

problem has no solution.

This shows that to study the semi-classical limit for the focusing ana-

logue of (1.1), working with analytic data, is not only convenient: it is

necessary.

On the other hand, data and solutions with analytic regularity seem ap-

propriate. In [Gérard (1993)], P. Gérard works with the analytic regularity,

when the space variable x belongs to the torus Tn, without external poten-

tial (V ≡ 0). Note that the only assumption needed on the nonlinearity f

is analyticity near the range of
∣∣∣a(0)

0

∣∣∣
2

(see below for the definition of a
(0)
0 ).

This includes the case f(y) = λyσ , λ ∈ R, σ ∈ N. This result was extended

to the case of the whole Euclidean space Rn in [Thomann (2007)].

The initial phase φ0 is supposed real analytic, and the initial amplitude

is analytic in the following sense (see [Sjöstrand (1982)]):

aε0(z) =
∑

j>0

εja
(j)
0 (z),

where the functions a
(j)
0 satisfy the following properties. There exist ` > 0,

A > 0, B > 0 such that, for all j > 0, a
(j)
0 is holomorphic in {| Im z| < `}

(z = (z1, . . . , zn) ∈ Cn), and
∣∣∣a(j)

0 (z)
∣∣∣ 6 ABjj! on {| Im z| < `}.

To consider functions which decay sufficiently at infinity to be in Hs(Rn),

L. Thomann introduces the weight

W (z) = exp
(
1 + z2

)1/2
, z2 = z2

1 + . . .+ z2
n.
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The condition on the coefficients a
(j)
0 becomes:

∣∣∣W (z)a
(j)
0 (z)

∣∣∣ 6 ABjj! on {| Im z| < `}.

Denoting a(t, z) the complex conjugate of a(t, z), P. Gérard constructs a

formal solution of the form

uε = aεeiφ/ε, aε(t, z) =
∑

j>0

εja(j)(t, z),

which satisfies:



∂tv = −v · ∇v −∇f
(
a(0)a(0)

)
,

∂ta
ε = −v · ∇aε − 1

2
aε div v + i

ε

2
∆aε − iaε

ε

(
f (aεaε) − f

(
a(0)a(0)

))
.

The sum is defined in the sense of J. Sjöstrand: there exists t0 > 0 such

that, for all j > 0, a(j) is holomorphic in {|t| < t0} × {| Im z| < `}, and
∣∣∣W (z)a(j)(t, z)

∣∣∣ 6 ABjj! on {|t| 6 t0} × {| Im z| < `},

with the convention W ≡ 1 in the periodic case. To make the argument

complete, one has to truncate the formal series, in such a way that the

resulting function solves the nonlinear Schrödinger, up to an error term as

small as possible. Setting

vε = eiφ/ε
∑

j61/(C0ε)

εja(j)

for C0 sufficiently large, the approximate solution vε satisfies:

iε∂tv
ε +

ε2

2
∆vε = f

(
|vε|2

)
vε + O

(
e−δ/ε

)
,

for some δ > 0. Essentially, this source term is sufficiently small to overcome

the difficulty pointed out at the end of Sec. 1.2: for small time independent

of ε, the exponential growth provided by Gronwall lemma is more than

compensated by the term e−δ/ε, so it is possible to justify nonlinear geo-

metric optics by semi-linear arguments. We refer to [Gérard (1993)] and

[Thomann (2007)] for precise statements and complete proofs.
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Chapter 5

Some Instability Phenomena

In this chapter, we show some instability phenomena which are related

to the supercritical régime in WKB analysis. We first present some ill-

posedness results for the “usual” nonlinear Schrödinger equation, that is,

with ε = 1 in Eq. (4.19). Roughly speaking, justification of nonlinear

geometric optics on very small time intervals yields ill-posedness, and a

justification on a longer time interval yields a worse phenomenon, indicating

a loss of regularity for the flow map associated to the nonlinear Schrödinger

equation. In the last paragraph of this chapter, we show that even at the

semi-classical level, some instabilities occur. These are strong instabilities

in L2, but which do not affect the quadratic observables, or the Wigner

measures.

5.1 Ill-posedness for nonlinear Schrödinger equations

In this paragraph, we consider the Cauchy problem

i∂tψ +
1

2
∆ψ = ω|ψ|2σψ ; ψ|t=0 = ϕ, (5.1)

where x ∈ Rn, σ ∈ N \ {0} and ω ∈ R \ {0}. There is only one β such that

the map

ψ(t, x) 7→ λβψ(λ2t, λx) (5.2)

leaves the equation in (5.1) (but not the initial data) unchanged for all

λ > 0. It is given by

β =
1

σ
.

Recall that for 0 < s < n/2, the homogeneous Sobolev space Ḣs is defined

as

Ḣs(Rn) =

{
u ∈ L

2n
n−2s (Rn) ; ∃v ∈ L2(Rn), û(ξ) =

v̂(ξ)

|ξ|s
}
.

91
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It is equipped with the norm

‖u‖Ḣs =

(∫

Rn

|ξ|2s |û(ξ)|2 dξ
)1/2

.

There is only one s such that the Ḣs-norm remains unchanged by the spatial

scaling of Eq. (5.2) associated to Eq. (5.1), that is

f(x) 7→ λ1/σf(λx).

It is given by

sc =
n

2
− 1

σ
.

To simplify the discussion, we assume sc > 0.

Definition 5.1. Let s > k > 0. The Cauchy problem for (5.1) is locally

well-posed from Hs(Rn) to Hk(Rn) if, for all bounded subset B ⊂ Hs(Rn),

there exist T > 0 and a Banach space XT ↪→ C([−T, T ];Hk(Rn)) such

that:

(1) For all ϕ ∈ B ∩H∞, (1.32) has a unique solution ψ ∈ C([−T, T ];H∞).

(2) The mapping ϕ ∈ (H∞, ‖ · ‖B) 7→ ψ ∈ XT is continuous.

It has been established in [Cazenave and Weissler (1990)] that the Cauchy

problem for (5.1) is locally well-posed from Hs to Hs as soon as s > sc.

The situation is different when 0 < s < sc (recall that the notations below

are defined at the beginning of the book):

Theorem 5.2 ([Christ et al.]). Let n > 1, σ ∈ N \ {0} and ω ∈ R \ {0}.
Assume that 0 < s < sc.

(1) Ill-posedness. The Cauchy problem for (5.1) is not locally well-posed

from Hs to Hs: for any δ > 0, we can find families (ϕh1 )0<h61 and

(ϕh2 )0<h61 with

ϕh1 , ϕ
h
2 ∈ S(Rn) ; ‖ϕh1‖Hs , ‖ϕh2‖Hs 6 δ, ‖ϕh1 − ϕh2‖Hs −→

h→0
0,

such that if ψh1 and ψh2 denote the solutions to (5.1) with these initial data,

there exists 0 < th � 1 such that

lim inf
h→0

∥∥ψh1
(
th
)
− ψh2

(
th
)∥∥
Hs > 0.

(2) Norm inflation. We can find (ψh)0<h61 solving (5.1), such that

ϕh ∈ S(Rn), ‖ϕh‖Hs � 1 ; ∃th � 1,
∥∥ψh

(
th
)∥∥
Hs � 1.
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The proof we give below relies on WKB analysis for very small time. Such

an approach to prove ill-posedness results is due to G. Lebeau for the case of

the nonlinear wave equation [Lebeau (2001)] (see also [Métivier (2004a)]).

For the case of nonlinear Schrödinger equations, a proof in this spirit ap-

pears in the appendix of [Burq et al. (2005)]. We present the proof given

in Appendix B of [Carles (2007b)]. The main idea of the proof is that in

a semi-classical régime, if the initial data do not oscillate rapidly, then for

very small time, the Laplacian is negligible, and the nonlinear Schrödinger

equation can be approximated by an explicitly solvable ordinary differen-

tial equation (recall that the semi-classical limit is sometimes referred to

as dispersionless limit). Such an idea appears in [Kuksin (1995)], in the

context of the nonlinear wave equation.

Proposition 5.3. Let n > 1, σ ∈ N \ {0}, ω ∈ R \ {0} and aε0 ∈ S(Rn).

Fix k > n/2, and assume that (aε0)0<ε61 is bounded in Hk. Consider the

initial value problems:



iε∂tu
ε +

ε2

2
∆uε = ω|uε|2σuε,

iε∂tv
ε = ω|vε|2σvε,

uε|t=0 = vε|t=0 = aε0.

We can find c0, c1, θ > 0 independent of ε ∈]0, 1] such that

‖uε − vε‖L∞([−c0ε| log ε|θ ,c0ε| log ε|θ ];Hk) . ε 〈log ε〉c1 .

Before proving the above estimate, we show that neglecting the Laplacian

for very small time is rather natural with WKB analysis in mind. Suppose

for instance that aε0 → a0 as ε→ 0. We have seen in Chap. 4 that, at least

in the case ω > 0,∥∥∥uε(t) − a(t)eiφ(t)/ε
∥∥∥
L∞

= oε→0(1) + O(t),

where (φ, a) is given by




∂tφ+
1

2
|∇φ|2 + ω|a|2σ = 0 ; φ|t=0 = 0,

∂ta+ ∇φ · ∇a+
1

2
a∆φ = 0 ; a|t=0 = a0.

Since the above approximation is interesting for very small time only, ex-

amine the Taylor expansion for φ and a as t→ 0. For instance, plug formal

series of the form

a(t, x) ∼
∑

j>0

tjaj(x) ; φ(t, x) ∼
∑

j>0

tjφj(x)
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into the above system, and identify the powers of t. Formally, we find

a(t, x) = a0(x) + O
(
t2
)

; φ(t, x) = −tω|a0(x)|2σ + O
(
t3
)
.

Since the phase φ is divided by ε, the function

a0(x) exp

(
−iω t

ε
|a0(x)|2σ

)

is expected to be a decent approximation of uε for |t|3 � ε. This issue is

discussed more precisely in Sec. 5.3. Note that the above approximation

was derived without assessing any spatial derivative: it is not surprising

that, when aε0 = a0, it coincides with the solution vε of the above ordinary

differential equation. Note also that in the statement of Proposition 5.3,

the error estimate is described for |t| . ε| log ε|θ, which is still very far from

the borderline |t| � ε1/3. The technical reason is that for |t| . ε| log ε|θ, a

semi-linear analysis is sufficient (see below), while for larger time (even for

ε| log ε|θ � |t| � ε1/3), it seems that a quasi-linear analysis (in the spirit

of Chapters 3 and 4) is needed.

Proof. [Proof of Proposition 5.3] Let wε = uε − vε. It solves:

iε∂tw
ε +

ε2

2
∆wε = (g(wε + vε) − g(vε)) − ε2

2
∆vε, (5.3)

with wε|t=0 = 0, where we have set g(z) = ω|z|2σz. For k > 0, we have,

from Lemma 1.2:

‖wε‖L∞([−t,t];Hk) .
1

ε
‖g(wε + vε) − g(vε)‖L1([−t,t];Hk)

+ ε ‖∆vε‖L1([−t,t];Hk) .

Using Taylor formula, and the fact that Hk is an algebra since k > n/2, we

have:

‖g(wε(t) + vε(t)) − g(vε(t))‖Hk .
(
‖wε(t)‖2σ

Hk + ‖vε(t)‖2σ
Hk

)
‖wε(t)‖Hk .

Since we have

vε(t, x) = aε0(x) exp

(
−iω t

ε
|aε0|2σ

)
,

we check, for all s > 0:

‖vε(t)‖Hs .

〈
t

ε

〉s
.

On any time interval where we have, say, ‖wε‖Hk 6 1, we infer:

‖wε‖L∞([−t,t];Hk) 6
C

ε

∫ t

−t

〈τ
ε

〉2σk

‖wε(τ)‖Hkdτ + C1ε

∫ t

−t

〈τ
ε

〉k+2

dτ.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Some Instability Phenomena 95

Gronwall lemma yields:

‖wε‖L∞([−t,t];Hk) . ε

∫ t

−t

〈τ
ε

〉k+2

exp

(
C

ε

∫ t

τ

〈
τ ′

ε

〉2σk

dτ ′
)
dτ.

Let tε = c0ε| log ε|θ:

‖wε‖L∞([−tε,tε];Hk) . ε exp
(
2Cc0| log ε|θ 〈c0 log ε〉2σkθ

)∫ tε

−tε

〈τ
ε

〉k+2

dτ

. exp
(
2Cc0| log ε|θ 〈c0 log ε〉2σkθ

)
ε2 〈log ε〉(k+3)θ

.

For θ = (1 + 2σk)−1 and c0 sufficiently small, this yields:

‖wε‖L∞([−tε,tε];Hk) . ε 〈log ε〉
3+k

1+2σk .

Up to choosing ε sufficiently small, a continuity argument shows that

‖wε‖Hk remains bounded by 1 on this time interval, and the proposition

follows. �

As mentioned already, the above proof relies on a perturbative analysis

(semi-linear approach). The main remark is that the exponential ampli-

fication factor eCt/ε, already pointed out at the end of Sec. 1.2, can be

controlled on very small time intervals, of the form given above.

Proof. [Proof of Theorem 5.2] The result is a straightforward conse-

quence of Proposition 5.3 and explicit computations on ordinary differential

equations.

For a0 ∈ S(Rn) with ‖a0‖Hs 6 δ/2, and h > 0, consider ψh1 solving

(5.1) with:

ϕh1 (x) = h−
n
2 +sa0

(x
h

)
.

Using the parabolic scaling and the scaling of Ḣs, define uh by:

uh(t, x) = h
n
2 −sψh1

(
h2t, hx

)
.

It solves:

i∂tu
h +

1

2
∆uh = ωh2−nσ+2σs|uh|2σuh ; uh|t=0 = a0 .

Let ε = h
nσ
2 −1−sσ = hσ(sc−s): ε and h go to zero simultaneously since

s < sc. With this relation between ε and h, we denote the dependence

upon one or the other according to the more natural context. Define

uε1(t, x) = uh(ht, x) = h
n
2 −sψh1

(
h

nσ
2 +1−sσt, hx

)
.
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It solves:

iε∂tu
ε
1 +

ε2

2
∆uε1 = ω|uε1|2σuε1 ; uε1|t=0 = a0.

We go back to ψh1 via the formula:

ψh1 (t, x) = h−
n
2 +suε1

(
t

h
nσ
2 +1−sσ ,

x

h

)
.

In particular, ψh1 and uε1 have the same Ḣs norm.

(1) Ill-posedness. Define uε2 solution to the same equation, but with initial

datum

uε2|t=0 = (1 + δε) a0,

with δε = | log ε|−θ � 1, where θ > 0 stems from Proposition 5.3. We

define ψh2 by the same scaling as above, and it is straightforward to check,

for h sufficiently small:

ϕh1 , ϕ
h
2 ∈ S(Rn) ; ‖ϕh1‖Hs , ‖ϕh2‖Hs 6 δ, ‖ϕh1 − ϕh2‖Hs −→

h→0
0.

From Proposition 5.3, we have, for k > n/2 and tε = cε| log ε|θ, with

0 < c 6 c0,
∥∥uεj (tε) − vεj (tε)

∥∥
Hk � 1, j = 1, 2,

where

vε1(t, x) = a0(x) exp

(
−iω t

ε
|a0(x)|2σ

)
,

vε2(t, x) = (1 + δε) a0(x) exp

(
−iω t

ε
|(1 + δε) a0(x)|2σ

)
.

We infer:

‖uε1 (tε) − uε2 (tε)‖Ḣs & ‖vε1 (tε) − vε2 (tε)‖Ḣs .

On the other hand, we have, from the explicit form of vεj :

|vε1(t, x) − vε2(t, x)| ∼
ε→0

|a0(x)|
∣∣∣e−iωt|a0(x)|2σ/ε − e−iωt|(1+δ

ε)a0(x)|2σ/ε
∣∣∣

∼
ε→0

2 |a0(x)|
∣∣∣∣∣sin

(
ωt
(
(1 + δε)2σ − 1

)
|a0(x)|2σ

2ε

)∣∣∣∣∣

∼
ε→0

2|a0(x)|
∣∣∣∣sin

(
ωσ

t

ε
δε|a0(x)|2σ

)∣∣∣∣ .
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Hence, from the definition of tε and δε:

|vε1(tε, x) − vε2(t
ε, x)| ∼

ε→0
2|a0(x)|

∣∣sin
(
ωσc|a0(x)|2σ

)∣∣ .
Up to adjusting c ∈]0, c0], we infer:

lim inf
ε→0

‖uε1 (tε) − uε2 (tε)‖Ḣs > 0.

Since uεj and ψhj have the same Ḣs norm, the first part of Theorem 5.2

follows.

(2) Norm inflation. In [Christ et al.], this phenomenon appears as a transfer

of energy from low to high Fourier modes. It corresponds to the appearance

of rapid oscillations in a supercritical WKB régime: even though uε is not

ε-oscillatory initially, rapid oscillations appear instantaneously.

Still from Proposition 5.3, with tε = cε| log ε|θ, we have

uε1(t
ε, x) ∼

ε→0
a0(x)e

−iω tε

ε |a0(x)|2σ

= a0(x)e
−iω|a0(x)|2σ(log 1

ε )
θ

.

Even though uε is not yet ε-oscillatory, “rapid” oscillations have appeared

already. If we replace a0 with | logh|−θ′a0, this proves the second part of

the theorem. �

5.2 Loss of regularity for nonlinear Schrödinger equations

The end of the proof of Theorem 5.2 suggests that there is some room left:

if we can show that uε becomes exactly ε-oscillatory, then we should obtain

a stronger result. On the other hand, to prove that uε becomes exactly

ε-oscillatory, we have to justify some asymptotics on a time interval which

is independent of ε. This was achieved in Chap. 4. However, note that it

is not necessary to know the pointwise asymptotic behavior of uε to know

that it is ε-oscillatory: it turns out that the analysis developed in Chap. 3

suffices to do so (for defocusing nonlinearities, ω > 0), and we have:

Theorem 5.4 ([Alazard and Carles (2007a)]). Let ω > 0, σ ∈ N\{0},
and 0 < s < sc = n/2 − 1/σ. There exists a family (ϕh)0<h61 in S(Rn)

with

‖ϕh‖Hs(Rn) → 0 as h→ 0,

a solution ψh to (5.1) and 0 < th → 0, such that:
∥∥ψh(th)

∥∥
Hk(Rn)

→ +∞ as h→ 0 , ∀k > s

1 + σ(sc − s)
.

In particular, (5.1) is not locally well-posed from Hs to Hk.
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Note that in general, the solutions of the above theorem must be understood

as the weak solutions given by Proposition 1.28.

From now on, we assume ω > 0, and fix ω = +1 for simplicity.

This result is to be compared with the main result in [Lebeau (2005)],

which we recall with notations adapted to make the comparison with the

Schrödinger case easier. For n > 3 and energy-supercritical wave equations
(
∂2
t − ∆

)
u+ u2σ+1 = 0, σ ∈ N, σ >

2

n− 2
,

G. Lebeau shows that one can find a fixed initial datum in Hs, s > 1, and

a sequence of times 0 < th → 0, such that the Hk norms of the solution are

unbounded along the sequence th, for k ∈]I(s), s]. The expression for I(s)

is related to the critical Sobolev exponent

ssob =
n

2

σ

σ + 1
,

which corresponds to the embedding Hssob(Rn) ⊂ L2σ+2(Rn). In [Lebeau

(2005)], we find:

I(s) = 1 if 1 < s 6 ssob ; I(s) =
s

1 + σ(sc − s)
if ssob 6 s < sc. (5.4)

Note that we have
ssob

1 + σ(sc − ssob)
= 1. (5.5)

The approach in [Lebeau (2005)] consists in using an anisotropic scaling,

as opposed to the isotropic scaling used in [Lebeau (2001); Christ et al.].

Compare Theorem 5.4 with the approach of [Lebeau (2005)]. Recall that

(5.1) has two important (formally) conserved quantities: mass and energy,

M(t) =

∫

Rn

|ψ(t, x)|2dx ≡M(0),

E(ψ(t)) =
1

2

∫

Rn

|∇ψ(t, x)|2dx+
1

σ + 1

∫

Rn

|ψ(t, x)|2σ+2dx ≡ E(ϕ).

(5.6)

In view of (5.5), we obtain, for H1-supercritical nonlinearities:

Corollary 5.5. Let n > 3 and σ > 2
n−2 . There exists a family (ϕh)0<h61

in S(Rn) with

‖ϕh‖H1 + ‖ϕh‖L2σ+2 → 0 as h→ 0,

a solution ψh to

i∂tψ
h +

1

2
∆ψh = |ψh|2σψh ; ψh|t=0 = ϕh,

and 0 < th → 0, such that:

‖ψh(th)‖Hk(Rn) → +∞ as h→ 0 , ∀k > 1.
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We thus get the analogue of the result of G. Lebeau when I(s) = 1, with the

drawback that we consider a sequence of initial data only. The information

that we don’t have for Schrödinger equations, and which is available for

wave equations, is the finite speed of propagation, that is used in [Lebeau

(2005)] to construct a fixed initial datum. On the other hand, the range for

k in Theorem 5.4 is broader when 1 < s < ssob, and also, we allow the range

0 < s 6 1, for which no analogous result is available for the wave equation.

However, we choose to present the proof of Theorem 5.4 for k > 1 only, and

refer to [Alazard and Carles (2007a)] for the remaining cases. Note that

k > 1 suffices to establish Corollary 5.5.

The proof starts like the proof of Theorem 5.2: for a0 ∈ S(Rn) and

h > 0, consider ψh solving (5.1) with:

ϕh(x) = h−
n
2 +sa0

(x
h

)
.

Let ε = hσ(sc−s): ε and h go to zero simultaneously since s < sc. Define

uε(t, x) = h
n
2 −sψh

(
h

nσ
2 +1−sσt, hx

)
.

It solves:

iε∂tu
ε +

ε2

2
∆uε = ω|uε|2σuε ; uε|t=0 = a0.

The approach consists in showing that for some τ > 0 independent of ε,

lim inf
ε→0

εk ‖uε (τ)‖Ḣk > 0, ∀k > 1. (5.7)

Back to ψ, this will yield th = τh2ε and

‖ψh(th)‖Ḣk & hs−kε−k = hs−k(1+σ(sc−s)).

To complete the above reduction, note that we only have to prove (5.7) for

k = 1. Indeed, for k > 1, there exists Ck > 0 such that

‖f‖Ḣ1 6 Ck‖f‖1−1/k
L2 ‖f‖1/k

Ḣk
, ∀f ∈ Hk(Rn).

This inequality is straightforward thanks to Fourier analysis. Note also

that thanks to the conservation of mass for uε, we have:

‖uε(t)‖Ḣ1 6 Ck‖a0‖1−1/k
L2 ‖uε(t)‖1/k

Ḣk
.

Up to replacing a0 with | logh|−1a0, the result then follows from:

Proposition 5.6. Let n > 1, a0 ∈ S(Rn) be non-trivial, and σ > 1. There

exists τ > 0 such that

lim inf
ε→0

‖ε∇uε (τ)‖L2 > 0.
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Proof. The result is a consequence of Theorem 3.4, whose proof is the

core of [Alazard and Carles (2007a)]. Indeed, Theorem 3.4 shows that for

all τ ∈ [−T, T ],

lim inf
ε→0

‖ε∇uε (τ)‖L2 > lim inf
ε→0

‖v(τ)uε (τ)‖L2 ,

where (v, a) ∈ C∞([−T, T ];H∞)2 solves



∂tv + v · ∇v + ∇

(
|a|2σ

)
= 0 ; v|t=0 = 0.

∂ta+ v · ∇a+
1

2
a div v = 0 ; a|t=0 = a0.

Theorem 3.4 also yields:

lim
ε→0

∥∥|uε|2 − |a|2
∥∥
L∞([−T,T ];Lσ+1)

= 0.

Using Hölder’s inequality, we find

‖v(τ)a(τ)‖2
L2 =

∥∥|v(τ)|2|a (τ) |2
∥∥
L1

6
∥∥|v(τ)|2|uε (τ) |2

∥∥
L1 +

∥∥|v(τ)|2
(
|a(τ)|2 − |uε (τ) |2

)∥∥
L1

6
∥∥|v(τ)|2|uε (τ) |2

∥∥
L1 +

∥∥|v(τ)|2
∥∥
L

σ+1
σ

∥∥|a(τ)|2 − |uε (τ) |2
∥∥
Lσ+1 .

Therefore, for all τ ∈ [−T, T ],

lim inf
ε→0

‖ε∇uε (τ)‖L2 > ‖v(τ)a (τ)‖L2 .

To show that there exists τ > 0 such that ‖v(τ)a (τ)‖L2 > 0, we argue by

continuity. We use the identities, in Hs for all s > 0, and as t→ 0:

v(t, x) = −t∇
(
|a0(x)|2σ

)
+ O

(
t3
)

; a(t, x) = a0(x) + O
(
t2
)
.

These identities follow directly from the equation satisfied by (v, a). �

As discussed in Sec. 4.5, for focusing nonlinearities (ω < 0), the above

analysis fails. On the other hand, working in an analytic setting is possible,

and we have:

Theorem 5.7 ([Thomann (2007)]). The conclusions of Theorem 5.4

still hold if we assume ω < 0.

5.3 Instability at the semi-classical level

We have seen in Chap. 4 that a perturbation of the initial amplitude at

order ε (that is, the presence of a non-trivial corrector a1) alters the lead-

ing order amplitude for times of order O(1); see Proposition 4.5 and the
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discussion below, as well as Proposition 4.21. It seems natural to guess

that a perturbation of the initial amplitude at order ε1−δ for some δ ∈]0, 1[

will alter the leading order amplitude for times of order o(1), which can be

understood as “instantaneously”. In this section, we show that this is the

case, and that the above mentioned perturbation becomes visible for times

of order O(εδ).

For the sake of readability, we detail the approach in the case of a cubic

nonlinearity, in the absence of external potential:

iε∂tu
ε +

ε2

2
∆uε = |uε|2uε. (5.8)

We present only formal computations here, which can be justified thanks to

the method detailed in Chap. 4. In particular, we could repeat the argument

in the presence of a sub-quadratic external potential, or for higher order

defocusing, smooth, nonlinearity in space dimension n 6 3. Recall that the

notations in the following result have been defined in the beginning of these

notes.

Theorem 5.8. Let n > 1, a0, ã
ε
0 ∈ S(Rn), φ0 ∈ C∞(Rn; R), where a0 and

φ0 are independent of ε, and ∇φ0 ∈ H∞. Let uε and vε solve the initial

value problems:

iε∂tu
ε +

ε2

2
∆uε = |uε|2uε ; uε

∣∣
t=0

= a0e
iφ0/ε.

iε∂tv
ε +

ε2

2
∆vε = |vε|2vε ; vε

∣∣
t=0

= ãε0e
iφ0/ε.

Assume that there exists N ∈ N and ε1−
1
N � δε � 1 such that:

‖a0 − ãε0‖Hs ≈ δε , ∀s > 0 ; lim sup
ε→0

∥∥∥∥
Re(a0 − ãε0)a0

δε

∥∥∥∥
L∞(Rn)

6= 0. (5.9)

Then we can find 0 < tε � 1 such that: ‖uε(tε) − vε(tε)‖L2 & 1, and

‖uε(tε) − vε(tε)‖L∞ & 1. More precisely, this occurs for tεδε ≈ ε. In

particular,

‖uε − vε‖L∞([0,tε];L2∪L∞)∥∥∥uε|t=0 − vε|t=0

∥∥∥
L2∩L∞

→ +∞ as ε→ 0 .

Remark 5.9. From the conservation of the L2 norm for uε and vε

(Eq. (1.24)), the instability cannot be much stronger, at least in L2, since

‖uε(t) − vε(t)‖L2 6 ‖uε(t)‖L2 + ‖vε(t)‖L2 . 1.
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Remark 5.10. The second part of the assumption (5.9) can be viewed

as a polarization condition. We could remove it with essentially the same

approach as below, up to demanding ε1/2−1/N � δε � 1.

Example 5.11. Consider a0, b0 ∈ S(Rn) independent of h, such that

Re(a0b0) 6≡ 0, and take ãε0 = a0 + δεb0.

Example 5.12. Consider a0 ∈ S(Rn) independent of ε and xε ∈ Rn. We

can take ãε0(x) = a0(x− xε), provided that |xε| = δε and

lim sup
ε→0

∥∥∥∥
xε

|xε| · ∇
(
|a0|2

)∥∥∥∥
L∞

6= 0.

Typically, we can think of xε = δεej , for 1 6 j 6 n, where (ej)16j6n

denotes the canonical basis of Rn, and ∂ja0 6≡ 0 (the latter is merely an

assumption, since a0 ∈ S(Rn)).

Remark 5.13. The last example is motivated by the result of [Burq and

Zworski (2005)]. There, instability is established for



iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + ε2|uε|2uε, x ∈ R3,

uε(0, x) =
1

ε3/2
Φ

(
x− x0

ε

)
.

(5.10)

As above, a small perturbation of x0 yields an instability phenomenon in

the limit ε → 0. We will come back to this framework at the end of this

paragraph.

The above result addresses perturbations which satisfy in particular δε � ε.

This excludes the standard WKB data of the form

uε(0, x) = aε0(x)e
iφ0(x)/ε , where aε0 ∼ a0 + εa1 + ε2a2 + . . .

In that case, a perturbation of a1 is relevant at time tε ≈ 1, and the previous

result is essentially sharp:

Proposition 5.14. Let n > 1, a0, a1 ∈ S(Rn), φ0 ∈ C∞(Rn; R) indepen-

dent of ε, with ∇φ0 ∈ H∞. Assume that Re(a0a1) 6≡ 0. Let uε and vε solve

the initial value problems:

iε∂tu
ε +

ε2

2
∆uε = |uε|2uε ; uε

∣∣
t=0

= a0e
iφ0/ε.

iε∂tv
ε +

ε2

2
∆vε = |vε|2vε ; vε

∣∣
t=0

= (a0 + εa1) e
iφ0/ε.

Then for any τ ε � 1, ‖uε − vε‖L∞([0,τε];L2) � 1, and for t > 0 independent

of ε, and arbitrarily small: ‖uε(t) − vε(t)‖L2 & 1.
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This result is a direct consequence of the analysis presented in Chap. 4.

Essentially, the reason why uε and vε diverge from each other for t > 0 is

the presence of the phase corrector Φ(1) for vε; we have already seen that

under the above assumptions, there is no such phase corrector for uε. We

then remark that Φ(1)
∣∣
t=0

= 0 and ∂tΦ
(1)
∣∣
t=0

6= 0, so ‖Φ(1)(t)‖L∞ ≈ t as

t→ 0. Hence the proposition.

As announced above, we give only the formal aspect of the proof of

Theorem 5.8 here, which originates from [Carles (2007b)]. Since the state-

ment of the result involves times which go to zero as ε→ 0, we can use the

approximation, see (4.13):

lim sup
ε→0

∥∥∥uε(t, ·) − a(t, ·)eiφ(t,·)/ε
∥∥∥
L2∩L∞

= O(t),

where (φ, a) is given by:




∂tφ+
1

2
|∇φ|2 + |a|2 = 0 ; φ|t=0 = φ0,

∂ta+ ∇φ · ∇a+
1

2
a∆φ = 0 ; a|t=0 = a0.

To approximate vε, we use the same system. However, we do not pass to

the limit in the initial data. We have

lim sup
ε→0

∥∥∥vε(t, ·) − ãε(t, ·)eiφ̃ε(t,·)/ε
∥∥∥
L2∩L∞

= O(t),

where (φ̃ε, ãε) is given by:




∂tφ̃
ε +

1

2

∣∣∣∇φ̃ε
∣∣∣
2

+ |ãε|2 = 0 ; φ̃ε|t=0 = φ0,

∂tã
ε + ∇φ̃ε · ∇ãε +

1

2
ãε∆φ̃ε = 0 ; ãε|t=0 = ãε0.

In particular,

uε(t, x) − vε(t, x) ≈ a(t, x)eiφ(t,x)/ε − ãε(t, x)eiφ̃
ε(t,x)/ε.

The stability analysis of Chap. 4 shows that

‖a− ãε‖L∞([0,T ];Hs) = O (δε) ,

for some time T > 0 independent of ε. We infer:

uε(t, x) − vε(t, x) ≈ a(t, x)
(
eiφ(t,x)/ε − eiφ̃

ε(t,x)/ε
)
,

and

|uε(t, x) − vε(t, x)| ≈ 2|a(t, x)|
∣∣∣∣∣sin

(
φ(t, x) − φ̃ε(t, x)

2ε

)∣∣∣∣∣ .
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The idea is then to consider the Taylor expansion for the phases with respect

to the time variable:

φ(t, x) ≈
∑

j>0

tjφj(x) ; φ̃ε(t, x) ≈
∑

j>0

tj φ̃εj(x).

The notations are consistent when j = 0: φ0 = φ̃ε0. We have already

computed:

φ1(x) = −|a0(x)|2 ; φ̃ε1(x) = − |ãε0(x)|2 .
To compute the higher order terms, we see that we must also consider the

Taylor expansion in time for a and ãε:

a(t, x) ≈
∑

j>0

tjaj(x) ; ãε(t, x) ≈
∑

j>0

tj ãεj(x).

Here again, the notations are consistent when j = 0. We have

a1 = −∇φ0 · ∇a0 −
1

2
a0∆φ0 ; ãε1 = −∇φ0 · ∇ãε0 −

1

2
ãε0∆φ0.

We check that for j > 1, (φj , aj) is determined by (φk , ak)06k6j−1. Also,

since φ and φ̃ε have the same initial datum, we have

φ(t, x) − φ̃ε(t, x) ≈
∑

j>1

tj
(
φj(x) − φ̃εj(x)

)
.

The first term of this series is given by

φ1 − φ̃ε1 = |ãε0|
2 − |a0|2 = |a0 + ãε0 − a0|2 − |a0|2

= 2 Re (a0 (ãε0 − a0)) + |ãε0 − a0|2 .
Note that by assumption, the first term on the last line is exactly of order

δε (on the support of a0). The last term is smaller, controlled by (δε)2:

φ1 − φ̃ε1 = 2 Re (a0 (ãε0 − a0)) + O
(
(δε)

2
)
.

By induction, it is easy to check

φj − φ̃εj = O (δε) , ∀j > 2.

Therefore, for any K ∈ N \ {0},

φ(t, x)−φ̃ε(t, x) =
K∑

j=1

tj
(
φj(x) − φ̃εj(x)

)
+O

(
tK+1δε

)
≈ t
(
φ1(x) − φ̃ε1(x)

)
.

We infer as ε→ 0 and t→ 0:

|uε(t, x) − vε(t, x)| ≈ 2|a(t, x)|
∣∣∣∣∣sin

(
φ(t, x) − φ̃ε(t, x)

2ε

)∣∣∣∣∣

≈ 2|a0(x)|
∣∣∣∣sin

(
t

2ε

(
φ1(x) − φ̃ε1(x)

))∣∣∣∣ .

The argument of the sine function is of order exactly tδε/ε. Therefore, we

can find t = tε of order ε/δε, with:
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• tε → 0 as ε→ 0.

• lim inf
ε→0

‖uε(tε) − vε(tε)‖L2∩L∞ > 0.

This completes the proof of Theorem 5.8.

Remark 5.15. In view of [Burq and Zworski (2005)], introduce the com-

plex projective distance:

uj ∈ L2(Rn), dpr(u1, u2) := arccos

( |〈u1, u2〉|
‖u1‖L2‖u2‖L2

)
.

Then we can check that, up to demanding ε/δε � tε � 1,

dpr (uε(tε), vε(tε))

dpr (uε(0), vε(0))
→ +∞ as ε→ 0.

Essentially, Theorem 5.8 uses the fact that oscillations of order O(1) appear

for time of order ε/δε. The above result uses the fact that for larger time,

these oscillations are rapid as ε→ 0 (but not of order O(1/ε)).

We now turn our attention to the special case where the initial data

contain no rapid oscillation: φ0 = 0. An easy induction shows that in the

Taylor expansion for φ (resp. a), all the even (resp. odd) powers of t vanish:

φ(t, x) ≈
∑

j>0

t2j+1φ2j+1(x) ; a(t, x) ≈
∑

j>0

t2ja2j(x).

The same holds for φ̃ε and ãε, since at time t = 0, φ̃ε = φ0 = 0. In

particular,

φ(t, x) = tφ1(x) + O
(
t3
)

= −t|a0(x)|2 + O
(
t3
)
.

As ε→ 0 and t→ 0, we infer

uε(t, x) ≈ a(t, x)eiφ(t,x)/ε ≈ a0(x)e
−it|a0(x)|2/εeiO(t3)/ε.

We have therefore:

uε(t, x) ≈ a0(x)e
−it|a0(x)|2/ε for |t| � ε1/3.

