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Preface

These pages describe the semi-classical limit for nonlinear Schrodinger equa-
tions in the presence of an external potential. The motivation of this study
is two-fold. First, it is expected to provide interesting models for physics.
For instance, the nonlinear Schrédinger equation is a common model for
Bose—Einstein condensation. To describe the physical phenomenon, qual-
itative properties of the solutions of these equations may be helpful. Ac-
cording to the various régimes considered, different asymptotic behaviors
associated to the equations may be interesting. One of them is the semi-
classical limit, where the behavior of the wave function as the (rescaled)
Planck constant goes to zero is studied. On the other hand, this study also
has purely analytical motivations. It is well-known that the semi-classical
limit (also called geometrical optics) yields useful information for problems
related to functional analysis, even when there is no Planck constant in the
initial problem. For instance, such methods have proven efficient in the
construction of parametrices or in studying the propagation of singulari-
ties. In these notes, we emphasize some applications of WKB analysis for
the study of qualitative properties of super-critical nonlinear Schrédinger
equations.

The book consists of two parts. The first one is dedicated to the WKB
methods and the semi-classical limit before the formation of caustics. The
second part treats the semi-classical limit in the presence of caustics in the
special geometric case where the caustic is reduced to a point (or to several
isolated points). Both parts are essentially independent. The first part may
be viewed simply as a motivation for the second part. Most of the content of
the second part does not refer to WKB analysis. Also, the technical aspects
are fairly independent in the two parts. The first part relies greatly on tech-
niques coming from the study of hyperbolic partial differential equations,
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and especially, from quasi-linear ones. The second part is more typical of
nonlinear Schrédinger equations in a way, since it involves scattering theory,
as well as Strichartz estimates related to Schrédinger equations.

These lecture notes correspond to an extended version of a course given
in Vienna at the Wolfgang Pauli Institute during a workshop organized by
Jean-Claude Saut in May 2007, and in Beijing in October 2007, during
a special semester organized by Ping Zhang at the Morningside Center
of Mathematics of the Chinese Academy of Sciences. The goal of this
course was to give an overview of the current knowledge and techniques in
the study of the semi-classical limit for nonlinear Schrédinger equations.
These notes are a good opportunity to fix (some of) the typographical
errors that have remained in the papers written by the author, and to
present several results in a unified way. We have also tried to point out
some interesting open questions, especially when they appear natural in
the course of the text. Since the course was addressed to researchers and to
graduate students, the present text is essentially self-contained, and only
for technical details and further developments have we chosen to direct the
reader to the original references.

I wish to thank warmly Thomas Alazard for his careful reading of the
initial version of the manuscript.



General Notations

Functions
By default, the functions that we consider are complex-valued.

The space variable, denoted by x, belongs to R™. The time variable is de-
noted by t.

The partial derivatives with respect to the time variable and to the j-th
space variable are denoted by 0; and 0;, respectively.

We denote by A the Fourier multiplier (Id —A)/2, where A stands for the
Laplacian

Function spaces

We denote by LP(R™), or simply LP, the usual Lebesgue spaces on R".
The inner product of L2(R") is defined as

(f,9)= | f(z)g(z)dx.
RTL

Consider f = f(t,z) a function from I x R™ to C, where [ is a time interval.
If f € C(I; LP(R™)), we write

I fll oo ;o) = sup || £ ()| v )
tel

vii
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The Schwartz class of smooth functions R® — C which decay rapidly as
well as all their derivatives is denoted by S(R