Note that the function of the right hand side involves no spatial deriva-

tive/integration. In other words, it is constructed without considering the

Laplacian in the nonlinear Schrödinger equation: we recover the approxi-

mate solution considered in Proposition 5.3. The above approximation for

|t| � ε1/3 is expected to remain valid for any smooth nonlinearity, that is

even in cases where the rigorous justification of WKB analysis is not known.

An advantage of replacing the assumption |t| 6 cε| log ε|θ with |t| � ε1/3

would be to infer a loss of regularity phenomenon, as in Sec. 5.2, even

though the range for the Sobolev index k should be decreased compared to

Theorem 5.4. In particular, this would not suffice to prove Corollary 5.5.
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Finally, we discuss more precisely the link between this approach and

the result of [Burq and Zworski (2005)] mentioned in Remark 5.13. The

initial data in Eq. (5.10) are not of WKB type. As we will see in the

second part of this book, they correspond to a focusing phenomenon (a

caustic reduced to a point). The important aspect is that the nonlinearity

is cubic, and in space dimension three, the size of the coupling constant, ε2

in Eq. (5.10), is supercritical as far as nonlinear effects near the caustic are

concerned; see Sec. 6.3 and Chap. 7. Therefore, supercriticality is the main

feature shared by Eq. (5.8) and Eq. (5.10), and is the reason why instability

occurs in the limit ε → 0. Without entering into the details of the proof

of [Burq and Zworski (2005)], we mention that the main idea consists in

neglecting the Laplacian for small times, in order to reduce the problem to

an ordinary differential equation mechanism, like in §5.1.

In the particular case of Eq. (5.10) (where the harmonic potential is

isotropic), this link can be made more explicit. Consider uε solution to a

generalization of Eq. (5.10):

iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + εk|uε|2uε, x ∈ Rn.

Assume that 1 < k < n (hence n > 2). First, introduce U ε given by a lens

transform:

Uε(t, x) =
1

(1 + t2)n/4
e
i t
1+t2

|x|2

2ε uε
(

arctan t,
x√

1 + t2

)
.

It solves:



iε∂tU

ε +
ε2

2
∆Uε = εk

(
1 + t2

)n/2−1 |Uε|2 Uε,

Uε(0, x) = uε(0, x).

Introduce γ = k/n < 1, h = ε1−γ , th0 = hγ/(1−γ) and ψ = ψh given by

ψh(t, x) = Uε
(
t

εγ
− 1, x

)
.

It solves:



ih∂tψ

h +
h2

2
∆ψh =

((
th0
)2

+
(
t− th0

)2)n/2−1 ∣∣ψh
∣∣2 ψh,

ψh
(
th0 , x

)
= uε(0, x).

The above equation is closely akin to the cubic nonlinear Schrödinger equa-

tion in a supercritical WKB régime (think of the coupling constant in front

of the nonlinearity as tn−2, and recall that n > 2). Consider the case where
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uε(0, x) = a0(x) is independent of ε. Instabilities as h → 0 can be estab-

lished in the same spirit as above (with a slightly different scaling, because

of the factor in front of the cubic nonlinearity for ψh), yielding instabilities

for uε. More precisely, we can prove
∥∥∥ψh(t) − a(t)eiφ(t)/h

∥∥∥
L2∩L∞

= O
(
t+ h

n(k−1)
n−k

)
,

where (φ, a) is given by:





∂tφ+
1

2
|∇φ|2 + tn−2|a|2 = 0 ; φ|t=0 = 0,

∂ta+ ∇φ · ∇a+
1

2
a∆φ = 0 ; a|t=0 = a0.

The Taylor expansion for φ yields:

φ(t, x) = − tn−1

n− 1
|a0(x)|2 + O

(
t2n−1

)
.

Therefore, a perturbation of a0 of order δh, with h1−1/N � δh � 1 (as in

Theorem 5.8) becomes visible on ψh for times th such that (th)n−1δh ≈ h.

In the case of Eq. (5.10), 1 < k = 2 < n = 3, and this yields th ≈ (h/δh)1/2.

This corresponds to a time

1√
εδ

− 1

for Uε, that is,

arctan

(
1√
εδ

− 1

)
=
π

2
− arctan

( √
εδ

1 −
√
εδ

)
≈ π

2
− arctan

(√
εδ
)

for uε. Note that instabilities occur for small time for ψh, corresponding to

time of order π/2 for uε. This is due to the fact that the harmonic potential

causes focusing at time π/2 (see Examples 1.12 and 1.18, and §8.1 below).

Note also that U ε is of order O(1) in L∞ when the instability occurs, which

implies that uε is of order

|uε| ≈ (εδ)
−3/4 � ε−1+1/(4N) � ε−3/2,

since ε1/3−1/(3N) = h1−1/N � δ � 1. When the instability occurs, the

wave function is not as concentrated as in [Burq and Zworski (2005)]; see

Eq. (5.10). Heuristically, it is not surprising that instability occurs also for

more concentrated data.
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Finally, we point out that the instabilities at the semi-classical level

affect the wave function, but not the usual quadratic observables. The

instability mechanism is due to a phase modulation, and the creation of

oscillations whose period is of order ε/δε. By assumption,

ε� ε/δε � 1.

Therefore, this scale of oscillation is not detected by the Wigner measure,

which accounts for phenomena at scales 1 and ε only. Similarly, the insta-

bility does not affect the convergence of the position and current densities

for small time. Indeed, these quadratic observables, as well as the Wigner

measure, are described by an Euler equation, which is stable on [−T, T ],

for some T > 0. On the other hand, nothing seems to be known as for

what happens when the solution to the Euler equation develops singular-

ities. The example developped in Sec. 7.4.3 suggests that the instabilities

at the semi-classical level may affect also the Wigner measures after the

solution to the Euler equation has become singular.
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Chapter 6

Caustic Crossing: Formal Analysis

6.1 Presentation

In this second part, we consider the régime where the WKB analysis breaks

down. This analysis is essentially independent of the first part, which may

be considered as a motivation only. Roughly speaking, in the linear case,

many results are available, while in the nonlinear case, very few phenomena

have been identified.

Resume one of the examples given in Chap. 1:

iε∂tu
ε
lin +

ε2

2
∆uεlin = 0 ; uεlin(0, x) = a0(x)e

−i|x|2/(2ε). (6.1)

We have seen that for t < 1, the solution to the eikonal equation, and to

the leading order transport equation respectively, are given by:

φeik(t, x) =
|x|2

2(t− 1)
; a(t, x) =

1

(1 − t)n/2
a0

(
x

1 − t

)
.

As already noticed, these terms (as well as all the others involved in the

WKB analysis) become singular as t → 1. On the other hand, if, say,

a0 ∈ S(Rn), then for every fixed ε, Eq. (6.1) has a unique global solution

uεlin ∈ C∞ (R;S(Rn)). Since we consider the free Schrödinger equation

(by “free”, we mean linear, and without external potential), uεlin is given

explicitly by the integral

uεlin(t, x) =
1

(2iπt)n/2

∫

Rn

ei
|x−y|2

2εt uεlin(0, y)dy

=
1

(2iπt)n/2

∫

Rn

ei
|x−y|2

2εt −i |y|2

2ε a0(y)dy.

This formula also yields the expression for φeik and a very easily, thanks

to the stationary phase formula (which can be found for instance in [Alin-

hac and Gérard (1991); Grigis and Sjöstrand (1994); Hörmander (1994)]).

111
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Indeed, the last expression can be viewed as an oscillatory integral, with

phase

ϕ(t, x, y) =
|x− y|2

2t
− |y|2

2
.

For t 6= 1, the critical points of ϕ, considered as a function of y, are given

by:

∇yϕ(t, x, yc) = 0 ⇐⇒ yc − x

t
= yc ⇐⇒ yc =

x

1 − t
.

The Hessian of ϕ is

∇2
yϕ(t, x, y) =

(
1

t
− 1

)
In.

Therefore, if t 6= 1, ϕ has a unique critical point, which is non-degenerate.

Stationary phase formula then yields:

uεlin(t, x) ∼
ε→0





1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) if t < 1,

e−inπ/2

(t− 1)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) if t > 1.

From this point of view, the main difference between the asymptotics for

t < 1 and for t > 1 is the phase shift e−inπ/2, which is due to the sign

change of the Hessian of ϕ as t− 1 changes signs.

For t = 1, we can no longer apply stationary phase formula, but we have

directly from the integral expression of uεlin:

uεlin(1, x) =
1

(2iπ)n/2

∫

Rn

ei
|x−y|2

2ε −i |y|2

2ε a0(y)dy =
ei

|x|2

2ε

(iε)n/2
â0

(x
ε

)
.

By writing

uεlin(1, x) =
1

(iε)n/2
â0

(x
ε

)
exp

(
i
ε

2

∣∣∣x
ε

∣∣∣
2
)
,

we see that

uεlin(1, x) =
1

(iε)n/2
â0

(x
ε

)
+ O (ε) in L2(Rn).

To summarize, we have:

uεlin(t, x) ∼
ε→0





1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) if t < 1,

e−inπ/4

εn/2
â0

(x
ε

)
if t = 1,

e−inπ/2

(t− 1)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) if t > 1.

(6.2)
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We see that with initial data of order O(1) as ε → 0, the size of uεlin
grows as t approaches one. As t = 1, the amplitude is saturated, of order

O(ε−n/2). After that critical time, the amplitude decreases, and is of order

O(1) again. In particular, the family (‖uε(1, ·)‖L∞)0<ε61 is unbounded: if

|uε|2 is viewed as the intensity of a laser beam, it becomes extremely high

for t ≈ 1. This is why the phenomenon is called caustic (from the Greek

kaustikos, after the verb katein=to burn).

Recall that in Chap. 1, the caustic was defined as the set where the

solution to the eikonal equation becomes singular. This is a geometrical

definition, which is equivalent to saying that the caustic is the locus where

rays of geometric optics form an envelope. This may seem different from the

etymological definition, which refers to an analytical phenomenon (growth

of the amplitude). Yet, since in the semi-classical limit, the energy is carried

by the rays of geometric optics, these points of view agree. On the other

hand, we will see in Sec. 9.2 that in some nonlinear cases, it might be

sensible to distinguish these two notions.

It turns out that the result outlined above is fairly general. To study

the high frequency limit of linear equations, the use of oscillatory integrals

has proven very efficient to describe the wave function itself. Working in

the phase space (that is, (t, x, τ, ξ) ∈ T ∗R1+n) instead of the physical space

((t, x) ∈ R1+n), the singularity corresponding to the caustic disappears. In

other words, the caustic phenomenon appears when projecting from the

phase space to the physical space. In the case of Eq. (6.1), this approach

leads to the following Lagrangian integral:

uεlin(t, x) =
1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε Aε(ξ)dξ. (6.3)

Obviously, the Lagrangian symbol Aε is given by the formula

Aε(ξ) =
1

εn/2
ei

t−1
2ε |ξ|2 ûεlin

(
t,
ξ

ε

)
.

Note that the right hand side is indeed independent of time, since uεlin solves

the free Schrödinger equation. We check that Aε converges as ε→ 0:

Aε(ξ) =
1

(2πε)n/2
e−i

|ξ|2

2ε

∫

Rn

e−i
x·ξ
ε uεlin(0, x)dx

=
1

(2πε)n/2

∫

Rn

e−i
|x+ξ|2

2ε a0(x)dx = e−in
π
4 a0(−ξ) + O(ε).

Roughly speaking, in general two phenomena occur at leading order in the

high frequency limit for linear equations. First, a phase shift appears after
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the caustic crossing, in the same fashion as for t > 1 in Eq. (6.2). This

phase shift is called the Maslov index, and is related to the geometry of the

caustic; see e.g. [Duistermaat (1974); Maslov and Fedoriuk (1981); Yajima

(1979)]. From a technical point of view, it corresponds to a signature change

of the Hessian of the phase involved in the oscillatory integral approach:

in Eq. (6.3), the Hessian of the phase is also (1 − t)In, and its signature

changes from +n to −n as t − 1 changes signs, hence a phase shift of

(−n− (+n))π/4 = −nπ/2. The second phenomenon, which is not present

in the example of Eq. (6.1), is the creation of new phases. Typically, when

applying a stationary phase argument beyond the caustic, it may happen

that the phase in the oscillatory integral has several non-degenerate critical

points, even if it has only one before the caustic. In that case, we need a

description of the form:

uεlin(t, x) ≈
∑

critical points

aj(t, x)e
iφj (t,x)/ε.

All the phases φj solve the eikonal equation (Eq. (1.10) in the case of

Schrödinger equations). Note that in order to describe the wave function,

it is not sufficient to consider only the viscosity solution to this Hamilton–

Jacobi equation: by selecting only one of the above phases, the error we

make is of the same order as the wave function uεlin itself, in L∞; see

[Kossioris (1993)]. We refer to [Duistermaat (1974); Maslov and Fedo-

riuk (1981)] and references therein for a more precise description of the

phenomena mentioned above.

Note that if one is interested in quadratic observables rather than in

the wave function itself, the Wigner measures share an important feature

with the Lagrangian integral approach mentioned above: they unfold the

singularities. In other words, the caustic phenomenon does not exist on

Wigner measures; see e.g. [Gérard et al. (1997); Lions and Paul (1993);

Sparber et al. (2003)]. On the other hand, the Maslov index is lost when

working with Wigner measures.

For nonlinear equations, far less is known. As pointed out in Chap. 1, a

new parameter appears for nonlinear problems: the size of the data. More-

over, the nature of the nonlinearity (dissipative, accretive, conservative,

Lipschitzean. . . ) is crucial, as discussed below. So potentially, a huge vari-

ety of phenomena is likely to happen. Let us mention the most important

results on the subject, concerning hyperbolic equations: [Joly et al. (1995,

1996a, 2000)] (see also [Joly et al. (1997a)]). As a typical striking result

of this work, consider the following semi-linear wave equation, with highly
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oscillatory initial data:



(
∂2
t − ∆

)
uε + |∂tuε|p−1∂tu

ε = 0.

uε(0, x) = εU0

(
x,
φ0(x)

ε

)
; ∂tu

ε(0, x) = U1

(
x,
φ0(x)

ε

)
,

(6.4)

where the functions Uj(x, ·) are 2π-periodic for all x ∈ Rn, and p > 1

(not necessarily an integer). One can check that in a WKB régime, the

above equation is of weakly nonlinear type: the eikonal equation is the

same as in the linear case, and the nonlinearity is present in the leading

order transport equation. Consider the case where the initial phase φ0 is

spherically symmetric, with

φ0(x) = |x| =: r.

As mentioned in Chap. 1, the eikonal equation associated to the wave equa-

tion is

(∂tφ)
2

= |∇φ|2 .
In the particular case under consideration, we find the two solutions

φ± = φ±(t, r) = r ± t.

We see that the rays associated to φ− meet at the origin for positive time:

as in the case of Eq. (6.1), a caustic reduced to a point is formed. Note

that Eq. (6.4) is a dissipative equation: the energy associated to the linear

equation is a non-increasing function of time,

d

dt

∫

Rn

(
(∂tu

ε(t, x))2 + |∇uε(t, x)|2
)
dx 6 0.

To give a flavor of the results of J.-L. Joly, G. Métivier and J. Rauch, let us

describe qualitatively the main result of [Joly et al. (1995)], generalized in

[Joly et al. (2000)]. Suppose that p > 2. As the wave focuses at the origin,

its amplitude grows, and the dissipative mechanism becomes very strong.

The part of the wave carrying the most energy is highly dissipated. Since

the highest energy terms are those which are highly oscillatory, the rapid

oscillations of uε are absorbed at the focus: past the focus, uε is no longer

ε-oscillatory at leading order.

Of course, the above mechanism is due to the nature of the nonlinearity:

it is dissipative, and the phenomenon sketched here is due to this aspect.

On the other hand, the nonlinear Schrödinger equations which we consider

here, of the form

iε∂tu
ε +

ε2

2
∆uε = |uε|2σuε,
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are conservative and Hamiltonian: the L2-norm of uε is conserved, and the

L2-norm of ε∇uε is bounded; see Eq. (1.24) and Eq. (1.25). So the above

dissipation mechanism is less likely to occur. Before describing some caustic

phenomena for this nonlinear Schrödinger equation, we present an idea due

to J. Hunter and J. Keller, which suggests that the discussion presented in

§1.2 for relevant phenomena in a WKB régime, should be repeated, with

some differences though, near a caustic.

6.2 The idea of J. Hunter and J. Keller

The idea presented in [Hunter and Keller (1987)] for conservation laws is

essentially the following. In a WKB régime, according to the amplitude

of a wave, the nonlinearity can influence the geometry of the propagation

(supercritical case, where the nonlinearity is present in the eikonal equa-

tion), or simply the leading order amplitude (weakly nonlinear régime), or

can even be negligible at leading order. In the linear case, near a caustic,

the amplitude of the wave is altered, as we have seen on the example of

Eq. (6.1). The amplification factor depends on the geometry of the caustic,

and the maximal amplification corresponds to a focal point: the energy

concentrates on a single point rather than on, say, a curve or a surface.

Therefore, we can resume a similar discussion: according to the amplitude

of the wave near the caustic, the nonlinearity should have several possible

effects at leading order. Note that the amplification is localized near the

caustic, in some boundary layer. The idea in [Hunter and Keller (1987)]

consists in saying that the important quantity to consider is the average

nonlinear effect near the caustic.

For instance, in the case of Eq. (6.1), Eq. (6.2) shows that the ampli-

fication near the caustic is of order ε−n/2, and that the boundary layer

associated to the focal point is of order ε.

Before describing more precisely this idea for solutions to the nonlinear

Schrödinger equation, resume the case of the semi-linear wave equation

mentioned in the previous paragraph, and consider spherically symmetric

initial data:




(
∂2
t − ∆

)
uε + |∂tuε|p−1

∂tu
ε = 0, (t, x) ∈ [0, T ]× R3,

uε(0, x) = εJ+1U0

(
r,
r − r0
ε

)
; ∂tu

ε(0, x) = εJU1

(
r,
r − r0
ε

)
.

(6.5)

The new parameter J > 0 measures the size of the initial data. For r0 = 0,
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and functions Uj(r, ·) which are 2π-periodic for all r > 0, we recover the

framework of [Joly et al. (1995)]. We consider rather the case r0 > 0 and

suppUj(r, .) ⊂ [−z0, z0] for some z0 > 0 independent of r > 0 (the initial

data are short pulses, as opposed to the previous wave trains). In the linear

case, the solution to




(
∂2
t − ∆

)
vε = 0, (t, x) ∈ [0, T ]× R3,

vε(0, x) = εJ+1U0

(
r,
r − r0
ε

)
; ∂tv

ε(0, x) = εJU1

(
r,
r − r0
ε

)
,

is given by, since we consider a three-dimensional setting:

vε(t, r) =




εJ+1 g

ε(t+ r) − gε(t− r)

2r
for r > 0,

εJ+1 (gε)
′
(t) for r = 0,

where gε(r) is essentially r (U0 + V1)
(
r, r−r0ε

)
, where V1 is an anti-

derivative of U1 with respect to its second variable. We see that ∂tv
ε is

of order εJ outside the origin, and of order εJ−1 near the origin. The char-

acteristic boundary layer about the origin is of order ε, since the pulses

are supported on a domain of thickness of order ε, and propagate along the

characteristic directions, r±t = Const., see Fig. 6.1. Plugging this estimate

r

t
T

V foc

V in

V out

r0

r0

Fig. 6.1 Propagation of short pulses.

in the nonlinear potential, we have, for r ≈ 0:

|∂tvε|p−1 ≈ ε(p−1)(J−1).
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Integrated on the focusing region, we find:
∫

|r|.ε
|∂tvε|p−1 ≈ ε(p−1)(J−1)+1.

This suggests that if (p−1)(J−1)+1 > 0, then in the nonlinear case (6.5),

nonlinear effects are negligible at the focus, while they become relevant for

(p − 1)(J − 1) + 1 = 0. To resume the terminology of [Hunter and Keller

(1987)], the former case is referred to as “linear caustic” while the latter

is called “nonlinear caustic”. We can also check that the WKB régime is

linear if J > 0 (“linear geometric optics”, or “linear propagation”), weakly

nonlinear if J = 0, as in the previous paragraph (“nonlinear propagation”).

This leads to the following distinctions:

J > 0 J = 0

J > p−2
p−1 linear propagation nonlinear propagation

linear caustic linear caustic

J = p−2
p−1 linear propagation nonlinear propagation

nonlinear caustic nonlinear caustic

J < p−2
p−1 linear propagation nonlinear propagation

supercritical caustic supercritical caustic

The above line of reasoning is slightly different from that of [Hunter

and Keller (1987)]: we have not considered the whole nonlinear term

|∂tvε|p−1
∂tv

ε, but only the “potential” |∂tvε|p−1
. The reason is that energy

estimates are available for the equation
(
∂2
t − ∆

)
uε + V ε∂tu

ε = 0,

and if V ε is small in L1
tL

∞
x for instance, then uε and vε are close to each

other in the energy space. We give more details on this approach in the

case of nonlinear Schrödinger equations below.

For short pulses, the above table has been justified in a series of three

articles, [Carles and Rauch (2002, 2004a,b)]. In the case of a slowly varying

envelopes (when the profile Uj are periodic with respect to their second

variable, and not compactly supported), the same distinctions are expected,

but a justification for all the cases is not available so far.

Notice that assuming that the above table remains valid for slowly vary-

ing envelopes, the result of [Joly et al. (1995)] corresponds to J = 0 < p−2
p−1 :

the supercritical effect near the caustic is the absorption of oscillations. On

the other hand, the analogous phenomenon for the pulses is the absorption
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of the pulse at the focal point [Carles and Rauch (2004b)]. Indeed, formally,

a pulse has zero mean value:

1

2M

∫ M

−M
f(z)dz −→

M→∞
0 if f is compactly supported.

So in a way, like for the case of wave trains, only the mean value of the

wave remains past the focus. We leave out the discussion for the semi-linear

wave equation at this stage.

Back to the case of nonlinear Schrödinger equations, consider the initial

value problem

iε∂tu
ε +

ε2

2
∆uε = εα|uε|2σuε ; uε(0, x) = a0(x)e

iφ0(x)/ε. (6.6)

Recall that the factor εα can be viewed as a scaling factor for the size of

the initial data; see the end of §1.1. We have seen in the first part of these

notes that the value α = 1 is critical for the WKB methods: if α > 1,

then the nonlinearity does not affect the transport equation (1.19), while

if α = 1, then the nonlinearity appears in the right hand side of (1.19). To

resume the terminology of [Hunter and Keller (1987)], we say that α > 1

corresponds to a “linear geometric optics”, or “linear propagation”, while

α = 1 corresponds to a “nonlinear geometric optics”, or “nonlinear propa-

gation”. The idea presented in [Hunter and Keller (1987)] consists in saying

that according to the geometry of the caustic C, different notions of criti-

cality exist, as far as α is concerned, near the caustic. In the linear setting,

the influence of the caustic is relevant only in a neighborhood of this set

(essentially, in a boundary layer whose size depends on ε and the geometry

of C). View the nonlinearity in Eq. (6.6) as a potential, and assume that

the nonlinear effects are negligible near the caustic: then uε ∼ vε near C,

where vε solves the free Schrödinger equation. Consider the term εα|uε|2σ
as a (nonlinear) potential. The average nonlinear effect near C is expected

to be:

ε−1

∫

C(ε)

εα|uε|2σ ∼ ε−1

∫

C(ε)

εα|vε|2σ ,

where C(ε) is the region where caustic effects are relevant, and the factor

ε−1 is due to the integration in time (recall that there is an ε in front of

the time derivative in Eq. (6.6)). The idea of this heuristic argument is

that when the nonlinear effects are negligible near C (in the sense that the

uniform norm of uε− vε is small compared to that of vε near C), the above

approximation should be valid. On the other hand, it is expected that it
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ceases to be valid precisely when nonlinear effects can no longer be neglected

near the caustic: uε − vε is (at least) of the same order of magnitude as vε

in L∞(C(ε)). Like for the case of the semi-linear wave equation (6.5), we

have not considered the whole nonlinearity |uε|2σuε, but only the nonlinear

potential |uε|2σ . Like for the wave equation, this is due to the fact that

energy estimates are available for Schrödinger equations, showing that the

norm of |uε|2σ in L1
tL

∞
x measures the influence of the whole nonlinear term

in Eq. (6.6). Indeed, write(
iε∂t +

ε2

2
∆

)
(uε − vε) = εα|uε|2σuε = εα|uε|2σ (uε − vε) + εα|uε|2σvε.

Lemma 1.2 yields:

‖uε − vε‖L∞(I;L2) 6 εα−1

∫

I

∥∥|uε|2σvε
∥∥
L2

6 εα−1 ‖uε‖2σ
L1(I;L∞) ‖vε‖L∞(I;L2)

6 Cεα−1 ‖uε‖2σ
L1(I;L∞) ,

where C does not depend on ε, since the L2 norm of vε is conserved, and

independent of ε. In the case of a linear caustic, we can replace uε by vε

in the last term of the above inequality, hence the above discussion.

Practically, assume that in the linear case, vε has an amplitude ε−` in

a boundary layer of size εk; then the above quantity is

ε−1

∫

C(ε)

εα|vε|2σ ∼ ε−1εα
∣∣ε−`

∣∣2σ εk.

The value α is then critical when the above cumulated effects are not neg-

ligible:

αc = 1 + 2`σ − k.

When α > αc, the nonlinear effects are expected to be negligible near the

caustic: “linear caustic”. The case α = αc corresponds to a “nonlinear

caustic”. We illustrate this discussion in the case of two geometries below:

• When the caustic is reduced to a single point.

• When the caustic is a cusp.

6.3 The case of a focal point

In the case of a focal point, which corresponds to a quadratic initial phase

(e.g. φ0(x) = −|x|2/2), we have seen that k = 1 and ` = n/2. See Eq. (6.2)

and Fig. 6.2. This leads us to the value: αc(focal point) = nσ. Therefore,

the following distinctions are expected:
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Geometric optics region

t

x

1ε

Geometric optics region

Caustic region

Fig. 6.2 Rays of geometric optics: focal point.

α > 1 α = 1

α > nσ linear propagation nonlinear propagation

linear caustic linear caustic

α = nσ linear propagation, nonlinear propagation

nonlinear caustic nonlinear caustic

Note that as in the case of the semi-linear wave equation, the entries for

rows and columns are fairly independent, as suggested in [Hunter and Keller

(1987)]. In Chap. 7, we show that the above distinctions are relevant, and

we describe the asymptotics of the wave functions in each of the four cases.

Unlike for the semi-linear wave equation, we have note mentioned the case

of a “supercritical caustic”. A complete description in that case is not

available yet, and we give a very partial answer in Chap. 9.

6.4 The case of a cusp

It seems that there are no rigorous results concerning nonlinear effects near

a cusped caustic for nonlinear Schrödinger equations. Therefore, the dis-

cussion in this paragraph is only formal.

In space dimension n = 1, a cusped caustic appears for instance if the

initial phase is given by

φ0(x) = cosx.

The rays of geometric optics are given

∂tx(t, y) = ξ(t, y) ; x(0, y) = y ; ∂tξ(t, y) = 0 ; ξ(0, y) = − sin y.
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Therefore,

x(t, y) = y − t sin y.

A caustic is present for t > 1, since rays form an envelope, see Fig. 6.3.

At t = 1, there is a cusp at the origin. For t > 1, the caustic is a smooth

−3 −2 −1 0 1 2 3
0

0.5

1

1.5

2

2.5

3

3.5

4

y

t

Fig. 6.3 Rays of geometric optics: cusped caustic.

curve. Moreover, for t > 1, three phases are necessary to describe the wave

function inside the caustic region. To see this, recall that the linear solution

is given by

uεlin(t, x) =
1

(2iπt)1/2

∫

R

ei
|x−y|2

2εt +i cos y
ε a0(y)dy.

The critical points yc associated to the phase of this integral are such that

yc − x

t
= sin yc,

that is x = yc − t sin yc. To compute the number of critical points, we

map y 7→ y − t sin y for various values of t. At time t = 0.5 (Fig. 6.4),

there is only one critical point: the caustic is not formed yet. At time

t = 1 (Fig. 6.5), we see that the tangent is vertical at (x, y) = (0, 0): this

corresponds to the cusp. At time t = 1.5 (Fig. 6.6), there are three critical

points for −x0(1.5) < x < x0(1.5), for some x0(1.5) ≈ 0.3. This corresponds

to the three phases inside the caustic region. Note that |x| = x0(1.5)

corresponds to the caustic itself. For t = 4 (Fig. 6.7), the caustic is broader,

and the corresponding x0(4) is larger: x0(4) > 2.
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Fig. 6.4 Time t = 0.5.
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Fig. 6.6 Time t = 1.5.
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Fig. 6.7 Time t = 4.

To apply the argument of J. Hunter and J. Keller, we must distinguish

two families of points: the cusp (at (t, x) = (1, 0)), and smooth points of

the caustic (for t > 1 and |x| = x0(t)).

At smooth points, the wave function is described thanks to the Airy

function: on the caustic, it is not possible to apply the usual stationary

phase formula, because the critical points are degenerate, but the third

order derivative is not zero. This was first noticed in [Ludwig (1966)]. See

also [Duistermaat (1974); Hörmander (1994); Hunter and Keller (1987)].

Typically, near the caustic, the linear solution can be approximated by

ε−1/6

(
αAi

(
ψ(t, x)

ε2/3

)
+ βε1/3Ai′

(
ψ(t, x)

ε2/3

))
eiρ(t,x)/ε,

where Ai stands for the Airy function, for α, β ∈ C and some smooth

functions ψ and ρ, with ψ = 0 on C. This yields ` = 1/6. For the value

of k, it is tempting to take k = 2/3, in view of the argument of the Airy
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function in the above formula. However, it is suggested in [Hunter and

Keller (1987)] that the relevant quantity to consider is the length of a ray

crossing this layer of order ε2/3, which is of order ε1/3, hence k = 1/3. To

understand this derivation, recall that by definition, rays are tangent to

the caustic. At smooth points of the caustic, approximate the caustic by

a circle. Figure 6.8 shows why the length of a ray lying inside the layer

of order ε2/3 is of order ε1/3. The approach of [Hunter and Keller (1987)]

θ

=
√

1 −
(
1 + ε2/3

)
−2

≈ ε1/3

1 ε2/3

sin θ =
√

1 − cos2 θ

Fig. 6.8 Length of a ray inside a typical boundary layer.

therefore suggests:

αc(smooth point in 1D) =
σ + 2

3
.

At the cusp, the wave function grows like ε−1/4, in a region of order ε1/2

(see [Duistermaat (1974); Hunter and Keller (1987)]), hence

αc(cusp in 1D) = 1 − 2σ

4
− 1

2
=
σ + 1

2
.

We see that we have

αc(cusp in 1D) > αc(smooth point in 1D) ⇐⇒ σ > 1.

Therefore, nonlinear effects might be stronger either at the cusp, or at

smooth points of the caustic, according to the power of the nonlinearity.

This may seem paradoxical, since the cusp is expected to concentrate

more energy than a smooth point on the caustic. However, we invite the

reader to consult [Joly et al. (2000)] (or [Joly et al. (1997b)]): the analytical
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results (to prove estimates in Lebesgue spaces for oscillatory integrals) differ

from the topological results of [Duistermaat (1974)]. In the case studied

by J.-L. Joly, G. Métivier and J. Rauch, the critical index for Lp estimates

is given by smooth points of the caustic, and the influence of the cusp is

negligible. However, the approach of [Joly et al. (2000)] does not seem

to yield directly estimates which can be used in the case of Schrödinger

equations. Even in the apparently simple case considered in this paragraph,

the following two questions remain open so far:

• Find αc such that nonlinear effects are negligible near the caustic

for α > αc, but not for α < αc.

• For α = αc, describe the (possible) leading order nonlinear effects

at the caustic.
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Chapter 7

Focal Point without External

Potential

7.1 Presentation

In this chapter, we consider the initial value problem

iε∂tu
ε +

ε2

2
∆uε = εα|uε|2σuε ; uε(0, x) = a0(x)e

−i|x|2/(2ε). (7.1)

To simplify the notations and the discussions, we consider only non-negative

time: t > 0. Recall that we have derived formally the following distinctions

in the previous chapter:

α > 1 α = 1

α > nσ linear propagation nonlinear propagation

linear caustic linear caustic

α = nσ linear propagation, nonlinear propagation

nonlinear caustic nonlinear caustic

Consider the solution to the free Schrödinger equation which coincides with

uε at some fixed time τ :

iε∂tv
ε
τ +

ε2

2
∆vετ = 0 ; vετ (τ, x) = uε(τ, x). (7.2)

We can then give a more precise interpretation of the above table, where

the expression f ε−gε = o(hε) stands for ‖f ε−gε‖L2 = o (‖hε‖L2) as ε→ 0:

• If α > max(1, nσ), then we expect uε(t)− vε0(t) = o(vε0(t)) for all t.

• If α = 1 > nσ, then outside the focal point at t = 1, we already

know that this is a weakly nonlinear régime: the leading order

nonlinear effect consists of a self-phase modulation, and uε is not

comparable to vε0. On the other hand, the nonlinearity is negligible

near the focal point: uε(t)−vε1(t) = o(vε1(t)) for |t−1| 6 Cε. Recall

that ε also measures the influence zone of the focal point.

127
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• If α = nσ > 1, then we expect uε(t) − vε0(t) = o(vε0(t)) for t < 1

and uε(t)− vετ (t) = o(vετ (t)) for t > 1, for (any) τ > 1 independent

of ε. These two relations express the fact that the nonlinearity in

Eq. (7.1) is negligible off t = 1. On the other hand, it should not

be negligible near t = 1, and therefore,

lim inf
ε→0

‖vε0(t) − vετ (t)‖L2 > 0, ∀t > 0, ∀τ > 1, in general.

We will see that at leading order, vε0 and vετ differ in terms of a

scattering operator associated to the nonlinear Schrödinger equa-

tion.

• If α = 1 = nσ, then we don’t expect uε(t) − vετ (t) = o(vετ (t)) for

any t 6= τ : the solution uε never behaves like a free solution.

These four assertions have been justified in [Carles (2000b)], thus proving

that the previous table is correct.

For technical reasons, we will always assume that the nonlinearity is

H1-subcritical (see Sec. 1.4), and some lower bounds on σ:

0 < σ <∞ if n = 1;
1

2
< σ <∞ if n = 2;

2

n+ 2
< σ <

2

n− 2
if n > 3.

We also assume that the initial amplitude a0 is in Σ(1), defined in §1.4.2.

For the sake of readability, we drop the index 1, and consider therefore:

a0 ∈ Σ :=
{
f ∈ H1(Rn) ; x 7→ 〈x〉 f(x) ∈ L2(Rn)

}
.

The space Σ is equipped with the norm

‖f‖Σ = ‖f‖L2 + ‖∇f‖L2 + ‖xf‖L2 .

Obviously, for fixed ε, uε(0, ·) ∈ Σ.

There are at least two ways to present the results. First, we may write

the asymptotics for the function uε itself. Second, we can proceed as in

[Joly et al. (1996a, 2000)], and write the solution as a modified Lagrangian

integral. This approach was followed in [Carles (2000b)]. We will present

the results from both points of view here. In our case, the generalization

of the representation (6.3) is:

uε(t, x) =
1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε Aε(t, ξ)dξ. (7.3)

Note that unlike in the linear case, the Lagrangian symbol Aε depends on

time. It is still given by

Aε(t, ξ) =
1

εn/2
ei

t−1
2ε |ξ|2 ûε

(
t,
ξ

ε

)
.
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We have the following preliminary result:

Lemma 7.1. Let n > 1 and a0 ∈ Σ. The initial Lagrangian symbol con-

verges in Σ:

Aε(0, ξ) = e−inπ/4a0(−ξ) + o(1) in Σ, as ε→ 0.

Moreover, the Lagrangian symbol satisfies the equation:

i∂tA
ε(t, ξ) = εα−n/2−1ei

t−1
2ε |ξ|2F

(
|uε|2σuε

)(
t,
ξ

ε

)
. (7.4)

Proof. As in the linear case, we have

Aε(0, ξ) =
1

(2πε)n/2

∫

Rn

e−i
|x+ξ|2

2ε a0(x)dx

=
1

(2πε)n/2

∫

Rn

e−i
|x|2

2ε a0(x − ξ)dx.

Recalling that

F
(
e−i|x|

2/(2ε)
)

(η) =
(ε
i

)n/2
eiε|η|

2/2,

Fx→η (a0(x− ξ)) (η) = eiη·ξ â0(η),

Parseval formula yields:

Aε(0, ξ) =
1

(2iπ)n/2

∫
eiη·ξe−iε|η|

2/2â0(η)dη.

Then

Aε(0, ξ) − e−inπ/4a0(−ξ) =
1

(2iπ)n/2

∫
eiη·ξ

(
e−iε|η|

2/2 − 1
)
â0(η)dη.

By Plancherel equality, we infer∥∥∥Aε(0, ·) − e−inπ/4a0(−·)
∥∥∥
L2

=
∥∥∥
(
e−iε|·|

2/2 − 1
)
â0(·)

∥∥∥
L2
.

Now since ∣∣∣e−iε|η|2/2 − 1
∣∣∣ = 2

∣∣∣∣sin
(
ε
|η|2
4

)∣∣∣∣ ,
the Dominated Convergence Theorem yields:

lim
ε→0

∥∥∥Aε(0, ·) − e−inπ/4a0(−·)
∥∥∥
L2

= 0.

Noting that

∇
(
Aε(0, ξ) − e−inπ/4a0(−ξ)

)
=

i

(2iπ)n/2

∫
eiη·ξ

(
e−iε|η|

2/2 − 1
)
ηâ0(η)dη,

ξ
(
Aε(0, ξ) − e−inπ/4a0(−ξ)

)
=

=
i

(2iπ)n/2

∫
eiη·ξ∂η

((
e−iε|η|

2/2 − 1
)
â0(η)

)
dη,

and since a0 ∈ Σ, the estimate of the lemma follows by the same argument.

The second part of the lemma is straightforward. �
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For t > 0, we check the following identities:

‖Aε(t)‖L2 = ‖uε(t)‖L2 ; ‖∇Aε(t)‖L2 = ‖Jε(t)uε(t)‖L2

‖ξAε(t)‖L2 = ‖ε∇uε(t)‖L2 ,
(7.5)

where the operator Jε is given by:

Jε(t) =
x

ε
+ i(t− 1)∇.

Note that we have

Jε(t) = X + iT∇X

∣∣
(T,X)=((t−1)/ε,x/ε)

.

We recover the operator X+ iT∇, introduced in [Ginibre and Velo (1979)],

which is classical in the scattering theory for nonlinear Schrödinger equa-

tion; see also e.g. [Tsutsumi and Yajima (1984); Hayashi and Tsutsumi

(1987); Cazenave and Weissler (1992)].

Let us mention another point of view, from which the introduction of

this operator is also very natural. Recall that in Chap. 2 (and also in §4.3),

we have performed Hs estimates not directly on uε, but on uεe−iφeik/ε. The

idea is that the Hs norm of the latter is bounded uniformly in ε ∈]0, 1],

while the former is not. In the present case, we have

φeik(t, x) =
|x|2

2(t− 1)
,

so it is natural to consider

eiφeik(t,x)/ε∇
(
e−iφeik(t,x)/ε·

)
= −i x

ε(t− 1)
+ ∇.

We can be more precise by recalling that the concentration rate for the

approximate solution in the linear case is exactly 1− t, see (6.2). Therefore,

up to an irrelevant factor i, we retrieve

i(t− 1)eiφeik(t,x)/ε∇
(
e−iφeik(t,x)/ε·

)
= Jε(t).

This formula has two interesting consequences from a technical point of

view:

• The operator acts on gauge invariant nonlinearities like a deriva-

tive: if G(z) = F
(
|z|2
)
z is C1, then

Jε(t)G(u) = ∂zG(u)Jε(t)u− ∂zG(u)Jε(t)u.
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• Weighted Gagliardo–Nirenberg inequalities are available:

‖u‖Lr 6
Cr

|1 − t|δ(r) ‖u‖
1−δ(r)
L2 ‖Jε(t)u‖δ(r)L2 ,

where δ(r) := n

(
1

2
− 1

r

)
∈ [0, 1[,

(7.6)

and Cr depends only on r and n. This is a direct consequence of

the standard inequality (without the weight |1− t|), where J ε(t) is

replaced by ∇.

Example 7.2. Apply the operator Jε(t) to the approximate solution of

the linear case, that is, the right hand side of (6.2). For t < 1, we find:

Jε(t)

(
1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1)

)
=

i

(1 − t)n/2
∇a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) .

When applying the weighted Gagliardo–Nirenberg inequality (7.6) to this

function, we see that both the left hand side and the right hand side are of

order

|1 − t|−δ(r).

This suggests that for t 6= 1, in the semi-classical régime, the operator J ε

yields sharp estimates, as far as the parameters t and ε are concerned.

For t = 1, the inequality (7.6) becomes singular. Instead, resume the

standard inequality, rescaled by ε:

‖u‖Lr 6
Cr
εδ(r)

‖u‖1−δ(r)
L2 ‖ε∇u‖δ(r)L2 .

Then again, the power ε−δ(r) is such that when applide to

1

(iε)n/2
â0

(x
ε

)
,

both sides of the above estimates are of order ε−δ(r).

The conclusion suggested by this example, and which turns out to be useful

in the nonlinear estimates, is that the operator J ε yields good estimates off

t = 1, while near t = 1, the natural operator is ε∇.

Before describing more precisely the results, we mention a third impor-

tant property of the operator Jε: it commutes with the linear Schrödinger

operator,
[
iε∂t +

ε2

2
∆, Jε(t)

]
= 0.
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This property, classical in the case ε = 1 [Hayashi and Tsutsumi (1987)],

stems from the fact that Jε can be factorized in a different way. Let

Uε(t) = exp

(
iε
t

2
∆

)

denote the group associated to the free semi-classical Schrödinger equation.

We have:

Jε(t) = Uε(t− 1)
x

ε
Uε(1 − t).

This expression implies the above commutation with the linear Schrödinger

operator. We will see in Sec. 8.3 that the existence of such an operator with

nice properties both for nonlinear estimates and for linear commutators

does not seem to be generic, in the presence of an external potential.

7.2 Linear propagation, linear caustic

In view of Lemma 7.1, denote

A0(ξ) = e−inπ/4a0(−ξ).

Proposition 7.3. Assume α > max(1, nσ). Then

Aε−→
ε→0

A0 in L∞
loc (R; Σ) .

Equivalently,

‖Bε (uε − vε0)‖L∞
loc(R;L2) −→ε→0

0, for all Bε ∈ {Id, ε∇, Jε}.

To make the proof more intuitive, we distinguish the special case n = 1

from the general case n > 1.

The case n = 1. In space dimension n = 1, we can use the Sobolev em-

bedding H1(R) ↪→ L∞(R). More precisely, Gagliardo–Nirenberg inequality

shows that there exists C independent of ε and t such that for all u ∈ Σ:

‖u‖L∞ 6
C

(ε+ |t− 1|)1/2
‖u‖1/2

L2 (‖ε∂xu‖L2 + ‖Jε(t)u‖L2)
1/2

. (7.7)

We also note that (for any n > 1)

‖vε0(t)‖L2 = ‖vε0(0)‖L2 = ‖a0‖L2 ,

‖ε∇vε0(t)‖L2 = ‖ε∇vε0(0)‖L2 = O(1),

‖Jε(t)vε0(t)‖L2 = ‖Jε(0)vε0(0)‖L2 = ‖∇a0‖L2 .

(7.8)
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Consider the error term wε = uε − vε0. It solves:

iε∂tw
ε +

ε2

2
∆wε = εα |uε|2σ uε ; wε|t=0 = 0. (7.9)

Lemma 1.2 yields, for t > 0:

‖wε‖L∞([0,t];L2) 6 εα−1

∫ t

0

∥∥∥|uε(τ)|2σ uε(τ)
∥∥∥
L2
dτ

6 εα−1 ‖a0‖L2

∫ t

0

‖uε(τ)‖2σ
L∞ dτ,

where we have used the conservation of the L2-norm of uε. Recalling that

uε = wε + vε0, (7.7) and Eq. (7.8) yield:

‖uε(τ)‖2σ
L∞ 6 Cσ

(
‖wε(τ)‖2σ

L∞ + ‖vε0(τ)‖2σ
L∞

)

6 C

(
‖wε(τ)‖2σ

L∞ +
1

(ε+ |τ − 1|)σ
)
.

Since wε is expected to be a relatively small error estimate, it should satisfy

at least the same estimates as vε0. From Proposition 1.26, uε ∈ C(R; Σ),

hence wε ∈ C(R; Σ). Since wε|t=0 = 0, there exists tε > 0 such that

‖Jε(τ)wε(τ)‖L2 6 1 (7.10)

for τ ∈ [0, tε]. Recall that from the conservation of the energy for uε,

Eq. (1.25),

d

dt

(
1

2
‖ε∇uε(t)‖2

L2 +
εα

σ + 1
‖uε(t)‖2σ+2

L2σ+2

)
= 0.

Therefore, there exists C independent of ε such that

‖ε∇uε(t)‖L2 6 C, ∀t ∈ R.

So, there exists C ′ independent of ε, such that

‖ε∇wε(t)‖L2 6 C ′, ∀t ∈ R.

In view of (7.7), we infer, so long as (7.10) holds,

‖wε(τ)‖L∞ 6
C

(ε+ |τ − 1|)1/2
,

for some constant C independent of ε. We infer, so long as (7.10) holds:

‖wε‖L∞([0,t];L2) 6 Cεα−1

∫ t

0

dτ

(ε+ |τ − 1|)σ .
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Fix T > 1. Distinguishing the regions {|τ − 1| > ε} and {|τ − 1| > ε}, for

t 6 T , the latest integral is controlled by:
∫ t

0

dτ

(ε+ |τ − 1|)σ 6

∫ 1−ε

0

dτ

(1 − τ)σ
+

∫ 1+ε

1−ε

dτ

εσ
+

∫ T

1−ε

dτ

(τ − 1)σ

6 C

(
max

(
ε1−σ , log

1

ε
, 1

)
+ ε1−σ

)
,

where we have distinguished the three cases, σ > 1, σ = 1 and 0 < σ < 1.

Therefore, if (7.10) holds on [0, T ], we infer:

‖wε‖L∞([0,t];L2) 6 Cmax

(
εα−σ, εα−1 log

1

ε

)
. (7.11)

The strategy is to obtain similar estimates for ε∇wε and Jεwε. Applying

the operator ε∇ to Eq. (7.9), we find:
(
iε∂t +

ε2

2
∆

)
ε∇wε = ε1+α∇

(
|uε|2σ uε

)
= (σ + 1)εα |uε|2σ ε∇uε

+ σεα (uε)
σ+1

(uε)
σ−1

ε∇uε,
along with the Cauchy data ε∇wε|t=0 = 0. From the conservation of the

energy for uε, we can mimic the previous computations, and find, so long

as (7.10) holds:

‖ε∇wε‖L∞([0,t];L2) 6 Cmax

(
εα−σ, εα−1 log

1

ε

)
. (7.12)

To complete the argument, apply the operator J ε to Eq. (7.9). We have seen

that Jε behaves like the gradient: it commute with the linear Schrödinger

operator, and acts on gauge invariant nonlinearities like a derivatives.

Therefore, so long as (7.10) holds:

‖Jεwε‖L∞([0,t];L2) 6 Cmax

(
εα−σ , εα−1 log

1

ε

)
‖Jεuε‖L∞([0,t];L2) .

Since uε = wε + vε0, we have:

‖Jεuε‖L∞([0,t];L2) 6 ‖Jεwε‖L∞([0,t];L2) + ‖Jεvε‖L∞([0,t];L2) 6 1+ ‖∇a0‖L2 ,

so long as (7.10) holds. We infer:

‖Jεwε‖L∞([0,t];L2) 6 Cmax

(
εα−σ , εα−1 log

1

ε

)
. (7.13)

Therefore, for every T > 1, there exists ε(T ) > 0 such that (7.10) holds

on [0, T ] for 0 < ε 6 ε(T ). The proposition in the case n = 1 then follows

from (7.11), (7.12) and (7.13).
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The case n > 2. First, notice that since

σ >
2

n+ 2
(even for n = 2),

we always have nσ > 1, so max(1, nσ) = nσ.

Since we work at the level of Σ regularity, we cannot expect L∞ esti-

mates when n > 2. To overcome this issue, we do not use the mere energy

estimate provided by Lemma 1.2, but rather Strichartz estimates, which

we now recall.

Definition 7.4. A pair (q, r) is admissible if 2 6 r < 2n
n−2 (2 6 r 6 ∞ if

n = 1, 2 6 r <∞ if n = 2) and

2

q
= δ(r) := n

(
1

2
− 1

r

)
.

Notation 7.5. For f ε = fε(t, x) and t > 0, we write

‖fε‖Lq
t (Lr) := ‖fε‖Lq(0,t;Lr(Rn)) =

(∫ t

0

(∫

Rn

|fε(τ, x)|r dx
)q/r

dτ

)1/q

,

with the usual modification when q or r is infinite.

Strichartz estimates are classically given with ε = 1 (see [Ginibre and Velo

(1985b); Kato (1987); Yajima (1987); Ginibre and Velo (1992); Keel and

Tao (1998)]). Using the scaling

uε(t, x) =
1

εn/2
ψε
(
t

ε
,x

ε

)
,

we get the following lemma.

Lemma 7.6 (Strichartz estimates). Denote U ε0 (t) = eiε
t
2∆.

(1) Homogeneous Strichartz estimate. For any admissible pair (q, r), there

exists Cq independent of ε such that

ε1/q‖Uε0ϕ‖Lq(R;Lr) 6 Cq‖ϕ‖L2 , ∀ϕ ∈ L2(Rn).

(2) Inhomogeneous Strichartz estimate. For a time interval I, denote

Dε
I(F )(t, x) =

∫

I∩{τ6t}
Uε0 (t− τ)F (τ, x)dτ.

For all admissible pairs (q1, r1) and (q2, r2), and any interval I, there exists

C = Cr1,r2 independent of ε and I such that

ε1/q1+1/q2 ‖Dε
I(F )‖Lq1 (I;Lr1 ) 6 C ‖F‖

Lq′2

(
I;Lr′2

) , (7.14)

for all F ∈ Lq
′
2(I ;Lr

′
2).
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The proof of Proposition 7.3 highly relies on the technical Proposition 7.8

below, which can be understood as an adaptation of the Gronwall lemma.

Before stating and proving it, we need some preliminaries:

Lemma 7.7. Let n > 2, and assume 2
n+2 < σ < 2

n−2 . There exists q, r, s

and k satisfying

1

r′
=

1

r
+

2σ

s
;

1

q′
=

1

q
+

2σ

k
, (7.15)

and the additional conditions:

• The pair (q, r) is admissible,

• 0 < 1
k < δ(s) < 1.

Proof. With δ(s) = 1, the first part of Eq. (7.15) becomes

δ(r) = σ
(n

2
− 1
)
,

and this expression is less than 1 for σ < 2
n−2 . Still with δ(s) = 1, the

second part of Eq. (7.15) yields

2

k
= 1 − n

2
+

1

σ
,

which lies in ]0, 2[ for 2
n+2 < σ < 2

n−2 . By continuity, these conditions are

still satisfied for δ(s) close to 1 and δ(s) < 1. �

Consider again wε = uε − vε0. It solves Eq. (7.9). We now prove a general

estimate for the integral equation,

wε(t) = Uε0 (t− t0)w
ε
0 − iεα−1

∫ t

t0

Uε0 (t− τ)F ε(wε(τ))dτ

− iε−1

∫ t

t0

Uε0 (t− τ)hε(τ)dτ.

(7.16)

Writing

|uε|2σ uε = |uε|2σ wε + |uε|2σ vε0,
the goal is to consider Eq. (7.16) with

F ε(wε) = |uε|2σ wε ; hε = εα |uε|2σ vε0.

Proposition 7.8. Let t1 > t0, with |t1 − t0| 6 2. Assume that there exists

a constant C independent of t and ε such that for t0 6 t 6 t1,

‖F ε(wε)(t)‖Lr′ 6
C

(ε+ |1 − t|)2σδ(s)
‖wε(t)‖Lr , (7.17)
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and define

Dε(t0, t1) :=

(∫ t1

t0

dt

(ε+ |t− 1|)kδ(s)

)2σ/k

.

Then there exist C∗ independent of ε, t0 and t1, such that for any admissible

pair (q, r),

‖wε‖Lq(t0,t1;Lr) 6C∗ε−1/q‖wε0‖L2 + Cq,qε
−1−1/q−1/q‖hε‖Lq′ (t0,t1;Lr′ )

+ C∗εα−nσ+2σ(δ(s)−1/k)Dε(t0, t1)‖wε‖Lq(t0,t1;Lr).

Proof. Apply Strichartz inequalities to Eq. (7.16) with q1 = q, r1 = r,

and q2 = q, r2 = r for the term with F ε(wε), q2 = q, r2 = r for the term

with hε, it yields

‖wε‖Lq(t0,t1;Lr) 6Cε−1/q‖wε0‖L2 + Cq,qε
−1−1/q−1/q‖hε‖Lq′ (t0,t1;Lr′ )

+ Cεα−1−2/q‖F ε(wε)‖
Lq′ (t0,t1;Lr′ )

.

Then estimate the space norm of the last term by (7.17) and apply Hölder

inequality in time, thanks to Eq. (7.15). Using Eq. (7.15) and the fact that

(q, r) is admissible, we compute:

−1 − 2

q
= −2

q
− 1 +

2σ

k
− 2σ

k
= −4

q
− 2σ

k

= −2n

(
1

2
− 1

r

)
− 2σ

k

= −n+ n

(
1 − 2σ

s

)
− 2σ

k

= 2σn

(
1

2
− 1

s

)
− nσ − 2σ

k

= −nσ + 2σδ (s) − 2σ

k
.

The result follows. �

We will rather use the following corollary:

Corollary 7.9. Suppose the assumptions of Proposition 7.8 are satisfied.

Assume moreover that α > nσ and C∗ε2σ(δ(s)−1/k)Dε(t0, t1) 6 1/2. Since

kδ(s) > 1, this holds in either of the two cases:

• 0 6 t0 6 t1 6 1 − Λε or 1 + Λε 6 t0 6 t1, with Λ > Λ0 sufficiently

large, or
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• t0, t1 ∈ [1 − Λε, 1 + Λε], with |t1 − t0|/ε 6 η sufficiently small.

Note that the parameters Λ0 and η are independent of ε. Then for all

admissible pair (q, r), we have:

‖wε‖L∞(t0,t1;L2) 6 C‖wε0‖L2 + Cq,qε
−1−1/q‖hε‖Lq′ (t0,t1;Lr′ ). (7.18)

Proof. The additional assumption implies that the last term in the es-

timate of Proposition 7.8 can be “absorbed” by the left-hand side, up to

doubling the constants,

‖wε‖Lq(t0,t1;Lr) 6 Cε−1/q‖wε0‖L2 + Cε−1−1/q−1/q‖hε‖Lq′ (t0,t1;Lr′ ). (7.19)

Now apply Strichartz inequalities to Eq. (7.16) again, but with q1 = ∞,

r1 = 2, and q2 = q, r2 = r for the term with F ε(wε), q2 = q, r2 = r for the

term with hε. It yields

‖wε‖L∞(t0,t1;L2) 6C‖wε0‖L2 + Cε−1−1/q‖hε‖Lq′ (t0,t1;Lr′ )

+ Cεα−1−1/q‖F ε(wε)‖
Lq′ (t0,t1;Lr′ )

.

Like before,

εnσ−1‖F ε(wε)‖
Lq′ (t0,t1;Lr′ )

. ε2/q+2σ(δ(s)−1/k)Dε(t0, t1)‖wε‖Lq(t0,t1;Lr)

. ε2/q‖wε‖Lq(t0,t1;Lr),

and the corollary follows from (7.19), since α > nσ. �

We now essentially proceed like in the one-dimensional case. Inequal-

ity (7.7) is now replaced by (see (7.6))

‖u‖Lp 6
C

(ε+ |t− 1|)δ(p)
‖u‖1−δ(p)

L2 (‖ε∇u‖L2 + ‖Jε(t)u‖L2)
δ(p)

, (7.20)

for all p ∈ [2, 2/(n− 2)[. Note that we still have the a priori estimates:

‖uε(t)‖L2 = ‖vε0(t)‖L2 = ‖a0‖L2 ,

‖ε∇uε(t)‖L2 + ‖ε∇vε0(t)‖L2 = O (1) ,

‖Jε(t)vε0(t)‖L2 = ‖Jε(0)vε0(0)‖L2 = ‖∇a0‖L2 .

Since wε ∈ C(R; Σ), there exists tε > 0 such that

‖Jε(τ)wε(τ)‖L2 6 1 (7.21)

for τ ∈ [0, tε]. So long as (7.21) holds, (7.20) yields, since s ∈ [2, 2/(n− 2)[,

‖uε(τ)‖Ls 6
C

(ε+ |τ − 1|)δ(s)
. (7.22)
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Let T > 1. Split the time interval

[1 − Λ0ε, 1 + Λ0ε]

provided by Corollary 7.9 into ≈ 2Λ0/η intervals of length 6 η. Applying

Corollary 7.9 ≈ 2 + 2Λ0/η times yields, for t 6 T and so long as Eq. (7.21)

holds:

‖wε‖L∞(0,t;L2) . εα−1−1/q
∥∥∥|uε|2σ vε0

∥∥∥
Lq′ (0,t;Lr′ )

,

for all admissible pair (q, r). Take (q, r) = (q, r). Hölder’s inequality yields,

in view of Lemma 7.7:∥∥∥|uε|2σ vε0
∥∥∥
Lq′ (0,t;Lr′ )

6 ‖uε‖2σ
Lk(0,t;Ls) ‖vε0‖Lq(0,t;Lr)

6 C

(∫ T

0

dτ

(ε+ |τ − 1|)kδ(s)

)2σ/k

ε−1/q‖a0‖L2 ,

where we have used (7.22) and the homogeneous Strichartz estimate for vε0.

Distinguishing the regions {|τ − 1| > ε} and {|τ − 1| < ε}, we infer, since

kδ(s) > 1,

‖wε‖L∞(0,t;L2) 6 Cεα−1−2/q−2σδ(s)+2σ/k

Again, notice that

−1− 2/q − 2σδ(s) + 2σ/k = −nσ.
Therefore, so long as (7.21) holds:

‖wε‖L∞(0,t;L2) 6 Cεα−nσ . (7.23)

For Bε ∈ {ε∇, Jε}, apply Bε to Eq. (7.9):
(
iε∂t +

ε2

2
∆

)
Bεwε = εαBε

(
|uε|2σ uε

)
; Bεwε|t=0 = 0.

Since Bε
(
|uε|2σ uε

)
is a linear combination of terms of the form

(uε)
j
(uε)

2σ−j Bεuε and (uε)
`
(uε)

2σ−` Bεuε,
we mimic the above approach. Write Bεuε = Bεwε + Bεvε0. The function

F ε is now chosen in order to contain all the terms of the form

(uε)j (uε)2σ−j Bεwε and (uε)` (uε)2σ−` Bεwε,
and hε contains all the terms of the form

εα (uε)
j
(uε)

2σ−j Bεvε0 and εα (uε)
`
(uε)

2σ−` Bεvε0.
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Since Bεvε0 solves the free semi-classical Schrödinger equation, Strichartz

inequalities yield:

‖Bεvε0‖Lq(R;Lr) 6 Cqε
−1/q ‖a0‖Σ ,

where Cq is independent of ε. We can therefore follow the same lines as

above, and conclude: so long as (7.21) holds,

‖Bεwε‖L∞(0,t;L2) 6 Cεα−nσ . (7.24)

Like in the one-dimensional case, a continuity argument shows that for

any T > 1, there exists ε(T ) > 0 such that (7.21) holds on [0, T ] for all

ε ∈]0, ε(T )]. The proposition follows. Note that we have the more precise

error estimate:

‖Bεwε‖L∞(0,T ;L2) 6 C(T )εα−nσ , ∀Bε ∈ {Id, ε∇, Jε}.

7.3 Nonlinear propagation, linear caustic

In this paragraph, we assume α = 1 > nσ. For technical reasons, we will

treat the case n = 1 only, and we assume in addition σ > 1/2. Essentially,

notice that Lemma 7.7 cannot be used when n > 2 and σ < 1/n. For

results in the case n > 2 and α = 1 > nσ, we invite the reader to consult

[Carles (2000b)]. Here, we first explain how to derive suitable approximate

solutions in the general case n > 1, and then we justify the asymptotics for

n = 1.

Outside the focal point, we can use the approximate solution studied

in Chap. 2. We first make the expressions given in Sec. 2.3 as explicit as

possible. The rays of geometric optics are now given by

x(t, y) = (1 − t)y.

Therefore, when t < 1, the inverse mapping is given by:

y(t, x) =
x

1 − t
.

In the general case of the space dimension n, the Jacobi’s determinant is

given by

Jt(y) = det∇yx(t, y) = (1 − t)n.

We infer that for t < 1, the leading order approximate solution constructed

in Chap. 2 is given by:

uεapp(t, x) =
1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) eiG(t,x),
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where G is given by:

G(t, x) = −
∣∣∣∣a0

(
x

1 − t

)∣∣∣∣
2σ ∫ t

0

dτ

|1 − τ |nσ .

Loosely speaking, since no nonlinear effect is expected near the focal point,

a natural candidate for an approximate solution past the caustic consists

in continuing uεapp for t > 1 by taking into account linear effects at a focal

point. Since the linear effects at a focal point consist of a phase shift at

leading order (Maslov index), define:

uεapp(t, x) =





1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) eiG(t,x) if t < 1,

e−inπ/2

(t− 1)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) eiG(t,x) if t > 1.

Note that the phase shift G is defined globally in time: the map

τ 7→ 1

|1 − τ |nσ
is locally integrable, since nσ < 1.

We now explain how to derive a global in time approximate solution

from the Lagrangian integral point of view. Suppose that Aε(t, ξ) converges

to some function A(t, ξ) as ε → 0, on some time interval [0, T ], T > 0.

Formally, Eq. (7.3) yields

uε(t, x) ≈ 1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε A(t, ξ)dξ.

For t 6= 1, we can apply stationary phase formula to the right hand side,

and find:

1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε A(t, ξ)dξ ≈ einπ/4 sgn(1−t)

|t− 1|n/2 A

(
t,

x

t− 1

)
ei

|x|2

2ε(t−1) .

We infer

|uε|2σ uε(t, x) ≈ einπ/4 sgn(1−t)

|t− 1|n/2+nσ |A|2σ A
(
t,

x

t− 1

)
ei

|x|2

2ε(t−1) .

Using stationary phase formula again, we obtain

F
(
|uε|2σ uε

)(
t,
ξ

ε

)
≈

≈ 1

(2π)n/2
einπ/4 sgn(1−t)

|t− 1|n/2+nσ
∫
ei

|x|2

2ε(t−1)
−i x·ξ

ε |A|2σ A
(
t,

x

t− 1

)
dx

≈ εn/2

|t− 1|nσ |A|2σ A (t, ξ) e−i
t−1
2ε |ξ|2 .
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Since the time evolution of Aε is given by Eq. (7.4), we expect the limiting

equation (α = 1):

i∂tA(t, ξ) =
1

|t− 1|nσ |A (t, ξ)|2σ A (t, ξ) ; A|t=0 = A0, (7.25)

where we recall that A0 is defined by

A0(ξ) = e−inπ/4a0(−ξ).

Notice that the modulus of A is independent of time (since ∂t|A|2 = 0), so

A(t, ξ) = A0(ξ)e
ig(t,ξ),

where

g(t, ξ) = − |A0(ξ)|2σ
∫ t

0

dτ

|τ − 1|nσ = − |a0(−ξ)|2σ
∫ t

0

dτ

|τ − 1|nσ .

Note that up to a scaling in time, we recover the previous function G:

g(t, ξ) = G (t, (t− 1)ξ) .

Unlike G, g is defined for all t: the Lagrangian integral unfolds the singu-

larity at t = 1.

Proposition 7.10. Assume n = 1, and α = 1 > σ > 1/2. Then

Aε−→
ε→0

A0e
ig in L∞

loc(R; Σ).

This implies, for all Bε ∈ {Id, ε∂x, Jε}, all β ∈ [0, 1[ and all T > 0,
∥∥Bε

(
uε − vε1−εβ

)∥∥
L∞(1−εβ ,1+εβ ;L2)

. εβ−σ

sup
|t−1|>εβ ,t6T

∥∥Bε(t)
(
uε(t) − uεapp(t)

)∥∥
L2 −→

ε→0
0.

Remark 7.11. The statement of the proposition suggests that more in-

formation is available in terms of the Lagrangian symbol than in terms of

the wave function directly. This aspect is also present in the analysis of

the case “nonlinear propagation, nonlinear caustic”, see §7.5. Of course, by

construction, the Lagrangian integral unfolds the singularity at the focal

point, which makes it possible to have a uniform in time statement. More-

over, from a technical point of view, Lagrangian integrals make it easier

to consider non-smooth functions (here, z 7→ |z|σ), since they come along

with energy estimates which cost one derivative less than the error esti-

mates outside the focal point presented in Chap. 2. This aspect is also

crucial in §7.5.
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Proof. First, we verify that the first point implies the second assertion.

We use the following lemma.

Lemma 7.12. Let n > 1 and f ∈ C(R;L2). Denote

Λε(t, x) =
1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε f(t, ξ)dξ,

and

F ε(t, x) = ei
|x|2

2ε(t−1)

(
i

1 − t

)n/2
f

(
t,

x

t− 1

)
.

Then there exists h ∈ C(R2; R+) with h(t, 0) = 0 such that for all t 6= 1,

‖Λε(t) − F ε(t)‖L2 = h

(
t,

ε

1 − t

)
.

If, in addition, f ∈ C(R;H2), then a little more can be said about h:

∃C > 0, h(t, λ) 6 Cλ ‖f(t, ·)‖H2 .

Remark 7.13. We do not use the last point of this lemma in this section.

It will be used in Sec. 7.5.

Proof. [Proof of Lemma 7.12] From Parseval’s formula,

Λε(t, x) = ei
|x|2

2ε(t−1)

(
i

1 − t

)n/2 ∫

Rn

eiε|η|
2/(2(t−1))eix·η/(1−t)F−1

ξ→ηf(t, η)dη.

Define, for λ ∈ R,

h(t, λ) =
∥∥∥
(
ei

λ
2 |·|2 − 1

)
F−1f(t, ·)

∥∥∥
L2
.

Since f ∈ C(R;L2), h ∈ C(R2; R). The property h(t, 0) = 0 then follows

from the Dominated Convergence Theorem.

When f ∈ C(R;H2), we use the general inequality |eiθ − 1| 6 |θ|. �

Introduce

ũεapp(t, x) =
1√
2πε

∫

R

e−i
t−1
2ε |ξ|2+i x·ξ

ε A0(ξ)e
ig(t,ξ)dξ.

With f(t, ξ) = A0(ξ)e
ig(t,ξ), we check that f ∈ C(R; Σ). Lemma 7.12 shows

that for any β ∈ [0, 1[ and any T > 0,

sup
|t−1|>εβ ,t6T

∥∥ũεapp(t) − uεapp(t)
∥∥
L2 −→

ε→0
0.
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We check easily that since ∂xf, xf ∈ C(R;L2), we have moreover

sup
|t−1|>εβ ,t6T

∥∥Bε(t)
(
ũεapp(t) − uεapp(t)

)∥∥
L2 −→

ε→0
0, ∀Bε ∈ {Id, ε∂x, Jε}.

Notice, on the other hand,
∥∥∥Aε(t) −A0e

ig(t)
∥∥∥

Σ
=

∑

Bε∈{Id,ε∂x,Jε}

∥∥Bε(t)
(
uε(t) − ũεapp(t)

)∥∥
L2 .

Therefore, the first part of the proposition implies: for any β ∈ [0, 1[ and

any T > 0,

sup
|t−1|>εβ ,t6T

∑

Bε∈{Id,ε∂x,Jε}

∥∥Bε(t)
(
uε(t) − ũεapp(t)

)∥∥
L2 −→

ε→0
0.

For the region the region {|t− 1| 6 εβ}, denote

wεβ = uε − vε1−εβ .

By definition of vε1−εβ , it solves:

iε∂tw
ε
β +

ε2

2
∂2
xw

ε
β = ε |uε|2σ uε ; wεβ|t=1−εβ = 0.

For Bε ∈ {Id, ε∂x, Jε}, apply the operator Bε to the above equation, and

the energy estimate of Lemma 1.2:

sup
|t−1|6εβ

∥∥Bε(t)wεβ(t)
∥∥
L2 .

∫

|τ−1|6εβ

‖uε(τ)‖2σ
L∞ dτ sup

|t−1|6εβ

‖Bε(t)uε(t)‖L2 .

From the conservations of mass and energy for uε, the L2 norms of uε and

ε∂xu
ε are bounded independent of ε. Gagliardo-Nirenberg inequality yields

sup
t∈R

‖uε(t)‖L∞ 6 Cε−1/2,

hence

sup
|t−1|6εβ

∥∥Bε(t)wεβ(t)
∥∥
L2 . εβ−σ sup

|t−1|6εβ

‖Bε(t)uε(t)‖L2 .

Since
∑

Bε∈{Id,ε∂x,Jε}
‖Bε(t)uε(t)‖L2 = ‖Aε(t)‖Σ ,

the first part of the proposition yields:

sup
|t−1|6εβ

∥∥Bε(t)wεβ(t)
∥∥
L2 . εβ−σ.

Therefore, we just have to prove the first assertion of the proposition.
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Fix T > 0 and β ∈]0, 1[. Again, we distinguish the regions {t 6 1− εβ},
{|t − 1| < εβ} and 1 + εβ 6 t 6 T}. We check that by construction, ũεapp

satisfies

iε∂tũ
ε
app +

ε2

2
∂2
xũ

ε
app = ε

∣∣ũεapp

∣∣2σ ũεapp − εrε,

where the error term rε is given by:

rε(t, x) =
∣∣ũεapp(t, x)

∣∣2σ ũεapp(t, x)

− 1√
2πε

∫

R

e−i
t−1
2ε |ξ|2+i x·ξ

ε A0(ξ)e
ig(t,ξ) × (−∂tg(t, ξ)) dξ

=
∣∣ũεapp(t, x)

∣∣2σ ũεapp(t, x)

− 1√
2πε

1

|1 − t|σ
∫

R

e−i
t−1
2ε |ξ|2+i x·ξ

ε |A0(ξ)|2σ A0(ξ)e
ig(t,ξ)dξ.

Note that the two terms involved in the definition of rε are of the form F ε

and Λε respectively, as in Lemma 7.12, with

f(t, ξ) = |A0(ξ)|2σ A0(ξ)e
ig(t,ξ).

We check that f ∈ C(R; Σ). Therefore, since β < 1, Lemma 7.12 and

Eq. (7.5) yield

sup
|t−1|>εβ ,t6T

∑

Bε∈{Id,ε∂x,Jε}
‖Bε(t)rε(t)‖L2 −→

ε→0
0. (7.26)

Let wε = uε − ũεapp. It solves

iε∂tw
ε +

ε2

2
∂2
xw

ε = ε
(
|uε|2σ uε −

∣∣ũεapp

∣∣2σ ũεapp

)
+ εrε. (7.27)

From Lemma 7.1,
∑

Bε∈{Id,ε∂x,Jε}
‖Bε(0)wε(0)‖L2 −→

ε→0
0.

We then proceed as in Sec. 7.2: there exists ε0 > 0 such that for every

ε ∈]0, ε0], there exists tε > 0 such that

‖Jε(τ)wε(τ)‖L2 6 1 (7.28)

for τ ∈ [0, tε]. So long as (7.28) holds, the weighted Gagliardo–Nirenberg

inequality (7.7) yields, along with the conservations of mass and energy for

uε:

‖wε(t)‖L∞ 6
C(

ε+ |t− 1|1/2
) ,
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for some C independent of ε. Since on the other hand A0e
ig ∈ C(R; Σ),

Eq. (7.5) shows that there exists C independent of ε such that∑

Bε∈{Id,ε∂x,Jε}

∥∥Bε(t)ũεapp(t)
∥∥
L2 6 C, ∀t ∈ R.

Apply Bε ∈ {Id, ε∂x, Jε} to Eq. (7.27), and write uε = wε + ũεapp. The

energy estimate of Lemma 1.2 shows that so long as (7.28) holds,

‖Bεwε‖L∞(0,t;L2) .

∫ t

0

∥∥∥|uε(τ)|2σ Bε(τ)wε(τ)
∥∥∥
L2
dτ

+

∫ t

0

∥∥∥
(
|uε(τ)|2σ −

∣∣ũεapp(τ)
∣∣2σ
)
Bε(τ)ũεapp(τ)

∥∥∥
L2
dτ

+

∫ t

0

‖Bε(τ)rε(τ)‖L2 dτ + o(1)

.

∫ t

0

‖uε(τ)‖2σ
L∞ ‖Bε(τ)wε(τ)‖L2 dτ

+

∫ t

0

∥∥∥
(
|uε(τ)|2σ−1 +

∣∣ũεapp(τ)
∣∣2σ−1

)
|wε(τ)|

∥∥∥
L∞

dτ

+

∫ t

0

‖Bε(τ)rε(τ)‖L2 dτ + o(1),

where we have used the assumption σ > 1/2 and the uniform boundedness

of Bεũεapp in L2. We infer

‖Bεwε‖L∞(0,t;L2) .

∫ t

0

1

(ε+ |τ − 1|)σ ‖Bε(τ)wε(τ)‖L2 dτ

+

∫ t

0

1

(ε+ |τ − 1|)σ−1/2
‖wε(τ)‖L∞ dτ

+

∫ t

0

‖Bε(τ)rε(τ)‖L2 dτ + o(1)

.

∫ t

0

1

(ε+ |τ − 1|)σ ‖Bε(τ)wε(τ)‖L2 dτ

+

∫ t

0

1

(ε+ |τ − 1|)σ
∑

Kε∈{Id,ε∂x,Jε}
‖Kε(τ)wε(τ)‖L2 dτ

+

∫ t

0

‖Bε(τ)rε(τ)‖L2 dτ + o(1).

Summing over Bε ∈ {Id, ε∂x, Jε}, Gronwall lemma and (7.26) yield, so long

as (7.28) holds: ∑

Bε∈{Id,ε∂x,Jε}
‖Bεwε‖L∞(0,t;L2) −→ε→0

0,
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provided that t 6 1 − εβ and β < 1. Therefore, for every β ∈ [0, 1[, there

exists ε(β) > 0 such that (7.28) holds on [0, 1 − εβ] for ε ∈]0, ε(β)].

For the region {|t−1| 6 εβ}, assume moreover β > σ, which is consistent

with the previous assumption β ∈ [0, 1[, since σ < 1. We go back to the

evolution equation for Aε, Eq. (7.4): since α = 1, and in view of Eq. (7.5),

∂t ‖Aε(t)‖Σ 6 ‖∂tAε(t)‖Σ 6
∑

Bε∈{Id,ε∂x,Jε}

∥∥∥Bε(t)
(
|uε(t)|2σ uε(t)

)∥∥∥
L2

. ‖uε(t)‖2σ
L∞

∑

Bε(t)∈{Id,ε∂x,Jε}
‖Bε(t)uε(t)‖L2

. ‖uε(t)‖2σ
L∞ ‖Aε(t)‖Σ . ε−σ ‖Aε(t)‖Σ ,

where we have used the conservations of mass and energy for uε, and

Gagliardo–Nirenberg inequality. Since we have seen that Aε is uniformly

bounded in Σ at time t = 1 − εβ, Gronwall lemma yields

sup
|t−1|6εβ

‖Aε(t)‖Σ . eCε
β−σ

. 1,

since β > σ. On the other hand, we have
∥∥∥∂t

(
A0e

ig(t)
)∥∥∥

Σ
=
∥∥∥A0e

ig(t)∂tg(t)
∥∥∥

Σ

=
1

|t− 1|σ
∥∥∥|a0|2σ a0

∥∥∥
Σ

6
C

|t− 1|σ ,

where we have used Σ ↪→ L∞(R). Write

sup
|t−1|6εβ

∥∥∥Aε(t) −A0e
ig(t)

∥∥∥
Σ

6
∥∥∥Aε

(
1 − εβ

)
−A0e

ig(1−εβ)
∥∥∥

Σ

+

∫

|τ−1|6εβ

‖∂tAε(τ)‖Σ dτ +

∫

|τ−1|6εβ

∥∥∥∂t
(
A0e

ig(τ)
)∥∥∥

Σ
dτ

6 o(1) +

∫

|τ−1|6εβ

ε−σdτ +

∫

|τ−1|6εβ

dτ

|τ − 1|σ .

Since t 7→ |t− 1|−σ is locally integrable, we infer, for all β ∈]σ, 1[,

sup
|t−1|6εβ

∥∥∥Aε(t) −A0e
ig(t)

∥∥∥
Σ
−→
ε→0

0.

This allows us to mimic the approach used for t 6 1 − εβ , in the region

{1 + εβ 6 t 6 T}, since in particular,
∥∥∥Aε

(
1 + εβ

)
−A0e

ig(1+εβ)
∥∥∥

Σ
−→
ε→0

0.

This concludes the proof of the proposition. �
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7.4 Linear propagation, nonlinear caustic

We now resume the framework of arbitrary space dimension, n > 1, and

consider, for nσ > 1,

iε∂tu
ε +

ε2

2
∆uε = εnσ |uε|2σ uε ; uε(0, x) = a0(x)e

−i|x|2/(2ε). (7.29)

From the discussion in Sec. 6.3, the nonlinear effects are expected to be

relevant at leading order in the limit ε → 0 only near the focal point

(t, x) = (1, 0). Moreover, in the linear case, the concentration phenomenon

occurs at scale ε about the focal point. We blow up the variables at that

scale about the focal point:

uε(t, x) =
1

εn/2
ψε
(
t− 1

ε
,x

ε

)
.

The factor ε−n/2 may be viewed as a normalization in L2(Rn): for all t,

‖uε(t)‖L2(Rn) =

∥∥∥∥ψε
(
t− 1

ε

)∥∥∥∥
L2(Rn)

.

We first note that ψε satisfies an equation where ε is absent:

i∂tψ
ε +

1

2
∆ψε = |ψε|2σ ψε.

However, ψε does depend on ε, through its Cauchy data:

ψε
(−1

ε
,x

ε

)
= εn/2a0(x)e

−i|x|2/(2ε),

hence

ψε
(−1

ε
, x

)
= εn/2a0(εx)e

−iε|x|2/2.

Two things must be noticed in the above expression. First, the data are

prescribed at a time which is not fixed: it goes to −∞ as ε → 0. On the

other hand, these data become flatter and flatter as ε → 0, but their L2

norm is fixed: the wave scatters. These two points of view are reminiscent of

scattering theory for dispersive partial differential equations. Before going

further into details in the semi-classical analysis of Eq. (7.29), we recall

more results on the nonlinear Schrödinger equation.
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7.4.1 Elements of scattering theory for the nonlinear

Schrödinger equation

The first result we recall concerns the Cauchy problem for nonlinear

Schrödinger equations with data prescribed near t = −∞. The proof can

be found in [Ginibre (1995, 1997); Ginibre et al. (1994)]. We recall that the

notion of admissible pair was introduced in Definition 7.4.

Theorem 7.14 (Existence and continuity of wave operators). Let

n > 1, t0 ∈ [−∞, 0] and ψ− ∈ Σ. Denote U0(t) = ei
t
2∆, and consider

the Cauchy problem

i∂tψ +
1

2
∆ψ = |ψ|2σ ψ ; U0(−t)ψ(t)

∣∣
t=t0

= ψ−. (7.30)

If 2
n+2 < σ < 2

n−2 (σ > 1 if n = 1), then Eq. (7.30) has a unique solution

ψ ∈ Y :=
{
ϕ ∈ C(R; Σ) ; ϕ,∇ϕ, (x + it∇)ϕ ∈ Lq(] −∞, 0];Lr)

for all admissible pair (q, r)
}
.

The solution ψ is strongly continuous from (t0, ψ−) ∈ [−∞, 0] × Σ to Y ,

and if we denote ψ̃(t) = U0(−t)ψ(t), then ψ̃ ∈ C([−∞, 0]; Σ). If t0 = −∞,

then

‖U0(−t)ψ(t) − ψ−‖Σ −→
t→−∞

0,

and the map W− : ψ− 7→ ψ|t=0 is called wave operator.

Remark 7.15. The above result is false as soon as σ 6 1/n: for instance,

if n = σ = 1 and if ψ ∈ C(R;L2) solves Eq. (7.30) with t0 = −∞, then nec-

essarily ψ− = ψ = 0. See [Barab (1984); Strauss (1974, 1981)] or [Ginibre

(1997)].

The above result shows that it is possible to construct a solution to the non-

linear Schrödinger equation in prescribing an asymptotically free behavior

as t→ −∞. This is the first step in the nonlinear scattering theory: prov-

ing the existence of wave operators. Now that ψ ∈ C(R; Σ), the converse

question is the following: does ψ behave asymptotically like a solution to

the free Schrödinger equation as t→ +∞? One can give a positive answer

to this question, up to making an extra assumption on the power σ. See

for instance [Cazenave and Weissler (1992); Nakanishi and Ozawa (2002)]

or [Cazenave (2003)].
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Theorem 7.16 (Asymptotic completeness in Σ). Let n > 1, ϕ ∈ Σ.

Consider the Cauchy problem

i∂tψ +
1

2
∆ψ = |ψ|2σ ψ ; ψ

∣∣
t=0

= ϕ. (7.31)

Assume

σ > σ0(n) :=
2− n+

√
n2 + 12n+ 4

4n
,

and in addition, σ < 2/(n − 2) when n > 3. Then there exists a unique

ψ+ ∈ Σ such that the solution ψ ∈ C(R; Σ) to Eq. (7.31) satisfies

‖U0(−t)ψ(t) − ψ+‖Σ −→
t→+∞

0.

Moreover, the map W−1
+ : ϕ 7→ ψ+ is continuous from Σ to itself.

Remark 7.17. We check that 1/n < σ0(n) < 2/n, and σ0(n) > 2/(n+ 2)

when n > 2.

Recall that the existence of such a solution ψ ∈ C(R; Σ) to Eq. (7.31)

follows from Proposition 1.26.

Definition 7.18. The map S : ψ− 7→ ψ+ given by Theorems 7.14 and 7.16

is the (nonlinear) scattering operator associated to Eq. (7.30).

The scattering operator can be understood as follows. Since the operator

U0(t) is well-known, one first tries to construct a solution to the nonlin-

ear Schrödinger equation that behaves like U0(t)ψ− as t → −∞ for some

prescribed ψ−. This yields ϕ = ψ(0). Conversely, can we neglect the non-

linearity for t → +∞ as well? If yes, then ψ(t) behaves like U0(t)ψ+ for

some function ψ+. See Fig. 7.1. Note that the group U0(t) is unitary on

H1(Rn), but not on Σ:

x+ it∇ = U0(t)xU0(−t) =⇒ xU0(t) = U0(t) (x− it∇) .

This explains why the error estimate is ‖U0(−t)ψ(t) − ψ±‖Σ, and not

‖ψ(t) − U0(t)ψ±‖Σ.

There is no reason to expect Sψ− = ψ−. However, besides the existence

of the scattering operator S, very few of its properties are known. We can

check, however, that at least for small data, it is not trivial; see Sec. 7.4.3.
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S

U0(t)ψ+

W−
t0

ψ−

ψ+

ϕ ψ(t)

Fig. 7.1 Scattering operator.

7.4.2 Main result

Proposition 7.19. Let n > 1 and a0 ∈ Σ. In addition to the condition

σ < 2/(n − 2) for n > 3, assume that σ > σ0(n), given in Theorem 7.16.

Then the following limits hold:

lim sup
ε→0

sup
|t−1|>Λε

∥∥Bε(t)
(
uε(t) − uεapp(t)

)∥∥
L2 −→

Λ→+∞
0, ∀Bε ∈ {Id, ε∇, Jε},

where the (discontinuous) function uεapp is given by:

uεapp(t, x) =





1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) if t < 1,

e−inπ/4

εn/2
(W− ◦ Fa0)

(x
ε

)
if t = 1,

e−inπ/2

(t− 1)n/2
(
F−1 ◦ S ◦ Fa0

)( x

1 − t

)
ei

|x|2

2ε(t−1) if t > 1,

where W− and S denote the wave and scattering operators respectively. For

t = 1, we have ∑

Aε∈{Id,ε∇,x/ε}

∥∥Aε
(
uε(1) − uεapp(1)

)∥∥
L2 −→

ε→0
0.

This implies, in terms of the Lagrangian symbol:

lim sup
ε→0

sup
|t−1|>Λε

‖Aε(t) −A(t)‖Σ −→
Λ→+∞

0,
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where

A(t, ξ) =

{
A0(ξ) = e−inπ/4a0(−ξ) if t < 1,
(
F ◦ S ◦ F−1A0

)
(ξ) if t > 1.

Before proving this result, a few comments are in order. First, the statement

of the convergence outside the focal point may seem intricate. The meaning

is that outside a boundary layer in time of order ε, nonlinear effects are

negligible at leading order. On the other hand, since the definition of the

approximate solution is different whether t < 1 or t > 1, nonlinear effects

affect the wave function at leading order inside this boundary layer of order

ε. These effects are measured, in average, by the scattering operator S; see

Fig. 7.2. More precisely, compare with the linear asymptotics (6.2). For

Λε, Λ � 1

t

1

linear geometric optics

S: nonlinear effects

linear geometric optics

x

Fig. 7.2 Nonlinear caustic crossing.

t < 1, we recover the same asymptotic behavior. For t = 1, we still have the

phase shift e−inπ/4 (which corresponds to half a Maslov index), but Fa0 is

replaced by W− ◦ Fa0: nonlinear effects are not negligible any more. For

t > 1, we retrieve the linear phenomenon measured by the Maslov index,

plus a modification of the amplitude, in terms of S.

Concerning the Lagrangian symbol Aε, we see that, unless F−1A0 is a

fixed point for S, its limit is discontinuous: this is a typical nonlinear effect,

since by construction, the limit of Aε is continuous in the linear case.

Such a description of caustic crossing in terms of a nonlinear scattering

operator first appears in [Bahouri and Gérard (1999)], for the energy-critical
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wave equation
(
∂2
t − ∆

)
u+ u5 = 0, (t, x) ∈ R × R3. (7.32)

For a sequence of initial data (uε(0), ∂tu
ε(0))ε bounded in the energy space

Ḣ1(R3)×L2(R3), H. Bahouri and P. Gérard prove that if the weak limit of

uε is zero, then the only leading order nonlinear effects correspond precisely

to the existence of caustics reduced to one point (in general, an infinite

number of focal points). In that case, the caustic crossing is described

by the scattering operator associated to the nonlinear wave equation. See

also [Gallagher and Gérard (2001)] for the case of a wave equation outside

a convex obstacle. The proof uses the notion of profile decomposition,

introduced in [Gérard (1998)]. See Sec. 7.6 for a presentation of this notion

in the context of nonlinear Schrödinger equations.

In the case of the semi-linear wave equation (6.5), the case “linear prop-

agation, nonlinear caustic” is studied in [Carles and Rauch (2004a)]. The

main result asserts that the caustic crossing is described in terms of a

nonlinear scattering operator, and most of the work in [Carles and Rauch

(2004a)] is dedicated to constructing this nonlinear scattering operator.

Proof. Resume the change of unknown function introduced in the begin-

ning of this paragraph:

uε(t, x) =
1

εn/2
ψε
(
t− 1

ε
,x

ε

)
.

Recall that ψε satisfies

i∂tψ
ε +

1

2
∆ψε = |ψε|2σ ψε ; ψε

(−1

ε
, x

)
= εn/2a0(εx)e

−iε|x|2/2.

As suggested by the previous paragraph, we compute

U0

(
1

ε

)
ψε
(−1

ε
, x

)
=
( ε

2iπ

)n/2 ∫

Rn

eiε|x−y|
2/2εn/2a0(εy)e

−iε|y|2/2dy

=
e−inπ/4

(2π)n/2
eiε|x|

2/2

∫

Rn

e−ix·ya0(y)dy

= e−inπ/4eiε|x|
2/2â0(x).

By the Dominated Convergence Theorem, we infer:

U0

(
1

ε

)
ψε
(−1

ε

)
−→
ε→0

e−inπ/4â0 in Σ.

Define

ψ− := e−inπ/4â0 ∈ Σ,
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and introduce the function ψ, solving

i∂tψ +
1

2
∆ψ = |ψ|2σ ψ ; U0(−t)ψ(t)

∣∣
t=−∞ = ψ−.

Theorems 7.14 and 7.16 then imply:

sup
t∈R

‖U0(−t) (ψε(t) − ψ(t))‖Σ −→
ε→0

0.

Back to the function uε, this yields

∑

Bε∈{Id,ε∇,Jε}
sup
t∈R

∥∥∥∥Bε(t)
(
uε(t, ·) − 1

εn/2
ψ

(
t− 1

ε
, ·
ε

))∥∥∥∥
L2

−→
ε→0

0.

From the scattering for ψ, we infer, for all Bε ∈ {Id, ε∇, Jε}:

lim sup
ε→0

sup
t61−Λε

∥∥∥∥Bε(t)
(
uε(t, ·) − 1

εn/2
U0

(
t− 1

ε

)
ψ−
( ·
ε

))∥∥∥∥
L2

−→
Λ→+∞

0,

lim sup
ε→0

∥∥∥∥Bε(1)

(
uε(1, ·) − 1

εn/2
W−ψ−

( ·
ε

))∥∥∥∥
L2

= 0,

lim sup
ε→0

sup
t>1+Λε

∥∥∥∥Bε(t)
(
uε(t, ·) − 1

εn/2
U0

(
t− 1

ε

)
ψ+

( ·
ε

))∥∥∥∥
L2

−→
Λ→+∞

0,

where ψ+ = Sψ−. The proposition then stems from the following lemma:

Lemma 7.20. Let ϕ ∈ L2. Then the following asymptotics hold in L2(Rn),

as t→ ±∞:

U0(t)ϕ(x) =
e−inπ/4 sgn t

|t|n/2 ϕ̂
(x
t

)
ei|x|

2/(2t) + o(1).

If in addition ϕ ∈ Σ, then for all A ∈ {Id,∇, x+ it∇},
∥∥∥∥A(t)

(
U0(t)ϕ − e−inπ/4 sgn t

|t|n/2 ϕ̂
( ·
t

)
ei|·|

2/(2t)

)∥∥∥∥
L2

−→
t→±∞

0.

This lemma can be proved in the same way as Lemma 7.1, by writing

U0(t)ϕ(x) =
1

(2iπt)n/2

∫

Rn

ei|x−y|
2/(2t)ϕ(y)dy

=
1

(2iπt)n/2
ei|x|

2/(2t)

∫

Rn

e−ix·y/tei|y|
2/(2t)ϕ(y)dy

≈ 1

(2iπt)n/2
ei|x|

2/(2t)

∫

Rn

e−ix·y/tϕ(y)dy.

The proof is omitted.

With this lemma, the proposition follows easily. �
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7.4.3 On the propagation of Wigner measures

Since Proposition 7.19 provides a strong convergence of the wave function

uε, we can infer the expression of the (unique) Wigner measure associated

to uε. The definition of a Wigner measure was given in Sec. 3.4: it is the

limit, up to a subsequence, of the Wigner transform of uε,

wε(t, x, ξ) = (2π)−n
∫

Rn

uε
(
t, x− ε

η

2

)
uε
(
t, x+ ε

η

2

)
eiη·ξdη.

Proposition 7.19 implies:

wε(t, x, ξ)−→
ε→0

{
µ−(t, dx, dξ) if t < 1,

µ+(t, dx, dξ) if t > 1,

where

µ−(t, dx, dξ) =
1

(1 − t)n

∣∣∣∣a0

(
x

1 − t

)∣∣∣∣
2

dx⊗ δξ=x/(t−1),

µ+(t, dx, dξ) =
1

(t− 1)n

∣∣∣∣
(
F−1 ◦ S ◦ Fa0

)( x

1 − t

)∣∣∣∣
2

dx⊗ δξ=x/(t−1).

In addition,

lim
t→1−

µ−(t, dx, dξ) = δx=0 ⊗ |a0(ξ)|2dξ,

lim
t→1+

µ+(t, dx, dξ) = δx=0 ⊗
∣∣(F−1 ◦ S ◦ Fa0

)
(ξ)
∣∣2 dξ.

We see that, in general, the Wigner measure has a jump at t = 1. We can go

even further in the analysis, and prove that the propagation of the Wigner

measures past the focal point is an ill-posed Cauchy problem: we can find

two initial amplitudes a0 and b0 such that the corresponding measures µ−
coincide, while the measures µ+ are different. Consider b0(x) = a0(x)e

ih(x),

where h is a smooth, real-valued, function: the two measures µ− coincide.

We must then compare
∣∣F−1 ◦ S ◦ Fa0

∣∣2 and
∣∣F−1 ◦ S ◦ F

(
a0e

ih
)∣∣2 .

Note that if h is constant, then the above two functions coincide. The same

holds if h is linear in x, since the Fourier transform maps the multiplica-

tion by eix·ξ0 to a translation, and the nonlinear Schrödinger equation is

invariant by translation. However, it seems very unlikely that
∣∣F−1 ◦ S ◦ F

(
a0e

ih
)∣∣2

does not depend on h, for any smooth, real-valued, function h. To prove

this vague intuition, we can compute the first two terms of the asymptotic
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expansion of the scattering operator S near the origin. To simplify the

computations, we consider the L2-critical case σ = 2/n:

Proposition 7.21. Let n > 1, σ = 2/n, and ψ− ∈ L2(Rn). Then for δ > 0

sufficiently small, S(δψ−) is well defined in L2(Rn), and, as δ → 0:

S (δψ−) = δψ− − iδ1+4/n

∫ +∞

−∞
U0(−τ)

(
|U0(τ)ψ−|4/nU0(τ)ψ−

)
dτ

+ OL2

(
δ1+8/n

)
.

Proof. The proof follows the same perturbative analysis as in [Gérard

(1996)] (see also [Carles (2001b)] for the nonlinear Schrödinger equation).

First, it follows from [Cazenave and Weissler (1989)] that S(δψ−) is well

defined in L2(Rn) for δ > 0 sufficiently small. We could also assume that

ψ− ∈ Σ, and invoke Theorems 7.14 and 7.16.

Let δ ∈]0, 1], and consider ψδ solving:

i∂tψ
δ +

1

2
∆ψδ =

∣∣ψδ
∣∣4/n ψδ ; U0(−t)ψδ(t)

∣∣
t=−∞ = δψ−.

Plugging an expansion of the form ψδ = δ(ϕ0 + δ4/nϕ1 + δ4/nrδ) into the

above equation, and ordering in powers of δ, it is natural to impose the

following conditions:

• Leading order: O(δ).

i∂tϕ0 +
1

2
∆ϕ0 = 0 ; U0(−t)ϕ0(t)

∣∣
t=−∞ = ψ−.

• First corrector: O(δ1+4/n).

i∂tϕ1 +
1

2
∆ϕ1 = |ϕ0|4/nϕ0 ; U0(−t)ϕ1(t)

∣∣
t=−∞ = 0.

The first equation yields

ϕ0(t) = U0(t)ψ−.

From the second equation, we have:

ϕ1(t) = −i
∫ t

−∞
U0(t− τ)

(
|ϕ0(τ)|4/nϕ0(τ)

)
dτ.

Let γ = 2 + 4/n. Remark that the pair (γ, γ) is admissible (see Defini-

tion 7.4), and denote Lrt,x = Lr(] − ∞,−t] × Rn). Strichartz estimates

(ε = 1 in Lemma 7.6) yield:

‖ϕ0‖Lγ(R×Rn) 6 C ‖ψ−‖L2 ,

‖ϕ1‖Lγ(R×Rn) 6 C
∥∥∥|ϕ0|4/n ϕ0

∥∥∥
Lγ′ (R×Rn)

6 C ‖ϕ0‖1+4/n
Lγ(R×Rn)

6 C ‖ψ−‖1+4/n
L2 ,
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where we have used Hölder’s inequality, and the relation 1/γ ′ = (1+4/n)/γ.

We also have:

i∂tr
δ +

1

2
∆rδ = g

(
ϕ0 + δ4/nϕ1 + δ4/nrδ

)
−g(ϕ0) ; U0(−t)rδ(t)

∣∣
t=−∞ = 0,

where g(z) = |z|4/nz. Strichartz and Hölder inequalities yield

‖rδ‖Lγ
t,x

.

∥∥∥∥
(
|ϕ0|4/n +

∣∣∣δ4/nϕ1

∣∣∣
4/n

+
∣∣∣δ4/nrδ

∣∣∣
4/n
)
δ4/n

(
|ϕ1| + |rδ |

)∥∥∥∥
Lγ′

t,x

.

(
‖ϕ0‖4/n

Lγ
t,x

+
∥∥∥δ4/nϕ1

∥∥∥
4/n

Lγ
t,x

+
∥∥∥δ4/nrδ

∥∥∥
4/n

Lγ
t,x

)
δ4/n

(
‖ϕ1‖Lγ

t,x
+ ‖rδ‖Lγ

t,x

)

.

(
1 +

∥∥∥δ4/nrδ
∥∥∥

4/n

Lγ
t,x

)
δ4/n

(
1 + ‖rδ‖Lγ

t,x

)

. δ4/n + δ4/n
∥∥rδ
∥∥
Lγ

t,x
+
∥∥∥δ4/nrδ

∥∥∥
1+4/n

Lγ
t,x

.

The second term on the right hand side is absorbed by the left hand side,

provided that δ is sufficiently small (up to doubling the constants). For the

last term, we use a standard result:

Lemma 7.22 (Bootstrap argument). Let M = M(t) be a nonnegative

continuous function on [0, T ] such that, for every t ∈ [0, T ],

M(t) 6 a+ bM(t)θ,

where a, b > 0 and θ > 1 are constants such that

a <

(
1 − 1

θ

)
1

(θb)1/(θ−1)
, M(0) 6

1

(θb)1/(θ−1)
·

Then, for every t ∈ [0, T ], we have

M(t) 6
θ

θ − 1
a.

This argument shows that for 0 < δ � 1, rδ ∈ Lγ(R × Rn), and

‖rδ‖Lγ(R×Rn) . δ4/n.

Using Strichartz estimates again, we infer:

‖rδ‖L∞(R;L2(Rn)) . δ4/n + δ4/n
∥∥rδ
∥∥
Lγ

t,x
+
∥∥∥δ4/nrδ

∥∥∥
1+4/n

Lγ
t,x

. δ4/n.

Therefore,

U0(−t)ψδ(t) = δU0(−t)ϕ0(t) + δ1+4/nU0(−t)ϕ1(t) + δ1+4/nU0(−t)rδ(t)

= δψ− − iδ1+4/n

∫ t

−∞
U0(−τ)

(
|ϕ0(τ)|4/nϕ0(τ)

)
dτ

+ OL2

(
δ1+8/n

)
,

where the last term is uniform with respect to t ∈ R. Letting t→ +∞, the

result follows. �
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We proceed as in [Carles (2001b)]. Denote

P (ψ−) = −i
∫ +∞

−∞
U0(−τ)

(
|U0(τ)ψ−|4/nU0(τ)ψ−

)
dτ.

Obviously,

|F ◦ S (δψ−)|2 = δ2
∣∣∣ψ̂−

∣∣∣
2

+ 2δ2+4/n Re
(
ψ̂−P̂ψ−

)
+ O

(
δ2+8/n

)
,

and we have to prove that we can find ψ− ∈ Σ, and h smooth and real-

valued, such that

Re
(
Fψ−F (Pψ−)

)
6= Re

(
F (ψh)F (P (ψh))

)
=: R(ψ−, h),

where ψh is defined by

ψ̂h(ξ) = eih(ξ)ψ̂−(ξ).

If this was not true, then for every ψ− ∈ Σ, the differential of the map

h 7→ R(ψ−, h) would be zero at every smooth, real-valued function h. An

elementary but tedious computation shows that

DhR(ψ−, 0)(h) 6≡ 0,

with h(x) = |x|2/2 and ψ−(x) = e−|x|2/2. Indeed with this choice, compu-

tations are explicit:

ψ−(x) = ψ̂−(x) = e−|x|2/2.

With ha(x) = a|x|2/2, a ∈ R, we introduce ψa such that ψ̂a = eiha ψ̂−. It

is given by

ψa(x) = (1 + ia)−n/2e−|x|2/(2(1+ia)).

The evolution of Gaussian functions under the action of the free Schrödinger

group can be computed explicitly, and we find:

U0(t)ψa(x) = (1 + i(a+ t))
−n/2

e−|x|2/(2(1+i(a+t))).

Therefore,

R (ψ−, ha) = Im
(
e−(1+ia) |x|2

2 ×

×
∫ +∞

−∞

(1 + i(a+ t))
−n/2

1 + (a+ t)2
(1 − itζ(a))

−n/2
e−

ζ(a)
1−itζ(a)

|x|2

2 dt
)
,

where ζ(a) =
4/n+ 1 − i(a+ t)

1 + (a+ t)2
.
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To prove the above claim, we differentiate this quantity with respect to

a, and assess the result at a = 0. Considering for simplicity x = 0, we

check that DhR(ψ−, 0)(h) 6≡ 0. This shows that the caustic crossing is an

ill-posed Cauchy problem as far as Wigner measures are concerned:

Proposition 7.23. Let n > 1 and σ = 2/n.

(1) There exists a0 ∈ Σ such that the Wigner measure associated to uε, the

solution of Eq. (7.29), is discontinuous at t = 1:

lim
t→1−

µ−(t, dx, dξ) 6= lim
t→1+

µ+(t, dx, dξ).

(2) There exist a0 and ã0 in Σ, such that if uε and ũε denote the solutions

to Eq. (7.29) with these data, we have:

µ−(t, dx, dξ) = µ̃−(t, dx, dξ), t < 1,

µ+(t, dx, dξ) 6= µ̃+(t, dx, dξ), t > 1,

where µ± and µ̃± denote the Wigner measures associated to uε and ũε,

respectively.

Remark 7.24. This result is not specific to the value σ = 2/n. It is

stated in this case because we have studied the asymptotic expansion of

the scattering operator near the origin for σ = 2/n: Proposition 7.21 could

be extended to other values of σ, with a slightly longer proof, allowing the

extension of Proposition 7.23 to other values of σ.

This reveals a difference between WKB régime and caustic crossing for

the propagation of Wigner measures. We have seen in Chap. 2 that in

the critical case of the WKB régime, the Wigner measures are propagated

like in the linear case; the leading order nonlinear effect does not affect

the Wigner measure. On the other hand, the above discussion shows that

as soon as nonlinear effects affect the wave function uε at leading order

(α = nσ > 1), the propagation of the Wigner measure undergoes nonlinear

phenomena.

7.5 Nonlinear propagation, nonlinear caustic

In the previous paragraph, we have seen that when α = nσ > 1, the caustic

crossing is described in terms of a nonlinear scattering operator. Suppose

that this aspect remains when α = nσ = 1. Then because α = 1, we know

that also outside the focal point, the nonlinearity cannot be neglected at
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leading order (see Chap. 2). This suggests that it is not possible to com-

pare the dynamics of the nonlinear Schrödinger equation to such a simple

dynamics as that of the free Schrödinger equation; see also Remark 7.15.

To compare the nonlinear dynamics with a simpler one (but necessarily not

“too” simple), we need the notion of long range scattering .

We suppose n = 1. Note that removing this assumption is everything

but easy [Ginibre and Ozawa (1993)]. The existence of modified wave oper-

ators (wave operators adapted to the long range scattering framework) was

first established in [Ozawa (1991)]. A notion of asymptotic completeness

appears in [Hayashi and Naumkin (1998)]. The most advanced results (so

far) on the long range scattering for the one-dimensional, cubic, nonlinear

Schrödinger equation, can be found in [Hayashi and Naumkin (2006)].

We present the main result of [Carles (2001a)] without giving all the

details. The main technical idea is to work with oscillatory integrals, like

we did in Sec. 7.3. When n = σ = 1, we modify the initial data, and

consider: 


iε∂tu

ε +
ε2

2
∂2
xu

ε = ε |uε|2 uε,

uε(0, x) = e−ix
2/(2ε)−i|a0(x)|2 log εa0(x).

(7.33)

The new term in the phase is closely related to the fact that we need

long range scattering to describe the caustic crossing. It is also suggested

by a formal computation. Recall that the expected limiting equation for

the Lagrangian amplitude Aε is given by Eq. (7.25). In the current case

n = σ = 1, this equation is:

i∂tA(t, ξ) =
1

|t− 1| |A(t, ξ)|2A(t, ξ).

For some general initial data Ã0 (not necessarily equal to A0 derived in

Lemma 7.1), we find, for t < 1:

A(t, ξ) = Ã0(ξ)e
i|Ã0(ξ)|2 log(1−t).

Applying stationary phase formula like in §7.3, we get, for t < 1, on a

formal level:

uε(t, x) ≈ eiπ/4√
1 − t

A

(
t,

x

t− 1

)
ei

|x|2

2ε(t−1)

≈ eiπ/4√
1 − t

Ã0

(
x

t− 1

)
ei|Ã0(x/(t−1))|2 log(1−t)ei

|x|2

2ε(t−1) .
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Motivated by the approach of Sec. 7.4, change the unknown function uε to

ψε, where

uε(t, x) =
1√
ε
ψε
(
t− 1

ε
,,
x

ε

)
.

In the present case, ψε is given by:

ψε(t, x) =
eiπ/4√

|t|
Ã0

(x
t

)
ei|Ã0(x/t)|2 log(ε|t|)eiε|x|

2/(2t), t < 0.

Passing to the strong limit in L2, the last exponential becomes negligible

as ε→ 0. On the other hand, the term log(ε|t|) causes a weak convergence

to zero, if Ã0 is independent of ε. Since the L2-norm of the wave functions

uε and ψε is independent of time, this convergence cannot be strong. If,

instead of considering Ã0 independent of ε, we choose

Ã0(ξ) = A0(ξ)e
−i|A0(ξ)|2 log ε,

where A0 is given by Lemma 7.1, then we have:

ψε(t, x) =
eiπ/4√

|t|
A0

(x
t

)
ei|A0(x/t)|2 log|t|eiε|x|

2/(2t).

This function converges strongly in L2, to

ψ(t, x) =
eiπ/4√

|t|
A0

(x
t

)
ei|A0(x/t)|2 log|t|.

This formal approach explains why it is convenient to modify the initial

data, like we did in Eq. (7.33). Note that the above phase term in log |t|
is exactly the modification which is needed in long range scattering; see

also S± below. With this preliminary explanation, we can state our main

result:

Proposition 7.25 ([Carles (2001a)]). Assume n = α = σ = 1.

1. We can define a modified scattering operator for

i∂tψ +
1

2
∂2
xψ = |ψ|2ψ, (7.34)

and data in F(H), where:

H = {f ∈ H3(R); xf ∈ H2(R)} .
More precisely, there exists δ > 0 such that if ψ− ∈ F(H) with ‖ψ−‖Σ < δ,

we can find unique ψ ∈ C(Rt,Σ) solving (7.34), and ψ+ ∈ L2, such that
∥∥∥ψ(t) − eiS

±(t)U0(t)ψ±
∥∥∥
L2

−→
t→±∞

0,
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where S± are defined by:

S±(t, x) :=
∣∣∣ψ̂±

(x
t

)∣∣∣
2

log |t|.

Denote S : ψ− 7→ ψ+.

2. Let a0 ∈ H, with ‖a0‖Σ sufficiently small. Let uε be the solution of (7.33)

(which is in C(R;L2)). Define ψ− = e−iπ/4â0. The following asymptotics

hold in L2:

• If t < 1, then:

uε(t, x) ∼
ε→0

eiπ/4√
1− t

ei
x2

2ε(t−1) +i|ψ̂−( x
t−1 )|2 log 1−t

ε ψ̂−

(
x

t− 1

)
.

• If t > 1, then:

uε(t, x) ∼
ε→0

e−iπ/4√
t− 1

ei
x2

2ε(t−1)
+i|ψ̂+( x

t−1 )|2 log t−1
ε ψ̂+

(
x

t− 1

)
,

where ψ+ = Sψ−.

The −π/2 phase shift between the two asymptotics (before and after fo-

cusing) is the Maslov index. The change in the amplitude, measured by

a scattering operator, is like in Proposition 7.19. The new phenomenon is

the phase shift
∣∣∣∣ψ̂+

(
x

t− 1

)∣∣∣∣
2

log
t− 1

ε
−
∣∣∣∣ψ̂−

(
x

t− 1

)∣∣∣∣
2

log
t− 1

ε
,

which appears when comparing the asymptotics for the wave function uε

before and after the focal point. It is “highly nonlinear”, and depends on

ε. Following an idea due to Guy Métivier, we called it a “random” phase

shift: it depends on the subsequence ε going to zero which is considered.

In [Carles (2001a)], this result is proved by revisiting the approach of

[Ozawa (1991)] for the asymptotics on t ∈ [0, 1[, so that we can use the

result of [Hayashi and Naumkin (1998)] to describe the asymptotic behavior

of uε on ]1, T ] for any T > 1. In view of the improvement of [Hayashi

and Naumkin (2006)] (the domain and range of the above operator S are

improved), it should be possible to relax the assumption a0 ∈ H, and

require less regularity for a0. We shall not pursue this issue.

We shall merely outline the proof of Proposition 7.25. We leave out

the proof of the first point, which is now a consequence of [Hayashi and

Naumkin (2006)], and we focus our attention on the second point. We have
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already seen that a natural candidate as an approximate solution for t < 1

is given by:

uεapp(t, x) =
1√
2πε

∫

R

e−i
t−1
2ε |ξ|2+i x·ξ

ε ei|A0(ξ)|2 log 1−t
ε A0(ξ)dξ.

The last point of Lemma 7.12 shows that since a0 ∈ H,

iε∂tu
ε
app +

ε2

2
∂2
xu

ε
app = ε

∣∣uεapp

∣∣2 uεapp − εrε,

with

‖rε(t)‖L2 .
ε

(1 − t)2

(
log

1 − t

ε

)2

,

∑

Bε∈{ε∂x,Jε}
‖Bε(t)rε(t)‖L2 .

ε

(1 − t)2

(
log

1 − t

ε

)3

.

Introduce wε = uε − uεapp. Lemma 7.12 also yields

‖wε(0)‖L2 . ε

(
log

1

ε

)2

,

∑

Bε∈{ε∂x,Jε}
‖Bε(0)wε(0)‖L2 . ε

(
log

1

ε

)3

.

Let δ > 0. Lemma 7.12 and weighted Gagliardo–Nirenberg inequality (7.6)

show that there exists C∗ depending on ‖a0‖H and δ such that for 1 − t >

C∗ε,

∥∥uεapp(t)
∥∥
L∞ 6

‖a0‖L∞ + δ√
1 − t

,

∥∥ε∂xuεapp(t)
∥∥
L∞ 6

C√
1 − t

,

∥∥Jε(t)uεapp(t)
∥∥
L∞ 6

C√
1 − t

log
1 − t

ε
,

where C depends on ‖a0‖H. The error term wε solves:

iε∂tw
ε +

ε2

2
∂2
xw

ε = ε |uε|2 uε − ε
∣∣uεapp

∣∣2 uεapp + εrε

= ε
(
|uε|2 wε +

(∣∣wε + uεapp

∣∣2 −
∣∣uεapp

∣∣2
)
uεapp

)
+ εrε.

From the above estimates and (7.6), there exists ε0 > 0 such that for

ε ∈]0, ε0],

‖wε(0)‖L∞ 6
δ

2
.
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By continuity, there exists tε > 0 such that

‖wε(τ)‖L∞ 6
δ√

1 − τ
(7.35)

for t ∈ [0, tε]. So long as (7.35) holds, Lemma 1.2 yields:

‖wε(t)‖L2 6 ‖wε(0)‖L2 +

∫ t

0

‖rε(τ)‖L2 dτ

+

∫ t

0

(
2
∥∥uεapp(τ)

∥∥2

L∞ +
∥∥uεapp(τ)

∥∥
L∞ ‖wε(τ)‖L∞

)
‖wε(τ)‖L2 dτ

6 ‖wε(0)‖L2 + C

∫ t

0

ε

(1 − τ)2

(
log

1 − τ

ε

)2

dτ

+C0

∫ t

0

‖wε(τ)‖L2

dτ

1 − τ
,

where

C0 = 2 (‖a0‖L∞ + δ)2 + δ (‖a0‖L∞ + δ) .

Gronwall lemma yields, so long as (7.35) holds:

‖wε(t)‖L2 6
‖wε(0)‖L2

(1 − t)C0
+ C

∫ t

0

ε

(1 − τ)2

(
log

1 − τ

ε

)2(
1 − τ

1 − t

)C0

dτ.

Rewrite the last term as
∫ t

0

ε

(1 − τ)2

(
log

1 − τ

ε

)2(
1 − τ

1 − t

)C0

dτ =

(
ε

1 − t

)C0
∫ 1/ε

(1−t)/ε

(log τ)
2

τ2−C0
dτ.

For C0 < 1, an integration by parts shows that

∫ b

a

log τ

τ2−C0
dτ = O

(
(log a)

2

a1−C0

)
as b > a→ +∞.

Therefore, if C0 < 1 and 1 − t > C∗ε with C∗ sufficiently large,

‖wε(t)‖L2 6
C

(1 − t)C0
ε

(
log

1

ε

)2

+ C
ε

1 − t

(
log

(
1 − t

ε

))2

.
ε

1 − t

(
log

(
1 − t

ε

))2

.

With this first estimate, we can infer

∑

Bε∈{ε∂x,Jε}
‖Bε(t)wε(t)‖L2 6 C

ε

1 − t

(
log

(
1 − t

ε

))3

.
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Using the weighted Gagliardo–Nirenberg inequality (7.6), we deduce

‖wε(t)‖L2 6
C√
1 − t

ε

1 − t

(
log

(
1 − t

ε

))5/2

.

Therefore, if we choose C∗ sufficiently large, there exists ε∗ > 0 such that

for all ε ∈]0, ε∗], (7.35) holds on [0, 1−C∗ε]. Applying Lemma 7.12 to uεapp

yields the asymptotic behavior of uε for t < 1 in Proposition 7.25. Note

that the smallness condition that we have used so far is C0 < 1. Since δ > 0

is arbitrarily small, this assumption boils down to

‖a0‖L∞ <
1√
2
.

For the asymptotics when t > 1, the smallness condition ceases to be ex-

plicit, since we have to use the results of [Hayashi and Naumkin (1998)] or

[Hayashi and Naumkin (2006)]. Introduce ψε given by

uε(t, x) =
1

εn/2
ψε
(
t− 1

ε
,x

ε

)
.

It is easy to deduce from the above analysis that

sup
t6−C∗

‖U0(−t) (ψε(t) − ψ(t))‖Σ −→
ε→0

0,

where ψ is the unique solution to Eq. (7.34) with
∥∥∥ψ(t) − eiS

−(t)U0(t)ψ−
∥∥∥
L2

−→
t→−∞

0.

The local well-posedness for Eq. (7.34) shows that for all T > 0,

sup
t6T

‖U0(−t) (ψε(t) − ψ(t))‖Σ −→
ε→0

0.

Theorem 7.26 ([Hayashi and Naumkin (1998)]). Let ϕ ∈ Σ, with

‖ϕ‖Σ = δ′ 6 δ, where δ is sufficiently small. Let ψ ∈ C(Rt,Σ) be the

solution of the initial value problem

i∂tψ +
1

2
∂2
xψ = |ψ|2ψ ; ψ|t=0 = ϕ.

There exists a unique pair (W,φ) ∈
(
L2 ∩ L∞)× L∞ such that for t > 1,

∥∥∥∥F (U0(−t)ψ) (t) exp

(
−i
∫ t

1

|ψ̂(τ)|2 dτ
τ

)
−W

∥∥∥∥
L2∩L∞

6 Cδ′t−α+C(δ′)2 ,

∥∥∥∥
∫ t

1

|ψ̂(τ)|2 dτ
τ

− |W |2 log t− φ

∥∥∥∥
L∞

6 Cδ′t−α+C(δ′)2 ,



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

166 Semi-Classical Analysis for Nonlinear Schrödinger Equations

where Cδ′ < α < 1/4, and φ is a real valued function. Furthermore we

have the asymptotic formula for large time,

ψ(t, x) =
1

(it)1/2
W
(x
t

)
exp

(
i
x2

2t
+ i
∣∣∣W
(x
t

)∣∣∣
2

log t+ iφ
(x
t

))

+ OL2

(
δ′t−1/2−α+C(δ′)2

)
,

and the estimate∥∥F (U0(−t)ψ(t)) −W exp(i|W |2 log t+ iφ)
∥∥
L2∩L∞ 6 Cδ′t−α+C(δ′)2 .

Finally, the map ϕ 7→ (W,φ) is continuous on the above spaces.

First, note that in view of Lemma 7.20, the above result yields the first

part of Proposition 7.25 with

ψ+ = F−1
(
Weiφ

)
.

We now briefly explain how to conclude the proof of Proposition 7.25.

Inspired by the linear long range scattering theory (see e.g. [Dereziński

and Gérard (1997)]), introduce

φε(t, ξ) =

∫ (t−1)/ε

−1/ε

|ψ(τ, τξ)|2dτ + |a0(−ξ)|2 log
1

ε
.

Write

Aε(t, ξ) = eiφ
ε(t,ξ)Bε(t, ξ),

so that

uε(t, x) =
1√
2πε

∫

R

e−i
t−1
2ε |ξ|2+i x·ξ

ε eiφ
ε(t,ξ)Bε(t, ξ)dξ.

The asymptotics for t < 1 and Lemma 7.20 imply, in L∞
loc(]0, 1[;L∞(R)),

φε(t, ξ) = |a0(−ξ)|2 log
1 − t

ε
+ o(1),

hence

‖Bε(t, ·) − A0‖L2 −→
ε→0

0,

with A0(ξ) = e−iπ/4a0(−ξ). For t > 1, Theorem 7.26 yields W ∈ L2 ∩ L∞

and H ∈ L∞ such that, in L∞
loc(]1,+∞[;L∞(R)),

φε(t, ξ) = |W (ξ)|2 log
t− 1

ε
+H(ξ) + o(1).

By construction,

Bε(t, ξ) = e−iφ
ε(t,ξ)F

(
U0

(
1 − t

ε

)
ψε
(
t− 1

ε

))
.

Since the map ϕ 7→ (W,φ) of Theorem 7.26 is continuous, we conclude:

Bε(t, ξ)−→
ε→0

e−iH(ξ)+iφ(ξ)W (ξ) = e−iH(ξ)ψ̂+(ξ) in L∞
loc(]1,+∞[;L2(R)).

Using Lemma 7.12, we infer Proposition 7.25. Note that the function H is

not present in the limit, due to some cancellations.
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7.6 Why initial quadratic oscillations?

In this chapter, except in the case “nonlinear propagation, nonlinear caus-

tic”, we have considered initial data with quadratic oscillations, exactly of

the form

uε(0, x) = a0(x)e
−i|x|2/(2ε). (7.36)

We have seen that in order to observe nonlinear effects at leading order near

the focal point, we have to impose α 6 nσ. In this section, we consider the

critical case

iε∂tu
ε +

ε2

2
∆uε = εnσ |uε|2σ uε, (7.37)

with nσ > 1 (linear propagation). The formal computations of Chap. 6

suggest that since a focal point is expected to concentrate the maximum of

energy when a caustic is formed, any other caustic should be “linear”. All

in all, this means that we expect nonlinear effects to be visible at leading

order only when a focal point is present. In this paragraph, we show that

this intuition can be made rigorous at least when σ > 2/n. The complete

proofs appear in [Carles et al. (2003)] for the case σ > 2/n, and in [Carles

and Keraani (2007)] for the case σ = 2/n. Since the papers are rather

technical, we only give a flavor of their content, and invite the reader to

consult the articles for details. Throughout this section, we assume that if

n > 3, σ < 2/(n− 2) (the nonlinearity is H1-subcritical).

7.6.1 Notion of linearizability

The notion of linearizability that we shall use is the analogue for nonlin-

ear Schrödinger equations of the concept introduced by P. Gérard [Gérard

(1996)] in the case of the semi-linear wave equation (7.32). Consider the

linear evolution of the initial data for uε:

iε∂tv
ε +

ε2

2
∆vε = 0 ; vε|t=0 = uε|t=0. (7.38)

Roughly speaking, the nonlinearity in Eq. (7.37) is relevant at leading order

if and only if the relation uε(t) − vε(t) = o(vε(t)) ceases to hold for some

t > 0 (we consider only forward in time propagation here, since backward

propagation is similar). To make this vague statement precise, we clarify

our assumptions on the initial data.

Assumption 7.27. The initial data uε|t=0 = uε0 belong to H1(Rn), uni-

formly in the following sense: if we denote

‖fε‖H1
ε

= ‖fε‖L2 + ‖ε∇f ε‖L2 ,
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then

sup
0<ε61

‖uε0‖H1
ε
<∞.

This assumption is satisfied for data of the form (7.36), provided that we

assume a0 ∈ Σ. More generally, if uε0 is of the form considered in WKB

régime,

uε0(x) = a0(x)e
iφ0(x)/ε,

where φ0 is smooth and subquadratic, and a0 ∈ Σ, then Assumption 7.27

is satisfied.

Definition 7.28 (Linearizability). Let Iε be an interval of R, possibly

depending on ε, containing the origin; uε is linearizable on Iε if

lim sup
ε→0

sup
t∈Iε

‖uε(t) − vε(t)‖H1
ε

= 0.

Recall the conservations of mass and energy in this case:

d

dt
‖uε(t)‖2

L2 =
d

dt
‖vε(t)‖2

L2 = 0,

d

dt
‖ε∇vε(t)‖2

L2 = 0,

d

dt

(
1

2
‖ε∇uε(t)‖2

L2 +
εnσ

σ + 1
‖uε(t)‖2σ+2

L2σ+2

)
= 0.

(7.39)

We have the first result:

Lemma 7.29. Let uε0 satisfying Assumption 7.27. Assume in addition that

initially, the potential energy goes to zero:

εnσ ‖uε0‖2σ+2
L2σ+2 −→

ε→0
0.

Let T > 0. If uε is linearizable on [0, T ], then

lim sup
ε→0

sup
06t6T

εnσ‖vε(t)‖2σ+2
L2σ+2 = 0.

Proof. The proof follows the same lines as for the energy-critical wave

equation [Gérard (1996)]. Let

R := lim sup
ε→0

sup
06t6T

∣∣∣∣
1

2
‖ε∇uε(t)‖2

L2 +
εnσ

σ + 1
‖uε(t)‖2σ+2

L2σ+2

− 1

2
‖ε∇vε(t)‖2

L2 − εnσ

σ + 1
‖vε(t)‖2σ+2

L2σ+2

∣∣∣∣.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Focal Point without External Potential 169

On the one hand, linearizability implies that

R 6 lim sup
ε→0

sup
06t6T

εnσ

σ + 1

∫

Rn

∣∣|uε(t, x)|2σ+2 − |vε(t, x)|2σ+2
∣∣ dx.

Writing
∣∣|uε(t, x)|2σ+2 − |vε(t, x)|2σ+2

∣∣ .
.
(
|uε(t, x)|2σ+1 + |vε(t, x)|2σ+1

)
|uε(t, x) − vε(t, x)|,

Hölder’s inequality yields

R . lim sup
ε→0

sup
06t6T

εnσ‖uε(t)−vε(t)‖L2σ+2

(
‖uε(t)‖L2σ+2+‖vε(t)‖L2σ+2

)2σ+1

.

Assumption 7.27, and the conservation of linear and nonlinear energy for vε

and uε respectively, yield, along with Gagliardo–Nirenberg inequality (for

vε):

‖uε(t)‖2σ+2
L2σ+2 + ‖vε(t)‖2σ+2

L2σ+2 . ε−nσ .

Using Gagliardo–Nirenberg inequality, this implies

R . lim sup
ε→0

sup
06t6T

εnσ‖uε(t) − vε(t)‖L2σ+2ε−nσ
2σ+1
2σ+2

. lim sup
ε→0

sup
06t6T

εδ(2σ+2)‖uε(t) − vε(t)‖L2σ+2

. lim sup
ε→0

sup
06t6T

‖uε(t) − vε(t)‖1−δ(2σ+2)
L2 ‖ε∇uε(t) − ε∇vε(t)‖δ(2σ+2)

L2 .

We conclude from the linearizability assumption that R = 0. On the other

hand, the conservation of energy (7.39) yields

R = lim sup
ε→0

sup
06t6T

εnσ

σ + 1

∣∣‖uε0‖2σ+2
L2σ+2 − ‖vε(t)‖2σ+2

L2σ+2

∣∣ .

By assumption, the first term of the right hand side goes to zero, and the

lemma follows. �

The above lemma announces an important idea in the linearizability cri-

terion, first introduced in [Gérard (1996)]: to assess the nonlinear effects

affecting uε, we consider the evolution of a quantity involving the solution

vε to the companion linear equation only.

It turns out that this necessary condition for linearizability is sufficient

when σ > 2/n. It is not so when σ = 2/n. We present here a general

sufficient condition for linearizability, which yields the result when σ > 2/n,

and which is also a necessary condition when σ = 2/n. This condition,

and its proof, may be viewed as a simplification of the approach presented
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in [Carles et al. (2003)]. Instead of the usual inhomogeneous Strichartz

estimates (7.14), we use similar estimates for pairs (qj , rj) not necessarily

admissible. Such estimates were derived in [Cazenave and Weissler (1992)],

and generalized in [Foschi (2005)]:

Lemma 7.30. Let (q, r) be an admissible pair with r > 2. Let k > q/2,

and define k̃ by

1

k̃
+

1

k
=

2

q
.

There exists C depending only on n, r and k such that for all interval I,

ε2/q

∥∥∥∥∥

∫

I∩{τ6t}
Uε0 (t− τ)F (τ)dτ

∥∥∥∥∥
Lk(I;Lr)

6 C ‖F‖Lk̃′ (I;Lr′ ) ,

for all F ∈ Lk̃
′

(I ;Lr
′

).

Proof. In view of the dispersive estimate

‖Uε0 (t)‖Lr′→Lr . |εt|−δ(r) ,

we have
∥∥∥∥∥

∫

I∩{τ6t}
Uε0 (t− τ)F (τ)dτ

∥∥∥∥∥
Lr

.

∫ t

0

ε−δ(r) (t− τ)
−δ(r) ‖F (τ)‖Lr′ dτ.

By assumption, δ(r) = 2/q. The lemma then follows from Riesz potential

inequalities (see e.g. [Stein (1993)]). �

Proposition 7.31. Let Assumption 7.27 be satisfied. Assume that

σ > σ0(n) =
2 − n+

√
n2 + 12n+ 4

4n
,

where σ0(n) appeared in Theorem 7.16. Let

r = 2σ + 2 ; q =
4σ + 4

nσ
; k =

4σ(σ + 1)

2 − σ(n− 2)
·

If

ε2/q−1/k‖vε‖Lk(Iε;Lr) −→
ε→0

0, (7.40)

then uε is linearizable on Iε.
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Proof. We first note that (q, r) is admissible, and that k > q/2 if and

only if σ > σ0(n). Define wε = uε − vε. It solves

iε∂tw
ε +

ε2

2
∆wε = εnσ |uε|2σ uε ; wε|t=0 = 0.

Writing |uε|2σ uε = |uε|2σ uε − |vε|2σ vε + |vε|2σ vε, Lemma 7.30 yields:

‖wε‖LkLr . εnσ−1−2/q
∥∥∥|uε|2σ uε − |vε|2σ vε

∥∥∥
Lk̃′Lr′

+ εnσ−1−2/q
∥∥∥|vε|2σ vε

∥∥∥
Lk̃′Lr′

,

where LjLs stands for Lj(Iε;Ls). Note that

1

r′
=

2σ + 1

r
;

1

k̃′
=

2σ + 1

k
·

From Taylor formula, Hölder’s inequality and the relation uε = wε+ vε, we

infer:

‖wε‖LkLr . εnσ−1−2/q
(
‖wε‖2σ

LkLr + ‖vε‖2σ
LkLr

)
‖wε‖LkLr

+ εnσ−1−2/q ‖vε‖2σ+1
LkLr .

Again, note that

nσ − 1 − 1

k
= (2σ + 1)

(
2

q
− 1

k

)
,

to deduce:

ε2/q−1/k ‖wε‖LkLr .
(
ε2/q−1/k ‖wε‖LkLr

)2σ

ε2/q−1/k ‖wε‖LkLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

ε2/q−1/k ‖wε‖LkLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ+1

.

By assumption, the second term on the right hand side can be absorbed by

the left hand side, provided that ε is sufficiently small:

ε2/q−1/k ‖wε‖LkLr .
(
ε2/q−1/k ‖wε‖LkLr

)2σ

ε2/q−1/k ‖wε‖LkLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ+1

.

Using the bootstrap argument of Lemma 7.22, we infer, for ε sufficiently

small:

ε2/q−1/k ‖wε‖LkLr .
(
ε2/q−1/k ‖vε‖LkLr

)2σ+1

� 1.
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Note that this implies, along with (7.40),

ε2/q−1/k ‖uε‖LkLr � 1.

This estimate allows us to conclude, by applying Strichartz estimates. In-

deed, we first find

‖wε‖LqLr . εnσ−1−2/q
∥∥∥|uε|2σ uε − |vε|2σ vε

∥∥∥
Lq′Lr′

+ εnσ−1−2/q
∥∥∥|vε|2σ vε

∥∥∥
Lq′Lr′

.

Noticing that

1

r′
=

2σ + 1

r
;

1

q′
=

1

q
+

2σ

k
,

Taylor formula and Hölder’s inequality yield

‖wε‖LqLr . εnσ−1−2/q
(
‖wε‖2σ

LkLr + ‖vε‖2σ
LkLr

)
‖wε‖LqLr

+ εnσ−1−2/q ‖vε‖2σ
LkLr ‖vε‖LqLr .

Again, since

nσ − 1 − 1

q
= 2σ

(
2

q
− 1

k

)
+

1

q
,

we infer

ε1/q ‖wε‖LqLr .
(
ε2/q−1/k ‖wε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

ε1/q ‖vε‖LqLr

.
(
ε2/q−1/k ‖wε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

‖uε0‖L2 ,

where we have used the homogeneous Strichartz inequality for vε. There-

fore, the first two terms of the right hand side can be absorbed by the left

hand side for ε sufficiently small, and

ε1/q ‖wε‖LqLr � 1.
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Applying Strichartz inequality again, we have

‖wε‖L∞L2 . εnσ−1−1/q
∥∥∥|uε|2σ uε − |vε|2σ vε

∥∥∥
Lq′Lr′

+ εnσ−1−2/q
∥∥∥|vε|2σ vε

∥∥∥
Lq′Lr′

.
(
ε2/q−1/k ‖wε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

ε1/q ‖wε‖LqLr

+
(
ε2/q−1/k ‖vε‖LkLr

)2σ

‖uε0‖L2 ,

so

‖wε‖L∞L2 � 1,

which is exactly the first part of the definition of linearizability. Differenti-

ating the equation for wε and applying Strichartz inequalities, we find

ε1/q ‖ε∇wε‖LqLr . εnσ−1−2/qε1/q
∥∥∥|uε|2σ ε∇uε

∥∥∥
Lq′Lr′

. εnσ−1−2/q ‖uε‖2σ
LkLr ε

1/q ‖ε∇uε‖LqLr

. εnσ−1−2/q ‖uε‖2σ
LkLr ε

1/q ‖ε∇wε‖LqLr

+ εnσ−1−2/q ‖uε‖2σ
LkLr ε

1/q ‖ε∇vε‖LqLr

.
(
ε2/q−1/k ‖uε‖LkLr

)2σ

ε1/q ‖ε∇wε‖LqLr

+
(
ε2/q−1/k ‖uε‖LkLr

)2σ

‖ε∇uε0‖L2 ,

where we have used the homogeneous Strichartz estimate for ε∇vε. Thus,

ε1/q ‖ε∇wε‖LqLr � 1.

Using Strichartz inequality again, we conclude

‖ε∇wε‖L∞L2 � 1,

which completes the proof of the proposition. �

We now distinguish the cases σ > 2/n and σ = 2/n.

7.6.2 The L2-supercritical case: σ > 2/n

From Lemma 7.29 and Proposition 7.31, we infer:

Corollary 7.32. Let σ > 2/n and uε0 satisfying Assumption 7.27. Assume

in addition that initially, the potential energy goes to zero:

εnσ ‖uε0‖2σ+2
L2σ+2 −→

ε→0
0. (7.41)
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Let T > 0. Then uε is linearizable on [0, T ], if and only if

lim sup
ε→0

sup
06t6T

εnσ‖vε(t)‖2σ+2
L2σ+2 = 0. (7.42)

Proof. In view of Lemma 7.29, we need only prove that the above con-

dition is sufficient for linearizability. Since σ > 2/n, we have k > q. Using

Strichartz inequality, we obtain

ε2/q−1/k ‖vε‖LkLr 6
(
ε2/q ‖vε‖L∞Lr

)1−q/k (
ε1/q ‖vε‖LqLr

)q/k

.
(
ε2/q ‖vε‖L∞Lr

)1−q/k
‖uε0‖

q/k
L2

.
(
ε2/q ‖vε‖L∞Lr

)1−q/k
.

Recalling that r = 2σ + 2 and 2/q = nσ/(2σ + 2), (7.42) implies

ε2/q−1/k ‖vε‖LkLr � 1,

which in turn yields linearizability, from Proposition 7.31. �

The next step in the analysis consists in answering the following question:

when is (7.42) violated? As pointed out before, it must be noticed that

Corollary 7.32 turns the analysis of a nonlinear problem into the analysis

of the behavior of vε, solving a linear Schrödinger equation.

To study the negation of (7.42), our approach relies on the notion of

profile decomposition, introduced by P. Gérard [Gérard (1998)] to measure

the lack of compactness of critical Sobolev embeddings, inspired by the

approach of [Métivier and Schochet (1998)]. For the linear Schrödinger

equation, we use more precisely the decomposition in the homogeneous

Sobolev space Ḣ1, due to S. Keraani in the case n = 3 [Keraani (2001)].

It can easily be generalized to any spatial dimension. For simplicity, we

assume n = 3.

Theorem 7.33 ([Keraani (2001)], Theorem 1.6). Assume n = 3. Let

V ε = V ε(s, y) solve

i∂sV
ε +

1

2
∆V ε = 0, (7.43)

with V ε|t=0 = V ε0 , where the family (V ε0 )0<ε61 is bounded in Ḣ1(R3). Up to

extracting a subsequence, we have:

V ε(s, y) =
∑̀

j=0

1√
ηεj
Vj

(
s− sεj
(ηεj )

2
,
y − yεj
ηεj

)
+W ε

` (s, y), (7.44)
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where ηεj ∈ R+ \{0} are the scales of concentration, satisfying the following

orthogonality condition:

∀j 6= k, either lim sup
ε→0

ηεj
ηεk

+
ηεk
ηεj

= +∞,

or ηεj = ηεk and lim sup
ε→0

|sεj − sεk| + |yεj − yεk|
ηεj

= +∞.

The remainder W ε
` satisfies

lim sup
ε→0

‖W ε
` ‖Lq(R,Lr) −→

`→∞
0, (7.45)

for
2

q
+

3

r
=

1

2
, with r < +∞. Such (q, r) are said to be Ḣ1-admissible (as

opposed to the L2-admissible pairs of Definition 7.4).

Finally the Vj ’s and W ε
` are solutions to Eq. (7.43) in L∞(R, Ḣ1).

We define the rescaled function (recall that n = 3)

V ε(s, y) := ε3/2vε(εs, εy),

which satisfies the linear equation (7.43) with data

V ε0 (y) := ε3/2uε0(εy).

Clearly, (V ε0 )0<ε61 is bounded in Ḣ1(R3). Applying Theorem 7.33, we

prove that up to a subsequence, the scales ηεj all have a non-zero, finite

limit. For that, we use the notion of εn–oscillatory sequences. For more

details on the subject, we refer to [Bahouri and Gérard (1999); Gérard et al.

(1997)].

Definition 7.34. Let (εn)n∈N be a given sequence in R+\{0}, and let (V n)

be a bounded sequence in Ḣ1. The sequence (V n) is εn–oscillatory if the

following property holds:

lim sup
n→∞

∫

εn|ξ|6R−1

|ξ|2 |F(V n)(ξ)|2 dξ+
∫

εn|ξ|>R
|ξ|2 |F(V n)(ξ)|2 dξ −→

R→+∞
0.

Remark 7.35. For a time–dependent sequence (V n), uniformly bounded

in L∞(R+, Ḣ
1), the definition holds taking the limit uniformly in time.

It is easy to see (see [Gérard (1998)] or [Keraani (2001)]) that V ε is ηεj–

oscillatory for every sequence ηεj appearing in the decomposition (7.44).

Lemma 7.36. Suppose the sequence (V ε) is ηε–oscillatory for some se-

quence ηε. Then up to a subsequence, ηε = λ for some λ > 0.
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Proof. We can write, uniformly in time,

‖∇V ε(s)‖2
L2 .

∫

R−16ηε|ξ|6R
|ξ|2|F(V ε)|2 dξ + δ(ε,R)

.

(
R

ηε

)2

‖V ε(s)‖2
L2 + δ(ε,R),

where lim sup
ε→0

δ(ε,R) → 0 as R → ∞. The conservation of the energy yields

‖∇V ε(s)‖2
L2 = ‖∇V ε(0)‖2

L2 = ‖ε∇uε0‖2
L2 .

Up to a subsequence, we can suppose that this quantity is bounded from

below by some c > 0 independent of ε ∈]0, 1] (otherwise, Condition (7.42)

would not be violated, from Gagliardo–Nirenberg inequality). Fixing R

such that

lim sup
ε→0

δ(ε,R) 6
c

2
,

yields, up to an extraction,

∞ > lim sup
ε→0

ηε = λ > 0.

Now suppose that λ = 0. Write, for all time,

V ε = V εR +W ε
R, with FV εR(t, ξ) := 1R−16ηε|ξ|6RFV ε(t, ξ),

and for all δ > 0, if R is large enough uniformly in ε and ηε, we have

‖W ε
R‖L∞(R,H1) 6 δ.

Gagliardo–Nirenberg inequality implies that ‖W ε
R‖L∞(R,L2σ+2) can be cho-

sen arbitrarily small if R is large enough, uniformly in ε and ηε. Thus,

‖V ε‖2σ+2
L∞([0,T ],L2σ+2) . ‖V εR‖2σ+2

L∞([0,T ],L2σ+2) + o(1) (7.46)

. ‖V εR‖
(2σ+2)(1−δ(2σ+2))
L∞([0,T ],L2) + o(1),

where the second inequality is due again to Gagliardo–Nirenberg inequality

and the boundedness of V ε in H1.

Frequency localization implies that for all s ∈ [0, T ],

‖V εR(s)‖2
L2 . (ηε)2

∫

1
R 6ηεξ6R

|ξ|2 |FV εR(s, ξ)|2 dξ.

So the result follows, since by assumption the left hand side in (7.46) does

not go to zero and (2σ + 2) (1 − δ(2σ + 2)) = 2 − σ > 0 when n = 3. �
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Lemma 7.36 has several important consequences. First, the Vj ’s and W ε
`

are bounded in L∞(R, H1). Indeed, by the orthogonality properties, one

has

V ε(s+ sεj , y + yεj ) ⇀ Vj(s, y) in D′(R × R3).

But V ε is bounded in L∞(R, L2), so it follows that for all j ∈ N, the

profiles Vj are bounded in L∞(R, L2). This implies also that

(W ε
` )0<ε61 is bounded in L∞(R, L2), uniformly in ` ∈ N. (7.47)

Second,

lim sup
ε→0

‖W ε
` ‖L∞(R;L2σ+2) −→

`→∞
0.

This follows from (7.45) with q = +∞, (7.47) and Hölder’s inequality.

Note also that the family (Vj)j∈N is not trivial. Indeed,

‖V ε‖L∞([0,T ],L2σ+2) 6
∑̀

j=1

‖Vj‖L∞([0,T ],L2σ+2) + ‖W ε
` ‖L∞([0,T ],L2σ+2),

so since (7.42) is not satisfied, the above limit implies that all of the Vj ’s

cannot be zero.

Back to the definition of vε, it follows that one can write

uε0(x) =
∑̀

j=0

1

ε3/2
Vj

(
−
tεj
ε

,
x− xεj
ε

)
+ wε` (x),

where we have set

tεj := εsεj , xεj := εyεj and wε` :=
1

ε3/2
W ε
`

(
0,

·
ε

)
.

Note that wε` is such that

lim sup
ε→0

εnσ ‖wε`‖2σ+2
L2σ+2 −→

`→∞
0.

Using the assumption (7.41), one can prove

lim sup
ε→0

tεj
ε

= +∞.

Finally, quadratic oscillations appear like in Lemma 7.20, up to a rescaling,

and we obtain (see [Carles et al. (2003)] for details):

Theorem 7.37. Let σ > 2/n. Let Assumption 7.27 be satisfied, and as-

sume that (7.41) holds. Assume that (7.42) is not satisfied for some T > 0.
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Then up to the extraction of a subsequence, there exist an orthogonal fam-

ily (tεj , x
ε
j)j∈N in R+ × Rn, that is

lim sup
ε→0

(∣∣tεj − tεk
∣∣

ε
+

∣∣xεj − xεk
∣∣

ε

)
= ∞ ∀j 6= k,

a family (Ψε
`)`∈N, bounded in H1

ε (R
n), and a (non-trivial) family (ϕj)j∈N,

bounded in F(H1), such that:

uε0(x) = Ψε
`(x) + rε` (x), with lim sup

ε→0
εnσ ‖Uε0 (t)rε`‖

2σ+2
L∞(R+,L2σ+2) −→`→∞

0,

and for every ` ∈ N, the following asymptotics holds in L2(Rn), as ε→ 0,

Ψε
`(x) =

∑̀

j=0

1

(tεj)
n/2

ϕj

(
x− xεj
tεj

)
e−i|x−x

ε
j |2/(2εtεj ) + o(1).

Moreover, we have

lim sup
ε→0

tεj
ε

= +∞ and lim sup
ε→0

tεj ∈ [0, T ], ∀j ∈ N.

In view of Corollary 7.32, the condition on rε` means that in the limit `→ ∞,

the evolution of rε` is essentially linear. Therefore, the only obstruction to

linearizability stems from Ψε
` . The asymptotic behavior of Ψε

` then shows

that linearizability fails to hold because of the presence of quadratic oscil-

lations in the initial data.

7.6.3 The L2-critical case: σ = 2/n

When σ = 2/n, it is easy to see that not only initial data of Theorem 7.37

have a truly nonlinear evolution. Let U solve

i∂tU +
1

2
∆U = |U |4/nU, (7.48)

with U|t=0 = φ. If φ ∈ Σ, then U is defined globally in time, U ∈ C(Rt; Σ).

Let (t0, x0) ∈ R × Rn. Then the function

uε(t, x) =
1

εn/4
U

(
t− t0,

x− x0√
ε

)
(7.49)

solves

iε∂tu
ε +

ε2

2
∆uε = ε2 |uε|4/n uε. (7.50)

Moreover, uε(0, ·) and ε∇uε(0, ·) are bounded in L2(Rn). This peculiar

solution is such that the nonlinearity in (7.50) has a leading order influence

for any (finite) time, near x = x0.
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We check that the solutions (7.49) are deduced from those of Theo-

rem 7.37 by the scaling

Ũ(t, x) = λn/2U
(
λ2t, λx

)
,

with λ =
√
ε. This scaling leaves Eq. (7.48) invariant (for any positive

λ). We saw above that one of the key steps in the proof of Theorem 7.37

consists in singling out the scale ηεj = 1 by showing that scales going to

zero or to infinity yield a linearizable evolution. This step must be modified

when σ = 2/n.

As a matter of fact, we have to resume the study from the very start. It

is easy to check that in the above example, (7.42) is verified, even though the

solution uε is obviously not linearizable. The conclusion of Corollary 7.32

is no longer true in the case σ = 2/n, and the limitation σ > 2/n in the

proof of Corollary 7.32 was not a technical artifice. We have the following

new linearizability criterion:

Theorem 7.38 ([Carles and Keraani (2007)]). Suppose σ = 2/n,

with n = 1 or 2, and that Assumption 7.27 is satisfied. Let Iε be a time

interval containing the origin. Then uε is linearizable on Iε if and only if

lim sup
ε→0

ε‖vε‖2+4/n

L2+4/n(Iε×Rn)
= 0. (7.51)

The proof that (7.51) implies linearizability is a direct consequence of

Proposition 7.31, since when σ = 2/n, we have

r = q = k =
4

n
+ 2.

It is in the proof of the converse that the assumption n = 1 or 2 appears in

[Carles and Keraani (2007)]. This assumption could be removed, in view of

the results in [Bégout and Vargas (2007)]. This part of the proof relies on a

profile decomposition, in L2(Rn), as opposed to the profile decomposition

in Ḣ1(Rn) which was used in the case σ > 2/n. Moreover, we apply this

technique not only to solutions to the linear Schrödinger equation, but also

to solutions of the nonlinear equation, like in [Bahouri and Gérard (1999);

Keraani (2001)]. This part therefore relies on the existence of these two

decompositions, which are established after improved Strichartz estimates.

In the case n = 2, such estimates were proved after the work of J. Bourgain

[Bourgain (1995)], in [Bourgain (1998); Moyua et al. (1999)], and profile

decomposition were given by F. Merle and L. Vega [Merle and Vega (1998)].

The case n = 1 was established by S. Keraani in his PhD thesis, and appears

in [Carles and Keraani (2007)]. For n > 3, improved Strichartz estimates
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are proved in [Bégout and Vargas (2007)]; as noted in [Carles and Keraani

(2007)], once such estimates are available, a general technique to prove

profile decompositions yields the result.

Since the proof of the two profile decompositions and the proof of The-

orem 7.38 are rather technical, we leave them out here, and invite the in-

terested reader to consult directly [Carles and Keraani (2007)] and [Bégout

and Vargas (2007)]. To make the comparison with the L2 supercritical

case complete, we conclude this paragraph by stating the analogue of The-

orem 7.37 in the L2-critical case.

Definition 7.39. If (hεj , t
ε
j , x

ε
j , ξ

ε
j )j∈N is a family of sequences in R+ \{0}×

R × Rn × Rn, then we say that (hεj , t
ε
j , x

ε
j , ξ

ε
j )j∈N is an orthogonal family if

lim sup
ε→0

(
hεj
hεk

+
hεk
hεj

+
|tεj − tεk|
(hεj)

2
+

∣∣∣∣∣
xεj − xεk
hεj

+
tεjξ

ε
j − tεkξ

ε
k

hεj

∣∣∣∣∣

)
= ∞, ∀j 6= k.

Theorem 7.40. Assume n = 1 or 2, and let Assumption 7.27 be satis-

fied. Let T > 0 and assume that (7.51) is not satisfied with Iε = [0, T ].

Then up to the extraction of a subsequence, there exist an orthogonal family

(hεj , t
ε
j , x

ε
j , ξ

ε
j )j∈N, a family (φj)j∈N, bounded in L2(Rn), such that:

uε0(x) =
∑̀

j=1

H̃ε
j (φj)(x) + wε` (x),

where H̃ε
j (φj)(x) = eix·ξ

ε
j/

√
εe−iε

tε
j
2 ∆

(
1

(hεj
√
ε)n/2

φj

(
x− xεj
hεj
√
ε

))
,

and lim sup
ε→0

ε ‖Uε0 (t)wε`‖
2+4/n

L2+4/n(R×Rn)
−→
`→+∞

0.

We have lim inf tεj/(h
ε
j)

2 6= −∞, lim inf(T − tεj)/(h
ε
j)

2 6= −∞ (as ε → 0),

and
√
ε 6 hεj 6 1 for every j ∈ N.

If tεj/(h
ε
j)

2 → +∞ as ε→ 0, then we also have, in L2(Rn):

H̃ε
j (φj)(x) = eix·ξ

ε
j/

√
ε+inπ/4−i|x−xε

j |2/(2εtεj )

×
(

hεj
tεj
√
ε

)n/2
φ̂j

(
−

hεj
tεj
√
ε
(x− xεj)

)
+ o(1) as ε→ 0.

A few comments are in order. First, wε` plays the same role as rε` in Theo-

rem 7.37: for large `, it does not see nonlinear effects at leading order, since

it satisfies the linearizability condition (now Eq. (7.51)) with Iε = R. In the

last case of the theorem, we recover the quadratic oscillations. However,
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there are other obstructions to linearizability, since we may have tεj = T/2

and hεj = 1: this is the case in the example given in the beginning of this

paragraph, Eq. (7.49). Roughly speaking, the above result shows that this

is the other borderline case: the scales of concentration, hεj
√
ε, lie between

ε and
√
ε. Therefore, (7.49) and (7.36) are essentially the two extreme cases

when σ = 2/n. Finally, almost all the conclusions of the above theorem re-

main true, if instead of Assumption 7.27, we simply suppose that (uε0)0<ε61

is bounded in L2(Rn). The only difference in the conclusions is that we lose

the lower bound for the scales hεj : we cannot say more than 0 < hεj 6 1.

7.6.4 Nonlinear superposition

When Theorems 7.37 and 7.40 are available, one can ask: how does an initial

sum of data with quadratic oscillations evolve under the nonlinear dynamics

of Eq. (7.37)? The answer, both when σ > 2/n and when σ = 2/n, is that

each part of the initial data evolves independently of the others at leading

order, when ε → 0. In other words, there exists a superposition principle,

even though we consider nonlinear equations.

Heuristically, the explanation is rather simple. We know that in the

linear case, each part of the data with the form

aj (x− xj) e
−i|x−xj |2/(2εtj)

focuses at the point (t, x) = (tj , xj). It is of order O(1) away from the

focus, and of order ε−n/2 at the focal point, in a neighborhood of order ε.

In the nonlinear case, since nσ > 1, the nonlinearity is negligible in WKB

régime. Therefore, outside the focal points, the nonlinear superposition

principle is simply the usual linear superposition principle. Near the focal

points, nonlinear effects become relevant at leading order. The decoupling

of nonlinear interactions is due to the orthogonality of the cores, denoted

(tεj , x
ε
j). Roughly speaking, concentration at focal points occurs in balls

which do not intersect. From this point of view, the nonlinear superposition

is a consequence of precise geometric properties.

In the L2-supercritical case, the rigorous justification of this statement

relies on a precise use of the linearizability criterion (7.42). In the L2-

critical case, the nonlinear superposition principle is a direct consequence

of the nonlinear profile decomposition, which is at the heart of the proof of

Theorem 7.38.
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7.7 Focusing on a line

To conclude this long chapter, we mention a result where focusing at one

point is replaced by focusing on a line. Consider the Cauchy problem, in

space dimension n = 2,

iε∂tu
ε +

ε2

2
∆uε = εα |uε|2σ uε ; uε(0, x) = a0(x)e

−x2
1/(2ε), (7.52)

with x = (x1, x2) ∈ R2. The rays of geometric optics are given by

ẋ = ξ ; ξ̇ = 0 ; x|t=0 = y ; ξ1|t=0 = −y1 ; ξ2|t=0 = 0.

Therefore, we have

x1(t) = y1(1 − t) ; x2(t) = y2.

Rays meet on the line {x1 = 0} at time t = 1, see Fig. 7.3. Heuristically, x2

x2

x1

t

1

Fig. 7.3 Focusing on a line in R2.

plays the role of a parameter, and the geometric information is carried in the

x1 variable. Roughly speaking, there is focusing at a point (x1 = 0) along

a continuous range of a parameter (x2 ∈ R). This suggests the following

distinctions for Eq. (7.52):
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α > 1 α = 1

α > σ linear propagation nonlinear propagation

linear caustic linear caustic

α = σ linear propagation, nonlinear propagation

nonlinear caustic nonlinear caustic

This is exactly the general table considered in the beginning of this chapter,

in the case n = 1. This table is justified in [Carles (2000a)], where the case

“nonlinear propagation, nonlinear caustic”, is not studied. In particular,

in the case “linear propagation, nonlinear caustic”, the caustic crossing is

described by a nonlinear scattering operator, associated to the equation:

i∂tψ +
1

2
∂2
x1
ψ = |ψ|2σψ ; e−i

t
2∂

2
x1ψ(t, x1, x2)

∣∣
t=∞ = ψ−(x1, x2).

By working in suitable spaces, the usual scattering theory for the nonlinear

Schrödinger equation, recalled in Theorems 7.14 and 7.16, is adapted for

σ > σ0(1), the critical power for scattering in space dimension one. Like in

the case of a single focal point, the crossing of the line caustic is described

in terms of this operator, in the limit ε→ 0. We invite the interested reader

to consult [Carles (2000a)] for technical issues.
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Chapter 8

Focal Point in the Presence of an

External Potential

In this chapter, we continue the analysis of the previous one, in the presence

of a non-trivial external potential:

iε∂tu
ε +

ε2

2
∆uε = V uε + εα |uε|2σ uε.

We consider two cases:

• When the initial data are independent of ε, and the external po-

tential is harmonic.

• When the initial data are concentrated at scale ε, and the external

potential is more general.

We will see that in the first case, it is easy to include rapid plane oscillations

in the initial data (Remark 8.3). In the second case, we present a rather

complete picture when the external potential is exactly a polynomial of

degree at most two. On the other hand, for general subquadratic potentials,

we give partial results only.

8.1 Isotropic harmonic potential

First we consider the case of an isotropic harmonic potential, with ε-

independent initial data:

iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + εα |uε|2σ uε ; uε(0, x) = a0(x). (8.1)

Rays of geometric optics are given by the Hamiltonian system

ẋ = ξ ; ξ̇ = −x ; x(0, y) = y ; ξ(0, y) = 0. (8.2)

We find: ẍ + x = 0, along with the initial conditions x(0, y) = y and

ẋ(0, y) = 0. Therefore, x(t, y) = y cos t: rays are sinusoids, which meet at

185
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Fig. 8.1 Rays of geometric optics: sinusoids.

the origin for t ∈ π/2 + πZ, see Fig. 8.1. Geometrically, this is quite the

same thing as in the previous paragraph (no external potential, but initial

quadratic oscillations), repeated indefinitely many times. The parallel is

even analytical. Consider the linear analogue of Eq. (8.1):

iε∂tv
ε +

ε2

2
∆vε =

|x|2
2
vε ; vε(0, x) = a0(x). (8.3)

Because the potential is exactly quadratic, this solution is known explicitly

in terms of an oscillatory integral, given by the Mehler’s formula (see e.g.

[Feynman and Hibbs (1965); Hörmander (1995)]): for |t| < π,

vε(t, x) =
1

(2iπε sin t)n/2

∫

Rn

e
i

(
|x|2+|y|2

2 cos t−x·y
)
/(ε sin t)

a0(y)dy. (8.4)

For t ∈ π+2πZ, the fundamental solution is singular, and some extra phase

shifts must be included in the above formula when |t| > π; see e.g. [Yajima

(1996)] and references therein. For 0 < t < π/2, we can apply stationary

phase formula in (8.4). We find:

vε(t, x) ∼
ε→0

1

(cos t)n/2
a0

( x

cos t

)
e−i|x|

2 tan t/(2ε). (8.5)
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Note that we retrieve the solutions to the eikonal equation and to the

transport equation of WKB analysis, derived in Examples 1.12 and 1.18

respectively. For t = π/2, we find directly:

vε
(π

2
, x
)

=
1

(2iπε)n/2

∫

Rn

e−ix·y/εa0(y)dy =
e−inπ/4

εn/2
â0

(x
ε

)
. (8.6)

The general picture we obtain for the solution of the linear equation is

therefore closely akin to what we got in the case of a single focal point,

with no external potential, see (6.2). Thus, the parallel is not only geomet-

rical, it is also analytical. As a consequence, the same table as in Chap. 7

is expected. We shall consider only the critical case “linear propagation,

nonlinear caustic”, that is

iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + εnσ |uε|2σ uε ; uε(0, x) = a0(x), (8.7)

with nσ > 1. This case was studied in [Carles (2003b)]. As mentioned

there, the proof in the case α = nσ > 1 would make it possible to show

that when α > max(nσ, 1), the nonlinear term is indeed negligible on any

(finite) time interval, in the limit ε → 0. Since we have given a rather

detailed proof of this fact in the case of a focal point without external

potential, we do not pursue this issue here.

To introduce two useful operators, resume one of the points of view that

led us to the introduction of the operator x/ε+ i(t − 1)∇ in the previous

chapter. Using stationary phase argument on Mehler’s formula (8.4), or

solving directly the eikonal equation, we see that outside the focal point,

the rapid oscillations of the linear solution are given by

φeik(t, x) = −|x|2
2

tan t.

To recover the fact that the Lp norm of the approximation of vε is indepen-

dent of ε by using Gagliardo–Nirenberg inequalities, we replace the usual

operator ∇ by

eiφeik(t,x)/ε∇
(
e−iφeik(t,x)/ε·

)
= e−i|x|

2 tan t/(2ε)∇
(
ei|x|

2 tan t/(2ε)·
)
.

Also, to compensate the scaling factor cos t in the approximation of vε,

multiply the above operator by cos t. Up to an irrelevant factor i, we

therefore consider

Jε(t) =
1

i
cos t e−i|x|

2 tan t/(2ε)∇
(
ei|x|

2 tan t/(2ε)·
)

=
x

ε
sin t− i cos t∇. (8.8)
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Like in the case of Chap. 7 with x + it∇, we note that this operator has

been known for quite a long time (Heisenberg derivative, see e.g. [Robert

(1987); Thirring (1981)]). Denote

Uε(t) = exp

(
−i t

2ε

(
−ε2∆ + |x|2

))

the propagator associated to (8.3). Then we also have

Jε(t) = Uε(t)

(
1

i
∇
)
Uε(−t). (8.9)

Therefore, it commutes with the linear part of the equation:
[
iε∂t +

ε2

2
∆ − |x|2

2
, Jε(t)

]
= 0.

Similarly, another important Heisenberg derivative can be computed:

Hε(t) = Uε(t)xUε(−t) = x cos t+ iε sin t∇

= iε sin t ei|x|
2/(2ε tan t)∇

(
e−i|x|

2/(2ε tan t)·
)
.

(8.10)

By the first relation, Hε also commutes with the linear part of the equation.

The phase φ(t, x) = |x|2/(2 tan t) solves the eikonal equation

∂tφ+
1

2
|∇φ|2 +

|x|2
2

= 0 ; φ
(π

2
, x
)

= 0.

Note that, as Heisenberg derivatives or as linear combinations of x and

∇ with time dependent coefficients, Jε and Hε are well-defined for all

time. On the other hand, the factorization with a phase solving the eikonal

equation is valid for almost all time only. Finally, note that the operators

Jε and Hε make it possible to rewrite the (conserved) energy associated to

Eq. (8.3) (which is the kinetic part of the energy associated to Eq. (8.1)):

Eεlin(0) = Eεlin(t) =
1

2
‖ε∇vε(t)‖2

L2 +
1

2

∫

Rn

|x|2 |vε(t, x)|2 dx

=
1

2
‖εJε(t)vε(t)‖2

L2 +
1

2
‖Hε(t)vε(t)‖2

L2 .

In view of the nonlinear analysis, we list the most interesting properties of

these operators below.

Lemma 8.1. The operators Jε and Hε defined by (8.8) and (8.10) respec-

tively satisfy the following properties.

(1) They commute with the linear part of the equation, since

Jε(t) = Uε(t)

(
1

i
∇
)
Uε(−t) ; Hε(t) = Uε(t)xUε(−t).
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(2) There are two real-valued functions φ1(t, x) and φ2(t, x) such that we

can write

Jε(t) = −i cos teiφ1(t,x)/ε∇
(
e−iφ1(t,x)/ε·

)
, t 6∈ π

2
+ πZ,

Hε(t) = iε sin teiφ2(t,x)/ε∇
(
e−iφ2(t,x)/ε·

)
, t 6∈ πZ.

(3) Weighted Gagliardo–Nirenberg estimates are available: for 0 6 δ(p) < 1,

there exists Cp such that for all u ∈ Σ,

‖u‖Lp 6
Cp

|cos t|δ(p) ‖u‖
1−δ(p)
L2 ‖Jε(t)u‖δ(p)L2 , t 6∈ π

2
+ πZ, (8.11)

‖u‖Lp 6
Cp

|ε sin t|δ(p) ‖u‖
1−δ(p)
L2 ‖Hε(t)u‖δ(p)L2 , t 6∈ πZ. (8.12)

(4) They act on gauge invariant nonlinearities like derivatives. If G(z) =

F
(
|z|2
)
z is C1, then

Jε(t)G(u) = ∂zG(u)Jε(t)u− ∂zG(u)Jε(t)u,

Hε(t)F (u) = ∂zG(u)Hε(t)u− ∂zG(u)Hε(t)u.

The last two points are direct consequences of the second. Remark that

the third point implies that Jε yields good Lp estimates away from focuses,

while Hε is better suited near focal points. This lemma shows that these

operators enjoy similar properties to that of Killing vector-fields, whose

use has proven efficient in the study of the nonlinear wave equation; see

e.g. [Klainerman (1985)]. Before stating our main result, we point out the

following formal approximation, which turns out to be not so formal during

the proof:

Jε(t) ∼
t→π/2

x

ε
+ i
(
t− π

2

)
∇ ; Hε(t) ∼

t→π/2
iε∇.

Up to replacing the focusing time t = 1 by t = π/2, we retrieve the two

operators used in Chap. 7. The geometrical interpretation is that near the

focuses, sinusoids can be approximated by straight lines. The analytical

interpretation is that near the focuses, the harmonic potential becomes

negligible.

Theorem 8.2. Let 1 6 n 6 5, a0 ∈ Σ and σ > 1/2 with σ0(n) 6 σ < 2
n−2 ,

where σ0(n) is defined in Theorem 7.16. Let k ∈ N. Then the following

asymptotics holds for uε when π/2 + (k − 1)π < a 6 b < π/2 + kπ: for all

Bε ∈ {Id, Jε, Hε},
sup
a6t6b

∥∥∥Bε(t)
(
uε(t)−

− e−inkπ/2

| cos t|n/2
(
F ◦ Sk ◦ F−1

)
a0

( ·
cos t

)
e−i|·|

2 tan t/(2ε)
)∥∥∥

L2
−→
ε→0

0 ,
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where Sk stands for the kth iterate of the scattering operator S associated

to the nonlinear Schrödinger equation

i∂tψ +
1

2
∆ψ = |ψ|2σψ. (8.13)

At focal points, for all Aε ∈ {Id, xε , ε∇x},
∥∥∥∥Aε

(
uε
(π

2
+ kπ

)
− e−inπ/4−inkπ/2

εn/2
(
W− ◦ Sk ◦ F−1

)
a0

( ·
ε

))∥∥∥∥
L2

−→
ε→0

0 ,

where W− is the wave operator associated to (8.13) (see Theorem 7.14).

Remark 8.3. We can infer a similar result for ũε solving

iε∂tũ
ε +

ε2

2
∆ũε =

|x|2
2
ũε + εnσ |ũε|2σ ũε ; ũε(0, x) = a0(x)e

ix·ξ0/ε,

for ξ0 ∈ Rn. Indeed, we check that

uε(t, x) = ũε (t, x+ ξ0 sin t) e−i(x+
ξ0
2 sin t)·ξ0 cos t/ε

solves Eq. (8.7).

We now comment on Theorem 8.2. First, we assume σ > 1/2 so that the

nonlinearity z 7→ |z|2σz is twice differentiable. Since on the other hand, we

have to assume σ < 2/(n− 2), we suppose n 6 5. If we consider the case

k = 0 in Theorem 8.2, we see that the asymptotic behavior of uε is described

by the right hand side of (8.5), which is exactly the approximate solution

provided by WKB analysis for the linear equation (8.3). This shows that

for |t| < π/2, the nonlinearity is negligible at leading order in Eq. (8.7),

and the geometry of the propagation is dictated by the harmonic oscillator.

The same is true for any k ∈ N: outside the focal points, nonlinear effects

are negligible. On the other hand, nonlinear effects are relevant at leading

order at every focus. Each caustic crossing is described by the Maslov

index, plus a change in the amplitude, measured by the scattering operator

associated to Eq. (8.13). From this respect, the result is quite similar to

Proposition 7.19. It should be noticed though, that the harmonic oscillator

is absent from the description of the caustic crossing. The explanation is

the following: because of the influence of the harmonic potential, uε focuses

at the origin as t→ π/2. For t ≈ π/2, uε is concentrated at scale ε, in the

same fashion as in Eq. (8.6) (but with a different profile). Therefore, the

“right” space variable is x/ε, and not x. Writing

|x|2uε = ε2
∣∣∣x
ε

∣∣∣
2

uε,
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this explains why the harmonic potential becomes negligible near the focus.

Note finally that under our assumptions on a0 and σ,
(
F ◦ Sk ◦ F−1

)
a0 is

well defined as a function of Σ, for all k ∈ N. Therefore, two dynamics

dominate alternatingly in the behavior of uε: the linear dynamics of the

harmonic oscillator outside the focal points, and the nonlinear dynamics of

Eq. (8.13) near the focal points. It is remarkable that these dynamics act

in a rather decoupled way.

Remark 8.4. A similar result was established by S. Ibrahim in the case of

a nonlinear wave equation [Ibrahim (2004)]. In this case, the geometry of

the propagation is not dictated by an external potential but by the fact that

the space variable lies on a sphere. This causes several focusing phenomena,

like in the present case, and for suitable scalings, each caustic crossing is

described by a scattering operator.

In view of the next section, we restate Theorem 8.2 by considering t = π/2

as the initial time: after the change of variable t 7→ t− π/2, we have

Corollary 8.5. Suppose that 1 6 n 6 5 and σ > 1/2. Let ϕ ∈ Σ, and

σ0(n) 6 σ < 2
n−2 . Assume that uε solves





iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + εnσ |uε|2σ uε,

uε(0, x) =
1

εn/2
ϕ
(x
ε

)
+

1

εn/2
rε
(x
ε

)
,

(8.14)

with ‖rε‖Σ → 0 as ε → 0. Denote ψ± = W−1
± ϕ, where W± are the wave

operators associated to Eq. (8.13). Then if 0 6 δ(r) < 1, the following

asymptotics hold in L2 ∩ Lr:

• For − π < t < 0, uε(t, x) ∼
ε→0

einπ/4

|sin t|n/2 ψ̂−
( x

sin t

)
ei|x|

2/(2ε tan t).

• For 0 < t < π, uε(t, x) ∼
ε→0

e−inπ/4

(sin t)n/2
ψ̂+

( x

sin t

)
ei|x|

2/(2ε tan t).

Remark 8.6. In [Nier (1996)], the author considers equations which can

be compared to Eq. (8.7), that is

iε∂tv
ε +

ε2

2
∆vε = V (x)vε + U

(x
ε

)
vε ; vε(0, x) =

1

εn/2
ϕ
(x
ε

)
, (8.15)

where U is a short range potential. The potential V in that case cannot be

the harmonic potential, for it has to be bounded as well as all its deriva-

tives. In that paper, the author proves that under suitable assumptions,
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the influence of U occurs near t = 0 and is localized near the origin, while

only the value V (0) of V at the origin is relevant in this régime. For times

ε� |t| < T∗, the situation is different: the potential U becomes negligible,

while V dictates the propagation. As in our paper, the transition between

these two régimes is measured by the scattering operator associated to U .

Our assumption σ > σ0(n) > 1/nmakes the nonlinear term short range.

With our scaling for the nonlinearity, this perturbation is relevant only near

the focus, where the harmonic potential is negligible, while the opposite

occurs for ε� |t| < π.

Remark 8.7. Since near the focal point, the description of the wave func-

tion uε does not involve the external potential at leading order, the phe-

nomenon is the same as in Sec. 7.4. In particular, the discussion of Sec. 7.4.3

can be repeated: the conclusions of Proposition 7.23 remain valid in the

present case, up to replacing the focusing time. So, the Cauchy problem

for the propagation of Wigner measures is ill-posed.

To simplify the presentation, we sketch the argument of the proof of

Theorem 8.2 at a formal level only. To justify these computations, the key

point in [Carles (2003b)] consists in introducing the analogues of Proposi-

tion 7.8 and Corollary 7.9 (in space dimension n > 1), in two cases:

• With the same operator U ε0 (t) = eiε
t
2∆. This is because near the focal

points, the harmonic potential can be neglected in Eq. (8.7).

• When Uε0 is replaced by U ε. Indeed, Eq. (8.4) shows that U ε enjoys the

same dispersive properties as U ε0 , locally in time (and only locally in time,

because −ε2∆+ |x|2 has eigenvalues). Therefore, Strichartz inequalities are

available for U ε. The only difference is that in the homogeneous Strichartz

estimate, the time interval R must be replaced by a finite time interval, and

in this case as well as in the inhomogeneous estimate (7.14), the constants

C depend on the finite time interval I .

The organization of the proof of Theorem 8.2 is the following:

• Justify WKB analysis until t is as close as possible to π/2: this

allows t 6 π/2 − Λε, in the limit Λ → +∞.

• Show that there exists a transition régime for t = π/2 − Λε, when

Λ → +∞: the harmonic potential becomes negligible. We then

approximate uε by essentially the same approximate solution as

the one studied in the proof of Proposition 7.19.
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• For |t− π/2| 6 Λε, we proceed as in the proof of Proposition 7.19.

However, some extra source terms appear because of the harmonic

potential. This forces us to consider smoother initial data and

use a density argument relying on the global well-posedness for

Eq. (8.13). This is where we need to assume that z 7→ |z|2σz is

twice differentiable.

• For t > π/2 + Λε, we can repeat the analysis of the second, then

of the first point.

Before the first focus

For t ∈ [0, π/2[, our natural candidate as an approximate solution is vε,

solution of Eq. (8.3). We can also approximate vε, by

vεapp(t, x) =
1

(cos t)n/2
a0

( x

cos t

)
e−i|x|

2 tan t/(2ε).

The error term wεlin = vε − vεapp satisfies

iε∂tw
ε
lin +

ε2

2
∆wεlin =

|x|2
2
wεlin +

( ε

cos t

)2 e−i|x|
2 tan t/(2ε)

2(cos t)n/2
(∆a0)

( x

cos t

)
,

along with the initial condition wεlin(0, ·) = 0. Assume that a0 is relatively

smooth:

a0 ∈ H = {f ∈ H3(Rn); xf ∈ H2(Rn)}.

The basic energy estimate of Lemma 1.2 then yields:

‖wεlin(t)‖L2 6
1

2

∫ t

0

ε

(cos τ)2
‖∆a0‖L2 dτ.

Apply Jε to the equation satisfied by wεlin:

iε∂tJ
εwεlin +

ε2

2
∆Jεwεlin =

|x|2
2
Jεwεlin

−i cos t
( ε

cos t

)2 e−i|x|
2 tan t/(2ε)

2(cos t)n/2
∇ (∆a0)

( x

cos t

)
,

by the definition of Jε given in Eq. (8.8). We infer

‖Jε(t)wεlin(t)‖L2 6
1

2

∫ t

0

ε

(cos τ)2
‖a0‖H3 dτ.
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Finally, apply Hε to the equation satisfied by wεlin:

iε∂tH
εwεlin +

ε2

2
∆Hεwεlin =

|x|2
2
Hεwεlin

+x cos t
( ε

cos t

)2 e−i|x|
2 tan t/(2ε)

2(cos t)n/2
(∆a0)

( x

cos t

)

+iε sin t
( ε

cos t

)2

∇
(
e−i|x|

2 tan t/(2ε)

2(cos t)n/2
(∆a0)

( x

cos t

))
.

We deduce:

‖Hε(t)wεlin(t)‖L2 .

∫ t

0

ε

(cos τ)2
‖xa0‖H2 dτ +

∫ t

0

ε2 sin τ

(cos τ)3
‖a0‖H3 dτ.

Therefore, if a0 ∈ H, we have:
∑

Bε∈{Id,Jε,Hε}
‖Bε(t)wεlin(t)‖L2 .

∫ t

0

ε

(cos τ)2
dτ +

( ε

cos t

)2

.
ε

π/2 − t
+

(
ε

π/2− t

)2

.

A density argument yields:

Lemma 8.8. Let a0 ∈ Σ. We have∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

sup
06t6π/2−Λε

∥∥Bε(t)
(
vε(t) − vεapp(t)

)∥∥
L2 −→

Λ→+∞
0.

We now have to compare uε and vε. Let wε = uε − vε. It solves

iε∂tw
ε +

ε2

2
∆wε =

|x|2
2
wε + εnσ |uε|2σ uε.

The initial datum for wε is zero. In view of the analysis for t > π/2, notice

that it suffices to assume∑

Bε∈{Id,Jε,Hε}
‖Bε(0)wεlin(0)‖L2 −→

ε→0
0.

It is this assumption which is needed when we iterate the argument, from

t ∈ [0, π] to t ∈ [π, 2π], and so on (finitely many times). Proceeding the

same way as in Sec. 7.4, thanks to the operator J ε which provides sharp

Lp estimates before the focus (sharp in term of the dependence upon t and

ε), we can prove:

Lemma 8.9. Let a0 ∈ Σ, and σ > max(1/n, 2/(n+2)), with σ < 2/(n−2)

if n > 3. We have∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

sup
06t6π/2−Λε

‖Bε(t) (uε(t) − vε(t))‖L2 −→
Λ→+∞

0.
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Matching linear and nonlinear régimes

Lemmas 8.8 and 8.9 show that up to t = π/2−Λε, uε can be approximated

by vεapp as ε→ 0, in the limit Λ → ∞. In this régime, we have:

vεapp(t, x) =
1

(cos t)n/2
a0

( x

cos t

)
e−i|x|

2 tan t/(2ε)

≈ 1

(π/2 − t)n/2
a0

(
x

π/2 − t

)
e−i|x|

2/(2ε(π/2−t)).

Up to replacing π/2 by 1, we retrieve the same approximation as in Sec. 7.4,

before the focus: this is a hint that the harmonic potential is becoming

negligible at the approach of the focal point. Resume the notation

ψ− = e−inπ/4â0.

We can then prove:

Proposition 8.10. Let a0 ∈ Σ, and σ as in Lemma 8.9. We have

lim sup
ε→0

∥∥∥∥Aε
Λ

(
uε
(π

2
− Λε

)
− 1

εn/2
(U0(−Λ)ψ−)

( ·
ε

))∥∥∥∥
L2

−→
Λ→+∞

0,

for all Aε
Λ ∈ {Id, ε∇, xε − iΛε∇}.

Two things must be said about this proposition. First, we match the evo-

lution of uε with a large time asymptotics for the free Schrödinger equation

(without potential), after some rescaling, as in Sec. 7.4. This indicates that

the harmonic potential loses its influence at leading order. In addition, we

do not measure the error in terms of the operators J ε and Hε, but in terms

of their counterparts used in Sec. 7.4. The two measurements are actually

equivalent at leading order, and computations show that we can approx-

imate the rays of geometric optics by lines, near t = π/2. See Fig. 8.2.

Inside the boundary layer

Inside the boundary layer in time about t = π/2, of width Λε, we neglect

the harmonic potential. As in Sec. 7.4, introduce ψ solution to

i∂tψ +
1

2
∆ψ = |ψ|2σψ ; U0(−t)ψ(t)

∣∣
t=−∞ = ψ− := e−inπ/4â0.

It scatters like U0(t)ψ+ as t → +∞, for some ψ+ ∈ Σ, provided that

σ > σ0(n) (Theorems 7.14 and 7.16). Rescale this function as follows:

uεapp(t, x) =
1

εn/2
ψ

(
t− π/2

ε
,x

ε

)
.
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π
2

Fig. 8.2 Rays of geometric optics are straightened near t = π

2
.

In [Carles (2003b)], the proof proceeds in two steps: first, it is shown that

the exact solution uε can be truncated in a neighborhood of the origin of

size εγ , for any 0 < γ < 1. Then, this truncated solution is shown to be

close to uεapp. More precisely, let χ ∈ C∞
0 (Rn; R+), with χ = 1 on B(0, 1)

and suppχ ⊂ B(0, 2). For λ ∈]0, 1[, let

uελ(t, x) = χ
( x
ελ

)
uε(t, x).

Introduce the error wελ = uε−uελ. It has small initial data at time π/2−Λε,

in the sense of Proposition 8.10, and solves

iε∂tw
ε
λ +

ε2

2
∆wελ =

|x|2
2
wελ + εnσ |uε|2σ wελ −

ε2−λ

2
∇χ

( x
ελ

)
· ∇uε

− ε2−2λ∆χ
( x
ελ

)
uε.

If a0 ∈ H, we can establish extra bounds on uε that make it possible to

show that wελ, J
εwελ and Hεwελ are small in L2. It is in proving that such a

regularity is well propagated that we need to assume that the nonlinearity

z 7→ |z|2σz is C2, hence σ > 1/2. The last two terms of the right hand side

are then treated like small source terms. Here, we use Strichartz estimates

associated to the group U ε.



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Focal Point with a Potential 197

The second step consists in considering w̃ελ = uελ − uεapp. In view of the

identity

χ(x) = χ
(x

2

)
χ(x),

it solves:

iε∂tw̃
ε
λ +

ε2

2
∆w̃ελ = χ

( x

2ελ

) |x|2
2
uελ + εnσ

(
|uε|2σ uελ −

∣∣uεapp

∣∣2σ uεapp

)

+
ε2−λ

2
∇χ

( x
ελ

)
· ∇uε + ε2−2λ∆χ

( x
ελ

)
uε.

Here, we use Strichartz estimates associated to U ε0 , and view the first term

of the right hand side as a small source term:

χ
( x

2ελ

) |x|2
2

=
ε2λ

2
χ
( x

2ελ

) ∣∣∣ x
ελ

∣∣∣
2

= ε2λχ̃
( x

2ελ

)
, where χ̃ ∈ C∞

0 (Rn; R).

Then it is possible to factor out w̃ελ in the difference of the two nonlinear

terms, up to an extra, small, source term, which appears when replacing uε

with uελ. The approximation a0 ∈ H is removed by a density argument for

σ > σ0(n), since (8.13) is globally well-posed in Σ. We can prove finally:

Proposition 8.11. Under the assumptions of Theorem 8.2,

∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

sup
|π/2−t|6Λε

∥∥Bε(t)
(
uε(t) − uεapp(t)

)∥∥
L2 −→

Λ→+∞
0.

The proof of this result, barely sketched above, is fairly technical, and is

not reproduced here for the sake of readability.

Past the first boundary layer

For t = π/2 + Λε, we can then prove the analogue of Proposition 8.10,

with −Λ replaced by +Λ, and ψ− replaced by ψ+. Then, we can mimic

the proofs and results of Lemmas 8.8 and 8.9, by using the remark that uε

and the solution of the linear equation don’t have to match exactly at the

initial time, but only up to a small error in L2, when any of the operators

Id, Jε or Hε acts on the difference. Using this remark again, we see that

on [π, 2π], we can repeat what was done on [0, π]. Hence Theorem 8.2.
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8.2 General quadratic potentials

When the external potential V = V (x) is time-independent and is exactly a

polynomial of degree at most two, we can extend Corollary 8.5. We consider




iε∂tu
ε +

ε2

2
∆uε = V uε + εnσ |uε|2σ uε,

uε(0, x) =
1

εn/2
ϕ

(
x− x0

ε

)
eix·ξ0/ε,

(8.16)

for some x0, ξ0 ∈ Rn. In this paragraph, we make the following assumptions:

Assumption 8.12. We suppose that σ0(n) 6 σ < 2/(n− 2), σ > 1/2, and

therefore 1 6 n 6 5.

The initial profile ϕ is in Σ.

The potential V is time-independent, and is exactly a polynomial of degree

at most two:

∂3
jk`V ≡ 0, ∀j, k, ` ∈ {1, . . . , n}.

Introduce the Hamiltonian system with initial data (x0, ξ0):

ẋ(t) = ξ(t) ; ξ̇(t) = −∇V (x(t)) ; x(0) = x0 ; ξ(0) = ξ0. (8.17)

Note that under our assumption on V , x(t) and ξ(t) can be computed

exactly (see Eq. (8.20) below). Introduce the solution ψ to

i∂tψ +
1

2
∆ψ = |ψ|2σψ ; ψ|t=0 = ϕ. (8.18)

Assumption 8.12 and Theorem 7.16 show that there exist ψ± ∈ Σ such that

‖U0(−t)ψ(t) − ψ±‖Σ −→
t→±∞

0.

To state our main result, introduce the quantity

Φ(t, x) = x · ξ(t) − 1

2
(x(t) · ξ(t) − x0 · ξ0) .

Proposition 8.13. Under Assumption 8.12, suppose in addition that V is

of the form

V (x) =
1

2

n∑

j=1

δjω
2
jx

2
j +

n∑

j=1

bjxj ,

for some real constants bj, where ωj > 0, δj ∈ {−1, 0,+1}, and δjbj = 0

for all j. There exists T > 0 independent of ε ∈]0, 1] and ε(T ) > 0 such

that for 0 < ε 6 ε(T ), Eq. (8.16) has a unique solution uε ∈ C([−T, T ]; Σ).
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In addition, its behavior on [−T, T ] is given by the following régimes:

(1) For any Λ > 0,

lim sup
ε→0

sup
|t|6Λε

(∥∥uε(t) − uεapp(t)
∥∥
L2 +

∥∥ε∇uε(t) − ε∇uεapp(t)
∥∥
L2

+

∥∥∥∥
x− x(t)

ε

(
uε(t) − uεapp(t)

)∥∥∥∥
L2

)
= 0,

where uεapp(t, x) =
1

εn/2
ψ

(
t

ε
,x

ε

)
eiΦ(t,x)/ε, and ψ solves Eq. (8.18).

(2) Beyond this boundary layer, we have:

lim sup
ε→0

sup
Λε6±t6T

(∥∥uε(t) − vε±(t)
∥∥
L2 +

∥∥ε∇uε(t) − ε∇vε±(t)
∥∥
L2

+
∥∥(x− x(t))

(
uε(t) − vε±(t)

)∥∥
L2

)
−→

Λ→+∞
0,

where vε± solve the linear equations

iε∂tv
ε
± +

ε2

2
∆vε± = V vε± ; vε±(0, x) =

1

εn/2
ψ±

(
x− x0

ε

)
eix·ξ0/ε.

Like in the case of the isotropic harmonic potential, we obtain a nonlinear

extension of the result of [Nier (1996)] (see Remark 8.6). We compare

this result with yet another problem at the end of this section, when the

nonlinearity is focusing instead of defocusing. Proposition 8.13 is proved

in [Carles and Miller (2004)]. We present the main steps of the proof only.

Before doing so, we point out that in some cases, more can be said on

the time T in Proposition 8.13. Essentially, if there is no refocusing at

one point, then T can be taken arbitrarily large: the nonlinearity remains

negligible off {t = 0}. On the other hand, if the potential V causes at least

one of the solutions vε± to refocus at one point for ±t > 0, then so does uε.

Nonlinear effects then affect uε at leading order again, like in Sec. 8.1. Note

that the refocusing phenomenon has to occur at one point: for any other

caustic, the nonlinearity is subcritical. Only a focal point can ignite the

nonlinearity εnσ|uε|2σuε at leading order. More precisely, such refocusing

can occur only if δj = +1 for all j and the ωj ’s are pairwise rationally

dependent; see below.

We now explain why the assumption on the form of the potential made

in Proposition 8.13 is not really one. Up to an orthonormal change of basis

in Rn (which leaves the Laplacian invariant), we can assume that V is of

the form

V (x) =
1

2

n∑

j=1

δjω
2
jx

2
j +

n∑

j=1

bjxj + c, (8.19)
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for some real constants bj and c, where ωj > 0, and δj ∈ {−1, 0,+1}. This

form is obtained by diagonalizing the quadratic part of V . Up to completing

the square and changing the origin, we may even assume δjbj = 0 for all j.

By changing the origin, we may modify the form of the initial data, by a

multiplicative factor eia/ε for some constant a ∈ R. Finally, we may assume

that a = c = 0 by considering uε(t, x)ei(ct+a)/ε instead of uε(t, x).

Note that the real numbers δjω
2
j /2 are the eigenvalues of the quadratic

part of V . Then refocusing at one point can happen only if δj = +1 for all

j and the ωj ’s are pairwise rationally dependent:
ωj
ωk

∈ Q ∀j, k ∈ {1, . . . , n}.

This case is very similar to that described in Sec. 8.1. Note that before refo-

cusing at one point, there may be focusing on an affine space of dimension

at least one.

Example 8.14. Assume n = 2 and x0 = ξ0 = 0. If ω1 = 2ω2 for instance,

then at time t = π/ω1, u
ε focuses on the line {x1 = 0}, and at time

t = 2π/ω1 = π/ω2, u
ε refocuses at the origin. We have seen in Sec. 7.7

that the critical indexes for focusing on a line correspond to focusing at one

point in space dimension one, α = σ. Since we consider the case α = 2σ,

the nonlinearity is negligible when the wave focuses on the line.

When uε focuses on a set which is not reduced to a point, the only effect

at leading order is linear, and is measured by the Maslov index. When uε

focuses at one point, nonlinear effects are described in terms of scattering

operator.

The first step in the proof of Proposition 8.13 consists in reducing the

analysis to the case x0 = ξ0 = 0. This can be achieved because V is a

polynomial of degree at most two, and time-independent. Indeed, solve the

above Hamiltonian system when V has the form (8.19). Introduce

gj(t) =





sin(ωjt)

ωj
, if δj = 1,

t, if δj = 0,

sinh(ωjt)

ωj
, if δj = −1.

; hj(t) =





cos(ωjt), if δj = 1,

1, if δj = 0,

cosh(ωjt), if δj = −1.

Then the solution of Eq. (8.17) is given by

xj(t) = hj(t)x0j + gj(t)ξ0j −
1

2
bjt

2,

ξj(t) = hj(t)ξ0j − δjω
2
j gj(t)x0j − bjt.

(8.20)
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Assume that uε solves Eq. (8.16). Introduce

ũε(t, x) = uε (t, x+ x(t)) e−iΦ(t,x+x(t))/ε.

We check that ũε solves Eq. (8.16) with x0 = ξ0 = 0. Without loss of

generality, we therefore assume that uε solves Eq. (8.16) with x0 = ξ0 = 0.

A second consequence of the fact that V is polynomial is the existence of

“nice” operators. In the case of a focal point at (t, x) = (1, 0), we have used

the operators x/ε+ i(t−1)∇ and ε∇. In the case of the isotropic harmonic

potential, we have used the operators Jε and Hε, defined in Eq. (8.8)

and Eq. (8.10) respectively. The definition of “nice” operators is somehow

summarized in Lemma 8.1. Essentially, they commute with the linear part

of the equation, they act on gauge invariant nonlinearities like derivatives,

and they provide sharp (for the limit ε→ 0) weighted Gagliardo–Nirenberg

inequalities. We recall that the second point of Lemma 8.1 is just stated

in order to infer the last two points without computations. In the present

case, we introduce:

Jε(t) := Uε(t)
x

ε
Uε(−t) ; Hε(t) := Uε(t)iε∇xU

ε(−t),

where we denote

Uε(t) = exp

(
−i t
ε

(
−ε

2

2
∆ + V

))
.

By computing commutators, we check:

∂tJ
ε(t) = Uε(t)i∇Uε(−t) =

1

ε
Hε(t) ; ∂tH

ε(t) = −U ε(t)∇V Uε(−t).

Therefore,

∂2
t J

ε
j (t) = −1

ε
Uε(t)∂jV U

ε(−t)

= −δjω2
jU

ε(t)
xj
ε
Uε(−t) − bj

ε
= −δjω2

jJ
ε
j (t) −

bj
ε
.

We thus have explicitly,

Jεj (t) =
xj
ε
hj(t) + igj(t)∂j − bj

2ε
t2,

Hε
j (t) = − δjω

2
jxjgj(t) + ihj(t)ε∂j − bjt.

(8.21)

Remark 8.15. In view of the definition via the group U ε, the notations Jε

andHε may not seem consistent with Eqs. (8.9) and (8.10) (first expression)

in the case where V is an isotropic harmonic potential. However, it is easily

checked that Eq. (8.21) agrees with the expressions (8.8) and (8.10) (second
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expression). The explanation lies in the fact that we have changed the origin

of time, from 0 to π/2, if we compare with Sec. 8.1. More precisely, we check

we following identities:

Uεi.h.(t)

(
1

i
∇
)
Uεi.h.(−t) = U εi.h.

(
t− π

2

) x
ε
Uεi.h.

(π
2
− t
)
,

Uεi.h.(t)xU
ε
i.h.(−t) = U εi.h.

(
t− π

2

)
(iε∇)Uεi.h.

(π
2
− t
)
,

where Uεi.h. is the group associated to the semi-classical isotropic harmonic

potential

Uεi.h.(t) = exp

(
−i t

2ε

(
−ε2∆ + |x|2

))
.

These identities are consequences of the fact that the harmonic oscillator

rotates the phase space at angular velocity one (see Eq. (8.2)), so after π/2

time units, x has become −ξ, and ξ has become x.

These operators inherit interesting properties which we list below.

Lemma 8.16. The operators Jε and Hε satisfy the following properties.

(1) They commute with the linear part of (8.16).

(2) Denote

φ1(t, x) :=
1

2

n∑

k=1

(
hk(t)

gk(t)
x2
k − bktxk −

t3

12
b2k

)
,

φ2(t, x) := −1

2

n∑

k=1

(
δkω

2
k

gk(t)

hk(t)
x2
k + 2bktxk +

t3

3
b2k

)
.

Then φ1 and φ2 are well-defined and smooth for almost all t, and

Jεj (t) = igj(t)e
iφ1(t,x)/ε∂j

(
e−iφ1(t,x)/ε ·

)
,

Hε
j (t) = iεhj(t)e

iφ2(t,x)/ε∂j

(
e−iφ2(t,x)/ε ·

)
.

(8.22)

(3) Let r > 2 such that δ(r) < 1. Define P ε(t) by

P ε(t) :=

n∏

j=1

(
|gj(t)| + ε|hj(t)|

)1/n

.

There exists Cr such that, for any u ∈ Σ,

‖u‖Lr ≤ Cr
P ε(t)δ(r)

‖u‖1−δ(r)
L2 (‖Jε(t)u‖L2 + ‖Hε(t)u‖L2)

δ(r)
. (8.23)

(4) The operators Jε and Hε act on gauge invariant nonlinearities like

derivatives (see the last point of Lemma 8.1).
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The first point stems from the definition of the operators J ε and Hε. The

second point can easily be checked, and the last two points are direct con-

sequences of the second.

Remark 8.17 (Avron–Herbst formula). In the form (8.19), we could

have assumed bj = 0 for all j. As noticed in [Carles and Nakamura (2004)],

since the nonlinearity is gauge invariant, Avron–Herbst formula reduces the

case δjbj = 0 to the case bj = 0. For b = (b1, . . . , bn), we check that ũε

solves Eq. (8.16) with bj = 0 for all j in Eq. (8.19), where ũε is given by:

ũε(t, x) = uε
(
t, x− t2

2
b

)
exp

(
i

(
tb · x− t3

3
|b|2
)
/ε

)
.

We can now explain why, unless all the ωj ’s are pairwise rationally depen-

dent, there is no refocusing at one point off {t = 0}. Since nσ > 1, the

geometry of the propagation is the same as in the linear case: nonlinear ef-

fects become relevant only near focal points. We can then use the estimate

provided by Eq. (8.23). Let vε solve

iε∂tv
ε +

ε2

2
∆vε = V vε ; vε(0, x) =

1

εn/2
ψ0

(x
ε

)
.

From the first point of Lemma 8.16, we infer that not only the L2 norm of

vε is time independent, but also the L2 norms of Jεvε andHεvε. Therefore,

if 0 6 δ(r) < 1, the following estimate holds uniformly in time:

‖vε(t)‖Lr . P ε(t)−δ(r).

The case of a focal point corresponds to the situation where

‖vε(t)‖Lr ≈ ε−δ(r).

In view of the definition of the weight P ε, this shows that there is focusing

at one point (t, x) = (t0, x0) if and only if gj(t0) = 0 for all j. Notice that

whenever gj(t) = 0, hj(t) = 1. Of course, Eq. (8.20) shows that gj(t0) = 0

for all j and t0 6= 0 is possible only if δj = +1 for all j: the quadratic part

of V is positive definite. Finally, gj(t0) = 0 for all j and t0 6= 0 if and only

if ωjt0 ∈ πZ for all j, which in turn is equivalent to the property announced

above.

After these preliminary reductions and properties, the proof of Proposi-

tion 8.13 becomes very similar to the proof of Theorem 8.2. We first show

that for |t| 6 Λε, we can neglect the external potential (recall that up to a

phase shift of the form eict/ε in uε, we have assumed V (0) = 0). To do this,

we can assume that ϕ is in the Schwartz class, rather than just ϕ ∈ Σ (this
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is where we assume that z 7→ |z|2σz is C2). Then, the global well-posedness

for Eq. (8.18) makes it possible to use a density argument. This yields

lim sup
ε→0

sup
|t|6Λε

(∥∥uε(t) − uεapp(t)
∥∥
L2 +

∥∥Jε(t)
(
uε(t) − uεapp(t)

)∥∥
L2

+
∥∥Hε(t)

(
uε(t) − uεapp(t)

)∥∥
L2

)
= 0.

Note also that it is equivalent to use the operators J ε and Hε or the op-

erators x/ε + it∇ and ε∇, as we have seen in the case of the isotropic

harmonic potential; see Fig. 8.2. To see that this implies the first point of

Proposition 8.13, recall that we have assumed x(t) ≡ 0, and that if we also

suppose b = 0, then(
Jεj
Hε
j

)
=

(
hj gj/ε

−εδjω2
j gj hj

)(
xj/ε

iε∂j

)
.

The determinant of the above matrix is h2
j + δjω

2
j g

2
j ≡ 1, and we have

xj
ε

= hj(t)J
ε
j (t) −

gj(t)

ε
Hε
j (t) ; iε∂j = εδjω

2
j gj(t)J

ε
j (t) + hj(t)H

ε
j (t).

Since gj(t) = O(t) as t goes to zero, the first point of Proposition 8.13

follows.

Suppose t > 0, since the case t < 0 is similar. For the matching region

{t = Λε}, we can show that vε+ can be approximated by ṽε+, solutions to

the free equation (recall that we now assume x0 = ξ0 = 0):

iε∂tṽ
ε
+ +

ε2

2
∆ṽε+ = 0 ; ṽε+(0, x) =

1

εn/2
ψ+

(x
ε

)
.

We can prove that for all Λ > 0,∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

sup
06t6Λε

∥∥Bε(t)
(
vε+(t) − ṽε+(t)

)∥∥
L2 = 0.

This means that on the linear level, V is negligible for 0 6 t 6 Λε.

Lemma 7.20 shows that uεapp and ṽε+ match at time t = Λε in the limit

ε→ 0 for large Λ:∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

∥∥Bε(Λε)
(
uεapp(Λε) − ṽε+(Λε)

)∥∥
L2 −→

Λ→+∞
0.

Gathering all the informations together, we infer∑

Bε∈{Id,Jε,Hε}
lim sup
ε→0

∥∥Bε(Λε)
(
uε(Λε) − vε+(Λε)

)∥∥
L2 −→

Λ→+∞
0.

Past this boundary layer, we can show that the nonlinearity remains neg-

ligible in the limit ε → 0, essentially thanks to the operator J ε, like in

the case of the isotropic harmonic potential. The details can be found in

[Carles and Miller (2004)].
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To conclude this paragraph, and to prepare the next one, we compare

the results of Proposition 8.13 with some others, concerning the case of a

focusing nonlinearity:




iε∂tu
ε +

ε2

2
∆uε = V uε − εnσ|uε|2σuε,

uε(0, x) =
1

εn/2
Q

(
x− x0

ε

)
eix·ξ0/ε.

(8.24)

Now, V = V (x) is not supposed to be exactly a polynomial. Here, Q is the

unique positive, radially symmetric ([Kwong (1989)]), solution of:

−1

2
∆Q+Q = |Q|2σQ.

The problem (8.24) was introduced in [Bronski and Jerrard (2000)]. This

first result was then refined in [Keraani (2002, 2006)]. The focusing non-

linearity is an obstruction to dispersive phenomena, which were measured

by the presence of the scattering operator in the previous defocusing case.

The solution uε is expected to keep the ground state Q as a leading order

profile. Nevertheless, the point where it is centered in the phase space,

initially (x0, ξ0), should evolve according to the Hamiltonian flow. In the

absence of external potential, V ≡ 0, we have explicitly:

uε(t, x) =
1

εn/2
Q

(
x− x(t)

ε

)
eix·ξ(t)/ε+iθ(t)/ε,

where (x(t), ξ(t)) = (x0 + tξ0, ξ0) solves the Hamiltonian system with initial

data (x0, ξ0), and θ(t) = t− t|ξ0|2/2. When V is not trivial, seek uε of the

form of a rescaled WKB expansion:

uε(t, x) ∼
ε→0

1

εn/2


∑

j>0

εjUj

(
t

ε
,x− x(t)

ε

)
 eiφ(t,x)/ε.

Plugging this expansion into Eq. (8.24) and canceling the O(ε0) term, we

get:

i∂tU0+
1

2
∆U0+U0

(
−∂tφ− 1

2
|∇φ|2 − V + |U0|2σ

)
−i (ẋ(t) −∇φ)·∇U0 = 0.

Impose the leading order profile to be the standing wave given by

U0(t, x) = eitQ(x).

Then the above equation becomes:

U0

(
−∂tφ− 1

2
|∇φ|2 − V

)
− i (ẋ(t) −∇φ) · ∇U0 = 0.
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Since U0e
−it is real-valued, and since we seek a real-valued phase φ, this

yields:

∂tφ+
1

2
|∇φ|2 + V = 0 ; φ(0, x) = x · ξ0.

ẋ(t) = ∇φ(t, x).

The first equation is the eikonal equation. We infer that we have exactly

∇φ (t, x(t)) = ξ(t).

See Lemma 1.5. The form of U0 and the exponential decay of Q show that

we can formally assume that x = x(t) + O(ε). In this case,

∇φ(t, x) = ∇φ (t, x(t)) + O(ε) = ξ(t) + O(ε) = ẋ(t) + O(ε).

Thus, we have canceled the O(ε0) term, up to adding extra terms of order

ε, that would be considered in the next step of the analysis, which we stop

here. Back to uε, this formal computation yields

uε(t, x) ∼ 1

εn/2
Q

(
x− x(t)

ε

)
eiφ(t,x) ∼ 1

εn/2
Q

(
x− x(t)

ε

)
eix·ξ(t)/ε+iθ(t)/ε,

where θ(t) = t
(
1 − |ξ0|2/2 − V (x0)

)
+

∫ t

0

x(s) · ∇V (x(s))ds.

To give the above formal analysis a rigorous justification, the following

assumptions are made in [Keraani (2006)]:

Assumption 8.18. The nonlinearity is L2-subcritical: σ < 2/n.

The potential V = V (x) is real-valued, and can be written as V = V1 +V2,

where

• V1 ∈W 3,∞(Rn).

• ∂αV2 ∈W 2,∞(Rn) for every multi-index α with |α| = 2.

For instance, V can be a polynomial of degree at most two (V1 = 0).

Theorem 8.19 ([Keraani (2006)]). Let x0, ξ0 ∈ Rn. Under Assump-

tion 8.18, the solution uε to Eq. (8.24) can be approximated as follows:

uε(t, x) =
1

εn/2
Q

(
x− x(t)

ε

)
eix·ξ(t)/ε+iθ

ε(t)/ε + O(ε) in L∞
loc(Rt;H

1
ε ),

where (x(t), ξ(t)) is given by the Hamiltonian flow, the real-valued function

θε depends on t only, and H1
ε is defined in Assumption 7.27.
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Remark 8.20. The assumption σ < 2/n is crucial for the above result to

hold. Indeed, if σ = 2/n, V (x) = |x|2/2 is an isotropic harmonic potential,

and x0 = ξ0 = 0, then (see [Carles (2002); Keraani (2006)]):

uε(t, x) =
1

(cos t)n/2
Q
( x

ε cos t

)
ei

tan t
ε −i |x|2

2ε tan t, 0 6 t <
π

2
.

The proof of the above result heavily relies on the orbital stability of the

ground state, which holds when σ < 2/n. For v ∈ H1(Rn), denote

E(v) =
1

2
‖∇v‖2

L2 − 1

σ + 1
‖v‖2σ+2

L2σ+2 .

The ground state Q is the unique solution, up to translation and rotation,

to the minimization problem:

E(Q) = inf{E(v) ; v ∈ H1(Rn) and ‖v‖L2 = ‖Q‖L2}.

The orbital stability is given by the following result:

Proposition 8.21 ([Weinstein (1985)]). Let σ < 2/n. There exist

C, h > 0 such that if φ ∈ H1(Rn) is such that ‖φ‖L2 = ‖Q‖L2 and

E(φ) − E(Q) < h, then:

inf
y∈Rn,θ∈T

∥∥φ− eiθQ(· − y)
∥∥2

H1 6 C (E(φ) − E(Q)) .

The strategy in [Keraani (2006)] consists in applying the above result to

the function

vε(t, x) = uε (t, εx+ x(t)) e−i(εx+x(t))·ξ(t)/ε.

The proof eventually relies on Gronwall lemma and a continuity argument.

In order to invoke these arguments, S. Keraani uses Proposition 8.21 and

the scheme of the proof of [Bronski and Jerrard (2000)], based on duality

arguments and estimates on measures. This yields the result on a time

interval [−T0, T0]. Since this T0 depends only on constants of the motion,

the argument can be repeated, to get the L∞
loc estimate of Theorem 7.33.

In the particular case where the external potential V is an harmonic

potential (isotropic or anisotropic), the proof can be simplified. We invite

the reader to pay attention to the short note [Keraani (2005)], where this

simplification is available.

There are several differences between Proposition 8.13 and Theo-

rem 8.19. First, the profile is very particular in Theorem 8.19: it has to be

the ground state. Moreover, in order for the orbital stability property to
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hold, the assumption σ < 2/n is necessary. The assumption is not inconsis-

tent with the requirement σ0(n) 6 σ < 2/(n− 2) in Proposition 8.13, since

σ0(n) < 2/n. On the other hand, the external potential V does not have

to be exactly a polynomial in Theorem 8.19. In the next paragraph, we

discuss the validity of Proposition 8.13 when V is a subquadratic potential.

8.3 About general subquadratic potentials

Consider the case of a more general external potential, with initial data

concentrated at the origin in the phase space:

iε∂tu
ε +

ε2

2
∆uε = V uε + εnσ |uε|2σ uε ; uε(0, x) =

1

εn/2
ϕ
(x
ε

)
, (8.25)

where V = V (t, x) may depend on time. We have seen that for several

issues, it is convenient to work with subquadratic potentials. Such a prop-

erty was more than useful to solve the eikonal equation globally in space

(see Proposition 1.9). Moreover, this assumption is fairly natural to study

the nonlinear Cauchy problem (fix ε > 0 in Eq. (8.25)), to construct strong

solutions (see Sec. 1.4.2), as well as to construct mild solutions thanks to

local in time Strichartz estimates, in view of the results in [Fujiwara (1979)]

(see Sec. 1.4.3). Suppose that V is smooth and subquadratic:

V ∈ C∞(R × Rn), ∂αxV ∈ C(R;L∞(Rn)), ∀|α| > 2.

The first point in Proposition 8.13 can be adapted to this more general

framework. Up to considering uε(t, x)ei
∫

t
0
V (τ,0)dτ/ε instead of uε(t, x), we

may assume that V (t, 0) = 0. Since for |t| 6 Λε, the curvature of rays of

geometric optics is negligible, we can prove that for all Λ > 0,
∑

Aε∈{Id,x/ε+it∇,ε∇}
lim sup
ε→0

sup
06t6Λε

∥∥Aε(t)
(
uε(t) − uεapp(t)

)∥∥
L2 = 0,

for the same uεapp as in Proposition 8.13 (with Φ ≡ 0). By assuming

first that ϕ ∈ S(Rn), we conclude as in Proposition 8.13. Moreover, the

transition as Λ → ∞ occurs in the same way.

Problems arise when trying to prove the analogue of the second régime

in Proposition 8.13. Assume for simplicity that V is time-independent,

V = V (x). In all the previous cases, the proof that the nonlinearity is

negligible for ε� |t| 6 T relies on the Heisenberg derivative

Jε(t) = Uε(t)
x

ε
Uε(−t), where U ε(t) = exp

(
−i t
ε

(
−ε

2

2
∆ + V

))
.
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We start with the good news:

Lemma 8.22. Suppose that V is time-independent, and subquadratic. The

operator Jε defined above satisfies the following properties:

(1) It commutes with the linear part of Eq. (8.25).

(2) Weighted Gagliardo–Nirenberg inequalities are available: there exists

δ > 0 independent of ε, such that the following holds. If 0 6 δ(r) < 1, then

there exists Cr such that for all u ∈ Σ,

‖u‖Lr 6
Cr

|t|δ(r) ‖u‖
1−δ(r)
L2 ‖Jε(t)u‖δ(r)L2 , |t| 6 δ.

Proof. The first point stems from the definition of J ε. For the second

point, we use the local dispersive estimate established in [Fujiwara (1979)]:

there exist C and δ > 0 independent of ε such that as soon as |t| 6 δ,

‖Uε(t)‖L1→L∞ 6
C

(ε|t|)n/2
.

Since Uε(t) is unitary on L2, interpolation yields, if 0 6 δ(r) < 1:

‖Uε(t)f‖Lr . |εt|−δ(r)‖f‖Lr′ , |t| 6 δ, ∀f ∈ Lr
′

.

Let gε(t, x) = Uε(−t)u(x). We have

‖Uε(t)gε(t)‖Lr . |εt|−δ(r)‖gε(t)‖Lr′ .

Let λ > 0, and write

‖gε(t)‖r′
Lr′ =

∫

|x|6λ
|gε(t, x)|r′dx+

∫

|x|>λ
|gε(t, x)|r′dx.

Estimate the first term by Hölder’s inequality, by writing |gε|r′ = 1×|gε|r′ ,
∫

|x|6λ
|gε(t, x)|r′dx . λn/p

′

(∫

|x|6λ
|gε(t, x)|r′pdx

)1/p

,

and choose p = 2/r′(> 1). Estimate the second term by the same Hölder’s

inequality, after inserting the factor x as follows,
∫

|x|>λ
|gε(t, x)|r′dx =

∫

|x|>λ
|x|−r′ |x|r′ |gε(t, x)|r′dx

6

(∫

|x|>λ
|x|−r′p′dx

)1/p′ (∫

|x|>λ
|xgε(t, x)|2dx

)1/p

. λn/p
′−r′‖xgε(t, x)‖2/p

L2 .
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In summary, we have the following estimate, for any λ > 0:

‖gε(t)‖Lr′ . λn/(p
′r′)‖gε(t)‖L2 + λn/(p

′r′)−1‖xgε(t, x)‖L2 .

Notice that n/(p′r′) = δ(r), and equalize both terms of the right hand side:

λ =
‖xgε(t, x)‖L2

‖gε(t)‖L2

.

This yields ‖gε(t)‖Lr′ . ‖gε(t)‖1−δ(r)
L2 ‖xgε(t, x)‖δ(r)L2 . Therefore,

‖Uε(t)gε(t)‖Lr . |εt|−δ(r)‖gε(t)‖1−δ(r)
L2 ‖xgε(t, x)‖δ(r)L2

. |t|−δ(r)‖gε(t)‖1−δ(r)
L2

∥∥∥x
ε
gε(t, x)

∥∥∥
δ(r)

L2
.

Back to u, write gε(t) = Uε(−t)u. This completes the proof of the lemma,

since Uε(t) is unitary on L2. �

Recall that in applying Lemma 8.16, we have invoked the first point and the

last two points only. The second point was used to infer the last two points.

From the above lemma, the operator Jε that we now consider also satisfies

the first point and an analogue of the third point of Lemma 8.16. To be

able to prove the analogue of Proposition 8.13 when the external potential

is a general subquadratic potential, we would need to know how J ε acts

on gauge invariant nonlinearities. Unfortunately, this question seems to be

open. Note that we may not need exactly the fourth point of Lemma 8.16:

Jε may act on gauge invariant nonlinearities “approximately” like a deriva-

tive. The goal would be to find what an acceptable definition of “approx-

imately” could be, and to show that it is satisfied by J ε. What can be

proved, at least, is that the first two points in Lemma 8.16 hold only when

the external potential is exactly a polynomial:

Proposition 8.23. Let V ∈ C∞(Rn; R) be a smooth, subquadratic poten-

tial. Let φ ∈ C4(]0, T ]×Rn; R) and f ∈ C1(]0, T ]) for some T > 0. Assume

that f has no zero on the interval ]0, T ]. Define the operator Aε by:

Aε(t) = if(t)eiφ(t,x)/ε∇
(
e−iφ(t,x)/ε·

)
=
f(t)

ε
∇φ(t, x) + if(t)∇.

Then Aε commutes with the linear part of Eq. (8.25) if and only if V is

exactly a polynomial of degree at most two.

Remark 8.24. In Lemma 8.16, the phases φ1 and φ2 solve the eikonal

equation

∂tφ+
1

2
|∇φ|2 + V = 0. (8.26)
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In the above statement, we do not assume that φ solves the eikonal equation.

However, we will see in the proof that it is essentially necessary (up to a

phase shift which depends only on time, and thereby does not affect the

definition of Aε).

Proof. In view of Lemma 8.16, we only have to prove the “only if” part.

Computations yield[
iε∂t +

ε2

2
∆ − V,Aεj(t)

]
=f ′(t)∂jφ+ f(t)∂2

jtφ+ f(t)∂jV

+ε
(
− f ′(t)∂j + f(t)∇(∂jφ) · ∇ +

1

2
f(t)∆(∂jφ)

)
.

(8.27)

This bracket is zero if and only if the terms in ε0 and ε1 are zero. The term

in ε is the sum of an operator of order one and of an operator of order zero.

It is zero if and only if both operators are zero. The operator of order one

is zero if and only if

f(t)∂2
jjφ = f ′(t), ∂2

jkφ ≡ 0 if j 6= k .

In particular, ∂2
jjφ is a function of time only, independent of x, and we have

1

2
f(t)∆(∂jφ) ≡ 0.

From the above computations, the first two terms in ε0 also write

f ′(t)∂jφ+f(t)∂2
jtφ =

n∑

k=1

f(t)∂kφ∂
2
jkφ+f(t)∂2

jtφ = f(t)∂j

(
∂tφ+

1

2
|∇φ|2

)
.

Canceling the term in ε0 in (8.27) therefore yields, since f is never zero on

]0, T ],

∂j

(
∂tφ+

1

2
|∇φ|2 + V

)
= 0. (8.28)

Differentiating the above equation with respect to xk and x`, all the terms

with φ vanish, since we noticed that the derivatives of order at least three

of φ are zero. We deduce that for any triplet (j, k, `), ∂3
jk`V ≡ 0, that is, V

is a polynomial of degree at most two.

Notice that since (8.28) holds for any j ∈ {1, . . . , n}, there exists a

function Ξ of time only such that

∂tφ+
1

2
|∇φ|2 + V = Ξ(t).

This means that φ is almost a solution to the eikonal equation (8.26).

Replacing φ by φ̃(t, x) := φ(t, x) −
∫ t
0

Ξ(τ)dτ does not affect the definition

of Aε, and φ̃ solves (8.26). �



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

212 Semi-Classical Analysis for Nonlinear Schrödinger Equations

Remark 8.25. In view of Eq. (8.27), if not zero, the commutator could

be at best of order O(ε). Unfortunately, a term of this size cannot be

considered as a small source term, because of the factor ε in front of the

time derivative of the semi-classical Schrödinger operator; see Lemma 1.2.

We leave out the discussion on general subquadratic potentials at this

stage. Recall that for instance, we have no complete picture when V is as

in Assumption 8.18 and Theorem 8.19. Finding tools to study this more

general case would be of course the key to extend Proposition 8.13. It might

also open new possibilities for similar problems.

In a similar spirit, we invite the reader to consult the very interesting

reference [Sacchetti (2005)]. There, a global in time analysis is obtained for

a problem which is slightly different from Eq. (8.25). The external potential

V is particular (double well), and the initial data are concentrated on the

two eigenfunctions associated to the semi-classical Hamiltonian (this implies

that the concentration of the initial data is not at scale ε as in Eq. (8.25),

but at scale
√
ε). Also, the order of magnitude of the coupling constant is

much weaker than in Eq. (8.25) (it is exponentially decreasing as ε → 0).

However, it is critical as far as leading order nonlinear effects are concerned.

A global in time analysis is then established (in the same fashion as in

Theorem 8.2), which yields a precise description of the interaction between

the linear effects due to the double well, and the nonlinear effects. The main

typically nonlinear effect is the following: if the initial data are concentrated

on a single well, and if the coupling factor is sufficiently large, then the

solution remains localized on the same well, while the linear solution would

oscillate between the two wells (beating motion). See also the more recent

work [Bambusi and Sacchetti (2007)] on this subject.
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Some Ideas for Supercritical Cases

To conclude these notes, we present partial results for a focal point in the

supercritical case α < nσ, without external potential:

iε∂tu
ε +

ε2

2
∆uε = εα |uε|2σ uε ; uε(0, x) = a0(x)e

−i|x|2/(2ε).

Using a semi-classical lens transform (which amounts to adapting Eq. (9.6)

in view of the approach of [Carles (2002)], see Remark 9.5), we could also

consider the case with an isotropic harmonic potential. To observe non-

linear effects which are due to focusing phenomenon, we assume α > 1:

the nonlinearity is negligible in a WKB régime. Also, we suppose that the

nonlinearity is exactly cubic: σ = 1. All in all, we assume 1 < α < n. Note

that in particular, this assumption excludes the one-dimensional case. This

point appears several times in the proof. We therefore consider:

iε∂tu
ε +

ε2

2
∆uε = εα |uε|2 uε ; uε(0, x) = a0(x)e

−i|x|2/(2ε). (9.1)

In [Carles (2007a)], preliminary results are shown concerning the asymp-

totic behavior of uε. Besides these results, which we state and prove below,

the computations in [Carles (2007a)] yield an interesting example. Indeed,

a formal computation yields a function that solves Eq. (9.1), up to a source

term which can be taken very small as ε→ 0. However, the usual stability

analysis does not make it possible to conclude that it is close to the exact

solution, since the exponential factor in the Gronwall lemma counterbal-

ances the smallness of the source term. This problem is similar to the one

encountered in the supercritical régime for WKB analysis (Chap. 4). More-

over, we can prove that this function is not a good approximation of the

exact solution, when Gronwall lemma ceases to be interesting. The reason

is more subtle than a spectral instability: it is related to the notion of good

unknown functions, in order to observe the right oscillations.

213
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First, qualitative arguments yield relevant scalings for Eq. (9.1). Recall

that the mass and energy associated to Eq. (9.1) do not depend on time:

‖uε(t)‖L2 = ‖a0‖L2 ,

‖ε∇uε(t)‖2
L2 + εα‖uε(t)‖4

L4 = const. = O(1) ∼
ε→0

‖xa0‖2
L2 .

Intuitively, the nonlinear term is relevant at a focal point if the potential

energy is of order O(1) exactly, while the modulus of uε is described by a

concentrating profile,

|uε(t, x)| ∼
ε→0

1

εnγ/2
ϕ
( x
εγ

)
, (9.2)

for some γ > 0. The power of ε in front of ϕ is to ensure the L2-norm

conservation. We consider only the modulus of uε, because the forthcoming

discussion will show that phenomena affecting the phase are crucial, and

not completely understood. We then compute:

εα‖uε(t)‖4
L4 ∼

ε→0
εα−nγ‖ϕ‖4

L4

We check that the “linear” value γ = 1 is forbidden, because in that case,

the potential energy is unbounded (α < n). Note also that the value γ = 1

was the one encountered in the critical case α = nσ (see Proposition 7.19).

For the potential energy to be of order O(1) exactly, we have to choose:

γ =
α

n
< 1. (9.3)

We will not prove that the above argument is correct, but we will show

that the scale εγ is an important feature of this problem. We show that

there is a time at which uε behaves like in Eq. (9.2), but our analysis

stops before t = 1. Notice also that the above argument suggests that the

amplification of the solution uε as time goes to 1 is less important than in

the linear case; supercritical phenomena may occur in the phase, and also

affect the amplitude. We also point out that estimates agreeing with these

heuristic arguments were established by S. Masaki [Masaki (2007)] in the

analogous case, where the cubic nonlinearity is replaced by a Hartree type

nonlinearity.

Definition 9.1. If T > 0, (kj)j>1 is an increasing sequence of real numbers,

(φj)j>1 is a sequence in H∞(Rn), and φ ∈ C([0, T ];H∞), the asymptotic

relation

φ(t, x) ∼
∑

j>1

tkjφj(x) as t→ 0
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means that for every integer J > 1 and every s > 0,
∥∥∥∥∥∥
φ(t, ·) −

J∑

j=1

tkjφj

∥∥∥∥∥∥
Hs(Rn)

= o
(
tkJ
)

as t→ 0.

Theorem 9.2. Let a0 ∈ S(Rn). Assume n > α > 1. Then there

exist T > 0 independent of ε ∈]0, 1], a sequence (φj)j>1 in H∞, and

φ ∈ C([0, T ];H∞), such that:

1. φ(t, x) ∼∑j>1 t
jn−1φj(x) as t→ 0.

2. For 1− t� εγ (γ = α/n < 1), the asymptotic behavior of uε is given by:

lim sup
ε→0

sup
06t61−Λεγ

‖uε(t) − vε(t)‖L2(Rn) −→
Λ→+∞

0,

where vε(t, x) =
ei

|x|2

2ε(t−1)

(1 − t)n/2
a0

(
x

1 − t

)
exp

(
iεγ−1φ

(
εγ

1 − t
, x

1 − t

))
.

Some comments are in order. In the linear case as well as in the critical

case α = n > 1, the above result holds with γ = 1 and φ ≡ 0. The case

α < n is supercritical as far as nonlinear effects near t = 1 are concerned.

We emphasize two important features in the above result: the analysis

stops sooner than 1− t� ε, and nonlinear effects cause the presence of the

(non-trivial) phase φ. For 1 − t� εγ , we have

εγ−1φ

(
εγ

1 − t
, x

1 − t

)
∼
∑

j>1

εjα−1

(1 − t)jn−1
φj

(
x

1 − t

)
.

The above phase shift starts being relevant for 1 − t ≈ ε
α−1
n−1 (recall that

n > α > 1); this is the first boundary layer where nonlinear effects appear

at leading order, measured by φ1. We will check that this phase shift is

relevant: φ1 is not zero (unless uε ≡ 0, see (9.11) below). We then have a

countable number of boundary layers in time, of size

1 − t ≈ ε
jα−1
jn−1 ,

which reach the layer 1−t ≈ εγ in the limit j → +∞. At each new boundary

layer, a new phase φj becomes relevant at leading order. In general, none

of the φj ’s is zero: see e.g. (9.13) for φ2. The result of a cascade of phases

can be compared to the one discovered by C. Cheverry [Cheverry (2006)] in

the case of fluid dynamics, although the phenomenon seems to be different.

Yet, our result shares another property with [Cheverry (2006)], which does

not appear in the above statement. Theorem 9.2 shows perturbations of

the phase (the φj ’s), but not of the amplitude: the main profile is the same
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as in the linear case, that is, a rescaling of a0. However, to compute the

first N phase shifts, (φj)16j6N , one has to compute N − 1 corrector terms

of the main profile a0. This is due to the fact that the above result can be

connected rather explicitly to the supercritical WKB analysis of Sec. 4.2.1,

via a semi-classical conformal transform.

Each phase shift oscillates at a rate between O(1) (when it starts being

relevant) and O(εγ−1) (when it reaches the layer of size εγ). Since γ > 0,

this means that each phase shift is rapidly oscillating at the scale of the

amplitude, but oscillating strictly more slowly than the geometric phase
|x|2

2ε(t−1) , for 1− t� εγ . We will see that for 1− t = O(εγ), all the terms in

φ, plus the geometric phase, have the same order: all these phases become

comparable, see (9.16).

If we transpose the results of [Masaki (2007)] to the case of the cubic

nonlinearity, we should have the uniform estimate:

‖Jε(t)uε(t)‖L2 . εα/n−1 = εγ−1.

Recalling that

Jε(t) = i(t− 1)ei|x|
2/(2ε(t−1))∇

(
e−i|x|

2/(2ε(t−1))·
)
,

the above estimate suggests that besides the oscillations carried by the

solution of the eikonal equation, uε oscillates at scale ε1−γ , which is between

ε and 1. This estimate is in perfect agreement with the previous discussions,

and with Theorem 9.2. One of the aspects in [Masaki (2007)] is that the

above estimate is proved to be valid for all time, and not only for t < 1. An

interesting question would be to know if this estimate is sharp (as ε→ 0) for

t > 1. In other words, do intermediary scales of oscillations have appeared

near t = 1, persisting for t > 1?

9.1 Cascade of phase shifts

In this paragraph, we prove Theorem 9.2. We start by some formal com-

putations, whose conclusion is in good agreement with the statement of

Theorem 9.2. Then, we prove Theorem 9.2, and notice that the two ap-

proaches disagree, past the first boundary layer. This aspect is explained

in Sec. 9.1.3.
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9.1.1 A formal computation

For simplicity, we assume a0 ∈ S(Rn). Resume the approach via Lagrangian

integral (see Sec. 7.1),

uε(t, x) =
1

(2πε)n/2

∫

Rn

e−i
t−1
2ε |ξ|2+i x·ξ

ε Aε(t, ξ)dξ.

From Lemma 7.1, we know that the Lagrangian symbol Aε converges at

time t = 0, as ε → 0. For t 6= 1, we apply stationary phase formula at a

very formal level, as in Sec. 7.3 (with now σ = 1):

F
(
|uε|2 uε

)(
t,
ξ

ε

)
≈ εn/2

|t− 1|n |Aε|2Aε (t, ξ) e−i
t−1
2ε |ξ|2 .

Using the second part of Lemma 7.1, we infer that the evolution of Aε

should be described by

i∂tA
ε(t, ξ) =

εα−1

|t− 1|n |Aε|2Aε (t, ξ) .

To be consistent, we should say that the right hand side is negligible, since

α > 1. We keep it though. Like several times before, we notice that the

modulus of Aε is independent of time, and we compute explicitly:

Aε(t, ξ) = Aε(0, ξ) exp

(
−iεα−1|Aε(0, ξ)|2

∫ t

0

dτ

(1 − τ)n

)

≈ A0(ξ) exp

(
−iεα−1|A0(ξ)|2

∫ t

0

dτ

(1 − τ)n

)
,

where A0(ξ) = e−inπ/4a0(−ξ). Back to uε, this yields, for t < 1:

uε(t, x) ≈ einπ/4

(1 − t)n/2
Aε
(
t,

x

t− 1

)
ei

|x|2

2ε(t−1)

≈ 1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1) e−i|a0( x
1−t )|2εα−1

∫ t
0

dτ
(1−τ)n .

Since n > 2,
∫ t

0

dτ

(1 − τ)n
∼
t→1

1

(n− 1)(1 − t)n−1
,

we see that the last phase in the approximation of uε becomes relevant for

εα−1 ≈ (1 − t)n−1 : 1 − t ≈ ε
α−1
n−1 .

This is exactly the first boundary layer appearing in Theorem 9.2. To go

further into this formal analysis, we adopt another point of view, which

may appear as more explicit. Using a generalized WKB expansion, seek

uε(t, x) ∼
ε→0

vε1(t, x) = bε(t, x)eiφ(t,x)/ε,
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and change the usual hierarchy to force the contribution of the nonlinear

term to appear in the transport equation:




∂tφ+
1

2
|∇φ|2 = 0 ; φ(0, x) = −|x|2

2
.

∂tb
ε + ∇φ · ∇bε +

1

2
bε∆φ = −iεα−1 |bε|2 bε ; bε(0, x) = a0(x).

The eikonal equation is the same as the linear case, as well as its solution.

The transport equation is an ordinary differential equation along the rays

of geometric optics x
1−t = const., of the form

ẏ = −iεα−1|y|2y.
The modulus of bε is constant along rays, and

bε(t, x) =
1

(1 − t)n/2
a0

(
x

1 − t

)
e−iε

α−1|a0( x
1−t )|2

∫
t
0

dτ
(1−τ)n .

We retrieve the same approximation as with the Lagrangian integral ap-

proach. By construction,

iε∂tv
ε
1 +

ε2

2
∆vε1 = εα|vε1|2vε1 + rε1 ; vε1(0, x) = a0(x)e

−i|x|2/(2ε),

where

rε1(t, x) =
ε2

2
ei|x|

2/(2ε(t−1))∆bε(t, x).

Denote gε1(t, x) = −εα−1
∣∣∣a0

(
x

1−t

)∣∣∣
2 ∫ t

0
dτ

(1−τ)n . We compute:

∆bε(t, x) =
eig

ε
1(t,x)

(1 − t)2+n/2
∆a0

(
x

1 − t

)

− 2ieig
ε
1(t,x)

(1 − t)2+n/2
∇a0

(
x

1 − t

)
· ∇|a0|2

(
x

1 − t

)
εα−1

∫ t

0

dτ

(1 − τ)n

− ieig
ε
1(t,x)

(1 − t)2+n/2
a0

(
x

1 − t

)
∆|a0|2

(
x

1 − t

)
εα−1

∫ t

0

dτ

(1 − τ)n

− eig
ε
1(t,x)

(1 − t)2+n/2
a0

(
x

1 − t

) ∣∣∇|a0|2
∣∣2
(

x

1 − t

)(
εα−1

∫ t

0

dτ

(1 − τ)n

)2

.

We infer

‖rε1(t)‖L2 .
ε2

(1 − t)2
+

εα+1

(1 − t)n+1
+

εα+1

(1 − t)n+1
+

ε2α

(1 − t)2n
.

Therefore,

1

ε

∫ t

0

‖rε1(τ)‖L2dτ .
ε

1 − t
+

εα

(1 − t)n
+

εα

(1 − t)n
+

ε2α−1

(1 − t)2n−1
.
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Following the energy estimates of Lemma 1.2, this quantity might be the

one that dictates the size of the error uε− vε1. The first term is the “linear”

one: it is small for 1−t� ε. The second and third ones (which are the same,

but which we keep to keep track of the corresponding terms in ∆bε) are

small for 1− t � εα/n, and the last one is small for 1− t� ε(2α−1)/(2n−1).

Since

2α− 1

2n− 1
<
α

n
= γ < 1,

the last term in ∆bε is the first to cease to be negligible. We note that in

the equation for vε1, the corresponding term has the same argument as vε1.

This suggests that the last term in rε1 might be eliminated by adding an

extra phase term in the approximate solution, in view of the identity

iε∂t

(
aeiθ

ε
)

= −∂tθε × aeiθ
ε

+ eiθ
ε

iε∂ta.

Seek an approximate solution of the form:

vε(t, x) =
1

(1 − t)n/2
a0

(
x

1 − t

)
eiφ

ε(t,x), φε(t, x) =
|x|2

2ε(t− 1)
+ gε(t, x).

We find

iε∂tv
ε +

ε2

2
∆vε =

(
i
ε2

2
∆gε − ε∂tg

ε − ε2

2
|∇gε|2 +

ε

1 − t
x · ∇gε

)
vε

+ i
ε2

(1 − t)1+n/2
∇gε · ∇a0

(
x

1 − t

)
eiφ

ε

+
1

2

(
ε

1 − t

)2
eiφ

ε

(1 − t)n/2
∆a0

(
x

1 − t

)
.

As suggested by the previous computations, write

gε(t, x) =
1

ε

∫ t

0

h

(
εα

(1 − τ)n
, x

1 − t

)
dτ, with h(z, ξ) ∼

∑

j>1

zjgj(ξ). (9.4)

In the equation verified by vε, the last term is the “same” as in the linear

case: it becomes relevant only in a boundary layer of size ε. Since our

approach will lead us to the boundary layer of size εγ (γ < 1), we ignore

that term. The remaining terms with a factor i are of order, in L2,

ε2‖∆gε(t)‖L∞ +
ε2

1 − t
‖∇gε(t)‖L∞ .

ε

(1 − t)2

∫ t

0

εα

(1 − τ)n
dτ .

εα+1

(1 − t)n+1
,

and their contribution is also left out in this computation, since they become

of order one only for 1 − t ≈ εγ .
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Now we require that vε be an approximate solution to (9.1):
(
∂t −

x

1 − t
· ∇
)
gε +

ε

2
|∇gε|2 = −εα−1 |vε(t, x)|2

= − εα−1

(1 − t)n

∣∣∣∣a0

(
x

1 − t

)∣∣∣∣
2

.

Using (9.4), we get:

g1(ξ) = −|a0(ξ)|2 ,

for j > 2, gj(ξ) = −1

2

∑

p+q=j

1

(pn− 1)(qn− 1)
∇gp · ∇gq , (9.5)

with the convention g0 ≡ 0. This algorithm produces smooth solutions,

since a0 ∈ S(Rn). Define

gεN(t, x) =
1

ε

N∑

j=1

∫ t

0

(
εγ

1 − τ

)nj
dτ × gj

(
x

1 − t

)
,

vεN (t, x) =
1

(1 − t)n/2
a0

(
x

1 − t

)
ei

|x|2

2ε(t−1)
+gε

N (t,x).

Proposition 9.3 (Formal approximation to (9.1)). Let n > α > 1,

a0 ∈ S(Rn), and fix N ∈ N∗. The function vεN solves

iε∂tv
ε
N +

ε2

2
∆vεN = εα|vεN |2vεN + rεN ; vεN (0, x) = a0(x)e

−i|x|2/(2ε).

For 1 − t > εγ = εα/n, the source term satisfies:

1

ε

∫ t

0

‖rεN (τ)‖L2dτ .
ε(N+1)α−1

(1 − t)(N+1)n−1
+

εα

(1 − t)n
.

For 1 6 j 6 N , the jth term of the series defining gεN becomes relevant in

a boundary layer of size ε
jα−1
jn−1 , since

1

ε

∫ t

0

(
εγ

1 − τ

)nj
dτ ∼

t→1

1

jn− 1

εjα−1

(1 − t)jn−1
.

In the limit N → +∞, a countable family of boundary layers appear.

Qualitatively, this agrees with Theorem 9.2.

Remark 9.4. In the critical case α = n > 1, we have β = γ = 1: the above

boundary layers “collapse” one on another. There are no such phase shifts

as above.
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The sole estimate of the source term does not prove much. In a stan-

dard (semi-linear) stability argument, the nonlinearity |uε|2uε− |vεN |2vεN is

usually treated by a Gronwall type argument. If the nonlinearity is “too

strong”, then the above estimate, which is completely relevant in the linear

case, does not necessarily account for the size of the error. Since we are in a

supercritical case, it is not surprising that Proposition 9.3 is only a formal

result. To see what information could be hoped from Proposition 9.3, set

wεN = uε − vεN . It solves

iε∂tw
ε
N +

ε2

2
∆wεN = εα

(
|uε|2 uε − |vεN |2 vεN

)
− rεN ; wεN |t=0 = 0.

Applying Lemma 1.2, we find, for t > 0:

‖wεN (t)‖L2 . εα−1

∫ t

0

∥∥∥|uε|2 uε − |vεN |2 vεN
∥∥∥
L2
dτ +

1

ε

∫ t

0

‖rεN (τ)‖L2 dτ

. εα−1

∫ t

0

(
‖uε(τ)‖2

L∞ + ‖vεN (τ)‖2
L∞

)
‖wεN (τ)‖L2 dτ

+
ε(N+1)α−1

(1 − t)(N+1)n−1
.

Assume that for 1 − t � εγ , uε is of the same order of magnitude as vεN ,

that is

‖uε(t)‖L∞ .
1

(1 − t)n/2
.

(This estimate will actually be proved in Sec. 9.1.2, see Remark 9.8.)

Gronwall lemma then yields, for t < 1:

‖wεN (t)‖L2 .
ε(N+1)α−1

(1 − t)(N+1)n−1
eCε

α−1/(1−t)n−1

.

Formally, take N = ∞: in L2, the error wε is controlled by

εα

(1 − t)n
eCε

α−1/(1−t)n−1

.

For 1 − t & ε(α−1)/(n−1), the exponential is bounded. Moreover, if

εα−1

(1 − t)n−1
= c log

1

ε
,

we still infer

‖wεN (t)‖L2 � 1,

provided that c (independent of ε) is sufficiently small. This shows that the

first phase shift, also derived with the Lagrangian integral approach, is the
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right one, since the approximation is good past the first boundary layer.

On the other hand, the second boundary layer corresponds to

1 − t ≈ ε
2α−1
2n−1 .

We check that

εα

(1 − t)n
eCε

α−1/(1−t)n−1∣∣
t=1−ε(2α−1)/(2n−1) � 1.

Therefore, we cannot conclude anything by this approach, as soon as the

second boundary layer is reached (and even before). We will see in Sec. 9.1.3

that this approximation ceases indeed to be good between the first two

boundary layers. We will also explain why.

9.1.2 A rigorous computation

Introduce the new unknown function ψ given by:

uε(t, x) =
1

(1 − t)n/2
ψε
(

εγ

1 − t
, x

1 − t

)
ei

|x|2

2ε(t−1) . (9.6)

Recalling that γ = α/n < 1, denote

h = ε1−γ −→
ε→0

0. (9.7)

Changing the notation ψε(τ, ξ) into ψh(t, x), we check that for t < 1,

Eq. (9.1) is equivalent to:

ih∂tψ
h +

h2

2
∆ψh = tn−2|ψh|2ψh ; ψh

(
h

γ
1−γ , x

)
= a0(x). (9.8)

Except for two aspects, this equation is the same as in Sec. 4.2.1:

• There is a factor tn−2 in front of the nonlinearity.

• The data are prescribed at t = h
γ

1−γ , instead of t = 0.

Note that the factor tn−2 is not present if n = 2, and would be singular at

t = 0 if we wanted to treat the case n = 1.

Remark 9.5. It is easy to adapt this analysis to the case of a supercritical

focal point, in an isotropic harmonic potential:

iε∂tu
ε +

ε2

2
∆uε =

|x|2
2
uε + εα |uε|2 uε ; uε(0, x) = a0(x).

Indeed, resuming the reduction of the end of Sec. 5.3, we can set

ψh(t, x) = Uε
(
t

εγ
− 1, x

)
,
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where Uε is given by

Uε(t, x) =
1

(1 + t2)n/4
e
i t
1+t2

|x|2

2ε uε
(

arctan t,
x√

1 + t2

)
.

We find:



ih∂tψ

h +
h2

2
∆ψh =

((
th0
)2

+
(
t− th0

)2)n/2−1 ∣∣ψh
∣∣2 ψh,

ψh
(
th0 , x

)
= a0(x),

with th0 = hγ/(1−γ). This reduced problem is closely akin to Eq. (9.8). In

particular, it is easy to adapt Theorem 9.2 to this case.

To study Eq. (9.8), we naturally adapt the approach of [Grenier (1998)],

presented in Sec. 4.2.1. We want to write

ψh(t, x) = ah(t, x)eiφ
h(t,x)/h,

where




∂tφ
h +

1

2

∣∣∇φh
∣∣2 + tn−2

∣∣ah
∣∣2 = 0 ; φh|t=th0

= 0,

∂ta
h + ∇φh · ∇ah +

1

2
ah∆φh = i

h

2
∆ah ; ah|t=th0

= a0,

(9.9)

and th0 = hγ/(1−γ). We introduce the velocity vh = ∇φh, and force the

initial time to be zero by a shift in time:

ṽh(t, x) = vh
(
t+ th0 , x

)
; ãh(t, x) = ah

(
t+ th0 , x

)
.

We now have to study a quasi-linear equation:

∂tu
h +

n∑

j=1

Aj(u
h)∂ju

h =
h

2
Luh ,

with uh =




Re ãh

Im ãh

ṽh1
...

ṽhn




=




ãh1
ãh2
ṽh1
...

ṽhn



, L =




0 −∆ 0 . . . 0

∆ 0 0 . . . 0

0 0 0n×n


 , and

A(u, ξ) =

n∑

j=1

Aj(u)ξj =




ṽ · ξ 0 ã1

2
tξ

0 ṽ · ξ ã2

2
tξ

2
(
t+ th0

)n−2
ã1 ξ 2

(
t+ th0

)n−2
ã2 ξ ṽ · ξIn


 .
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The matrix A(u, ξ) can be symmetrized by

Sh =

(
I2 0

0 1

4(t+th0 )
n−2 In

)
,

which depends only on t and h, since the nonlinearity that we consider is

exactly cubic. In estimating ∂tS, the assumption n > 2 is again helpful.

Indeed, we can mimic the computations of Sec. 4.2.1. For s > n/2 + 2, we

bound
〈
ShΛsuh,Λsuh

〉
,

(scalar product in L2(Rn+2)) by computing its time derivative:

d

dt

〈
ShΛsuh,Λsuh

〉
=
〈
∂tS

hΛsuh,Λsuh
〉

+ 2
〈
Sh∂tΛ

suh,Λsuh
〉
,

since Sh is symmetric. Because n > 2,
〈
∂tS

hΛsuh,Λsuh
〉

6 0.

Therefore, we can easily infer the analogue of Theorem 4.1:

Proposition 9.6. Let n > α > 1 and a0 ∈ S(Rn). There exist T ∗ > 0

independent of h ∈]0, 1] and a unique pair (φh, ah) ∈ C([th0 , T
∗+ th0 ];H∞)2,

solution to (9.9). Moreover, ah and φh are bounded in L∞([th0 , T
∗+th0 ];Hs),

uniformly in h ∈]0, 1], for all s.

Remark 9.7. In [Carles (2007a)], the homogeneous nonlinearity εα|uε|2uε
is replaced with f

(
εα|uε|2

)
uε, where f ′ > 0. Computations are not more

difficult, just a little lengthier to write. We point out that in estimating

the time derivative of the symmetrizer S, the “new” term (compared to

Sec. 4.2.1) is non-positive, as above, and therefore can be left out in the

energy estimates leading to the analogue of the above proposition.

Remark 9.8. We infer that ψh is bounded in L∞([th0 , T
∗ + th0 ] × Rn). In

view of Eq. (9.6), this shows that for 1 − t > εγ/T ∗,

‖uε(t)‖L∞ .
1

(1 − t)n/2
.

We have a similar result for the expected limit of (φh, ah):

Proposition 9.9. Let n > 2 and a0 ∈ S(Rn). There exists T > 0 such

that the system



∂tφ+
1

2
|∇φ|2 + tn−2 |a|2 = 0 ; φ|t=0 = 0,

∂ta+ ∇φ · ∇a+
1

2
a∆φ = 0 ; a|t=0 = a0

(9.10)
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has a unique the solution (a, φ) ∈ C([0, T ];H∞). In addition, there exist

sequences (φj)j>1 and (aj)j>1 in H∞(Rn), such that

φ(t, x) ∼
∑

j>1

tnj−1φj(x), and a(t, x) ∼
∑

j>0

tnjaj(x) as t→ 0.

The last part of the proposition is easily verified, by induction: plugging

such asymptotic series into Eq. (9.10), a formal computation yields a source

term which is O(t∞) as t → 0. We can now measure the error:

Proposition 9.10. Let s ∈ N. We have T ∗ > T , and there exists Cs
independent of h such that for every th0 6 t 6 T ,

‖ah(t) − a(t)‖Hs + ‖φh(t) − φ(t)‖Hs 6 Cs

(
ht+ h

γ(n−1)
1−γ

)
.

Proof. We keep the same notations as above. Define (ã, ṽ) from (a, v)

by the same shift in time. Denote by u the analogue of uh corresponding

to (ã, ṽ). We have

∂t
(
uh − u

)
+

n∑

j=1

Aj(u
h)∂j

(
uh − u

)
+

n∑

j=1

(
Aj(u

h) −Aj(u)
)
∂ju =

h

2
Luh.

We know that uh and u are bounded in L∞([0,min(T ∗, T )− th0 ];Hs). De-

noting wh = uh − u, we get, for s > 2 + n/2:

d

dt

(
ShΛswh,Λswh

)
6C

(
‖u‖Hs+2 , ‖uh‖Hs

) (
ShΛswh,Λswh

)

+ Ch‖u‖Hs+2‖wh‖Hs

.
(
ShΛswh,Λswh

)
+ h2,

where Sh is the previous symmetrizer, which depends only on t and h.

Using Gronwall lemma, we infer:

‖wh(t)‖Hs . ht+
∥∥∥(a, v)

∣∣
t=th0

− (a, v)
∣∣
t=0

∥∥∥
Hs

. ht+
(
th0
)n−1 ‖(∂ta, ∂tv)‖L∞([0,T ];Hs) . ht+

(
th0
)n−1

,

where we have used Proposition 9.9. Along with a continuity argument,

this proves that we also have T ∗ > T , since T ∗ does not depend on h. This

completes the proof of Proposition 9.10. �
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Note that since α > 1, γ(n−1)
1−γ > 1. Back to ψh, we infer:

∥∥∥ψh − a0e
iφ/h

∥∥∥
L∞([th0 ,τ ];L

2)
.
∥∥∥aheiφh/h − aeiφ/h

∥∥∥
L∞([th0 ,τ ];L

2)

+
∥∥∥aeiφ/h − a0e

iφ/h
∥∥∥
L∞([th0 ,τ ];L

2)

.
∥∥ah − a

∥∥
L∞([th0 ,T ];L2)

+
1

h

∥∥φh − φ
∥∥
L∞([th0 ,τ ]×Rn)

+ ‖a− a0‖L∞([th0 ,τ ];L
2)

. h+ τ + h
α−1
1−γ + τn.

Letting τ → 0, Theorem 9.2 follows, by using Eq. (9.6), and the last point

of Proposition 9.9. Note that the cascade of phase shifts proceeds along

the same spirit as in Sec. 5.3, since it stems from the Taylor expansion, as

time goes to zero, of the rapidly oscillatory phase.

Remark 9.11. The cascade of phase shifts can be understood as the cre-

ation of a new phase, appearing discretely in time. With the transform

(9.6) in mind, the asymptotic expansion of the phase shift φ stems from

the last part of Proposition 9.9. The coupling in (9.10) shows that even if

φ|t=0 = 0, φ(δ, x) is not identically zero, for δ > 0 arbitrarily small. The

phase of ψh is given asymptotically by

φ(t, x)

h
∼
∑

j>1

tjn−1

h
φj(x) .

With the same line of reasoning as above, a phase shift appears for t of order

h1/(n−1), then a second for t of order h1/(2n−1), and so on. The superpo-

sition of these phase shifts, which are oscillating faster and faster, finally

leads to a continuous phase, corresponding to an oscillation associated to

the wavelength h.

9.1.3 Why do the results disagree?

The construction of Section 9.1.1 and the results of the previous paragraph

do not agree. To see this, we come back to Proposition 9.9. Plugging the
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Taylor expansions in time for φ and a into Eq. (9.10), we find:

O
(
tn−2

)
: (n− 1)φ1 + |a0|2 = 0, (9.11)

O
(
tn−1

)
: na1 + ∇φ1 · ∇a0 +

1

2
a0∆φ1 = 0, (9.12)

O
(
t2n−2

)
: (2n− 1)φ2 +

1

2
|∇φ1|2 + 2 Re(a0a1) = 0. (9.13)

The function φ1 is the same as the one obtained by the approach of

Sec. 9.1.1: the two approximate solutions are close to each other up to the

first boundary layer, when the first phase shift appears. This also stems

from the computations at the end of Sec. 9.1.1, in view of Remark 9.8. On

the other hand, we see that to get φ2, the modulation of the amplitude

(a1) must be taken into account (note that we consider approximations as

t → 0 here, not as ε → 0: a1 does not denote the same quantity as in

Chap. 4); in Eq. (9.5), g2 is computed without evaluating ∆a0, unlike φ2,

so g2 6= φ2 in general. This means in particular that the two approximate

solutions diverge when reaching the second boundary layer: the approach of

Sec. 9.1.1 is only formal, and does not lead to a good approximation. And

yet, the source term in Proposition 9.3 is small. We will see below that

this divergence is not due to a spectral instability, but to the fact that the

approach followed to construct the formal approximation was too crude.

We apply the transform (9.6) to the intermediary approximate solution

vεN . We show that the formal approximation stops being a good approxima-

tion between the first and the second boundary layer exactly, as suspected

at the end of Sec. 9.1.1. Like for the exact solution, write

vεN (t, x) =
1

(1 − t)n/2
ψεN

(
εγ

1 − t
, x

1 − t

)
ei

|x|2

2ε(t−1) .

We check that ψhN is given by

ψhN (τ, ξ) = a0(ξ)e
iϕh

N (τ,ξ), where gεN (t, x) = ϕhN

(
εγ

1 − t
, x

1 − t

)
.

We compute

ϕhN (t, x) =
1

ht

N∑

j=1

1

nj − 1

(
tnj −

(
th0
)nj)

gj(x).

Therefore, ψhN satisfies

ih∂tψ
h
N +

h2

2
∆ψhN = tn−2|ψhN |2ψhN + θhN (t, x) ; ψhN

(
th0 , x

)
= a0(x),
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where:

θhN (t, x) =

(
t(N+1)n−2K0(x) + ihK1(t, x) +

(
th0
)n

t2
Ξh0 (x)

)
ψhN (t, x)

+ ihK2(t, x) + h2K3(t, x) + ih

(
th0
)n

t2
Ξh1 (x),

where the functions Kj are smooth and independent of h, and Ξhj are

bounded in all Sobolev spaces, uniformly in h. Note that the factor in

front of Ξhj is not singular, since we assume t > th0 , and n > 2. Now write

ψhN (t, x) = ahN(t, x)eiφ
h
N (t,x)/h, with

∂tv
h +

n∑

j=1

Aj(v
h)∂jv

h =
h

2
Lvh + S

h(t, x) , with vh(t, x) =




Re ahN
Im ahN
∂1φ

h
N

...

∂nφ
h
N



,

S
h(t, x) =




Re
(
K1a

h
N

)
+ Re

((
K2 − ihK3 +

(th0 )
n

(t+th0 )2
Ξh1

)
e−iφ

h
N/h

)

Im
(
K1a

h
N

)
+ Im

((
K2 − ihK3 +

(th0 )
n

(t+th0 )2
Ξh1

)
e−iφ

h
N/h

)

−(t+ th0 )(N+1)n−2∂1K0 − (th0 )
n

(t+th0 )2
∂1Ξ

h
0

...

−(t+ th0 )(N+1)n−2∂nK0 − (th0 )
n

(t+th0 )2
∂nΞh0




,

where the matrices Aj are the same as in Sec. 9.1.2 and the functions in the

definitions of vh and S
h are evaluated at (t + th0 , x). We can proceed like

in Sec. 9.1.2: the new term is the source S
h. Unlike for the exact solution,

the oscillatory aspect of the problem has not disappeared: the first two

components of Sh contain a highly oscillatory factor. Therefore, we cannot

expect h-independent energy estimates here. To measure the effect of this

oscillatory term, forget the shift in time, and take th0 = 0. Then assuming

that for small times, ∂βxφ
h
N (t, x) = O(tn−1) for any multi-index β (like for

the exact solution), the Hs norms of the first two components of Sh are

controlled by

O
(
t1+s(n−1)

hs

)
.

Back to the initial variables, this yields a control by
(

εγ

1 − t

)1+s(n−1)

ε−s(1−γ) =
εγ+sα−s

(1 − t)1+s(n−1)
.
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This is small for 1 − t� εω, with

ω =
γ + sα− s

1 + s(n− 1)
.

We check that for n > α > 1, we have

α− 1

n− 1
< ω =

γ + s(α− 1)

1 + s(n− 1)
<

2α− 1

2n− 1
, for all s > 0.

The first inequality means that we can expect the formal approximation to

be a good approximation of the exact solution beyond the first boundary

layer (which holds true). The second one explains why the approximation

ceases to be relevant before the second boundary layer.

A possible way to understand the above computation is that the choice

of the variables is crucial: working with the “usual” unknown vε (as in

Sec. 9.1.1) is not very efficient. On the other hand, with the variables

introduced by E. Grenier for his generalized WKB methods, a precise and

rigorous analysis is possible, via the transform (9.6).

Remark 9.12. Even though there is stability in a reasonable sense for the

limiting hyperbolic system (9.10), small perturbations of the initial ampli-

tude a0 may drastically alter the asymptotic behavior of uε; see Sec. 5.3.

9.2 And beyond?

Using the analysis of Sec. 4.2.1, we could not only describe uε for t 6 1−Λεγ

in the limit Λ → +∞, but also for t 6 1 − εγ/T , where T is given by

Proposition 9.9. The main differences with the approximate solution of

Theorem 9.2 is that the amplitude a can no longer be approximated by

its initial value a0, and a phase modulation must be inserted (which was

denoted Φ(1) in Sec. 4.2.1). This shows that for t = 1−εγ/T , the amplitude

of uε is of order ε−nγ/2 = ε−α/2 in L∞. Moreover, the potential term in

the nonlinear energy is of order O(1) exactly:

εα ‖uε (1 − εγ/T )‖4
L4 = εα

∫

Rn

(
T

εγ

)2n ∣∣∣∣ψh
(
T,
Tx

εγ

)∣∣∣∣
4

dx

= εα
(
T

εγ

)n ∥∥ψh(T )
∥∥4

L4 = Tn
∥∥ψh(T )

∥∥4

L4 ≈ 1.

Since we know that the potential energy is bounded for all time, from

the conservation of the energy, this suggests that uε might have reached

its maximal order of magnitude at time t = 1 − εγ/T , as guessed in the

introduction of this chapter.
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To know how uε evolves past this time, it seems reasonable to introduce

the (L2 unitary) scaling transform,

uε(t, x) =
1

εnγ/2
ϕε
(
t− 1

εγ
, x

εγ

)
=

1

εα/2
ϕε
(
t− 1

εγ
, x

εγ

)
. (9.14)

With the same change of notation as for ψ, we have

ih∂tϕ
h +

h2

2
∆ϕh =

∣∣ϕh
∣∣2 ϕh. (9.15)

For −1/th0 6 t 6 −1/(T + th0 ), we have:

ϕh(t, x) =

(−1

t

)n/2
ψh
(−1

t
,−x
t

)
ei|x|

2/(2ht)

=

(−1

t

)n/2
ah
(−1

t
,−x
t

)
exp

(
i

h

( |x|2
2t

+ φh
(−1

t
,−x
t

)))

=: ah(t, x)eiΦ
h(t,x)/h. (9.16)

The phase Φh is no longer in Sobolev spaces, because of the quadratic term.

However, it enters the class studied in Sec. 4.2.2. So to go further into the

analysis, we meet again a question which was natural in Chap. 4: what

happens when singularities appear in the limiting Euler equation? What

does it mean for uε?

We have seen that because we study a focal point in a supercritical

régime, new frequencies have appeared. There are potentially other possible

effects. For instance, is there a (different) notion of caustic for ϕh, that is,

in a supercritical WKB régime? Indeed, we know that we have to expect

the solution of the limiting Euler system to develop singularities in finite

time ([Chemin (1990); Makino et al. (1986); Xin (1998)]), but this tells

us nothing about ϕh. Typically, we do not expect the L∞ norm of ϕh

to be unbounded, since both its L2 norm and its L4 norm are bounded

for all time and all h. Of course, this does not imply that the L∞ norm

of ϕh is bounded, but this is a rather appealing property. As suggested in

Chap. 6, this might mean that two notions of caustic could be distinguished

in supercritical régimes: a geometrical notion (the rays along which the

amplitude is carried cease to form a diffeomorphism of the whole space), and

an analytical notion (the L∞ norm of the wave function becomes unbounded

as the semi-classical parameter goes to zero). These two notions might be

disconnected in supercritical cases, and other analytical mechanisms may

be involved.
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In the linear, subcritical and critical cases, we have seen that past a

single focal point, one phase suffices to describe the rapid oscillations of

the wave function, unlike what happens for a cusped caustic in the linear

case, for instance. In the present supercritical case, it is not clear even how

many phases are necessary to describe the wave function for t > 1. As a

matter of fact, the geometry of singularities is not understood either: it is

not clear that for t > 1, uε is of order O(1) again. It might for instance

keep the form it has reached at time t = 1 − εγ/T .

This informal discussion shows that many questions remain open, both

in a WKB régime and in a caustic régime. Moreover, these questions are

more connected than it may seem at first glance.
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3, 3, pp. 215–220.
Chemin, J.-Y. (1998). Perfect incompressible fluids, Oxford Lecture Series in

Mathematics and its Applications, Vol. 14 (The Clarendon Press Oxford
University Press, New York), translated from the 1995 French original by
I. Gallagher and D. Iftimie.

Cheverry, C. (2004). Propagation of oscillations in real vanishing viscosity limit,
Comm. Math. Phys. 247, 3, pp. 655–695.

Cheverry, C. (2005). Sur la propagation de quasi-singularitiés, in Séminaire:
Équations aux Dérivées Partielles. 2004–2005 (École Polytech., Palaiseau),
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Roy. Sci. Liège 70, 4-6, pp. 267–306 (2002), hommage à Pascal Laubin.
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Schrödinger non linéaire, Ann. Inst. Fourier (Grenoble) 55, 2, pp. 573–671.

Tao, T. (2006). Nonlinear dispersive equations, CBMS Regional Conference Se-
ries in Mathematics, Vol. 106 (Published for the Conference Board of the



January 28, 2008 17:0 World Scientific Book - 9in x 6in carles

Bibliography 241

Mathematical Sciences, Washington, DC), local and global analysis.
Taylor, M. (1981). Pseudodifferential operators, Princeton Mathematical Series,

Vol. 34 (Princeton University Press, Princeton, N.J.).
Taylor, M. (1997). Partial differential equations. III, Applied Mathematical Sci-

ences, Vol. 117 (Springer-Verlag, New York), nonlinear equations.
Teufel, S. (2003). Adiabatic perturbation theory in quantum dynamics, Lecture

Notes in Mathematics, Vol. 1821 (Springer).
Thirring, W. (1981). A course in mathematical physics. Vol. 3 (Springer-Verlag,

New York), quantum mechanics of atoms and molecules, Translated from
the German by Evans M. Harrell, Lecture Notes in Physics, 141.

Thomann, L. (2007). Instabilities for supercritical Schrödinger equations in ana-
lytic manifolds, archived as arXiv:0707.1785.

Tsutsumi, Y. (1987). L
2–solutions for nonlinear Schrödinger equations and non-

linear groups, Funkcial. Ekvac. 30, 1, pp. 115–125.
Tsutsumi, Y. and Yajima, K. (1984). The asymptotic behavior of nonlinear

Schrödinger equations, Bull. Amer. Math. Soc. (N.S.) 11, 1, pp. 186–188.
Weinstein, M. I. (1985). Modulational stability of ground states of nonlinear

Schrödinger equations, SIAM J. Math. Anal. 16, 3, pp. 472–491.
Whitham, G. B. (1999). Linear and nonlinear waves, Pure and Applied Mathe-

matics (John Wiley & Sons Inc., New York).
Xin, Z. (1998). Blowup of smooth solutions of the compressible Navier-Stokes

equation with compact density, Comm. Pure Appl. Math. 51, pp. 229–240.
Yajima, K. (1979). The quasiclassical limit of quantum scattering theory, Comm.

Math. Phys. 69, 2, pp. 101–129.
Yajima, K. (1987). Existence of solutions for Schrödinger evolution equations,

Comm. Math. Phys. 110, pp. 415–426.
Yajima, K. (1996). Smoothness and non-smoothness of the fundamental solution

of time dependent Schrödinger equations, Comm. Math. Phys. 181, 3, pp.
605–629.

Zakharov, V. E. and Shabat, A. B. (1971). Exact theory of two-dimensional self-
focusing and one-dimensional self-modulation of waves in nonlinear media,
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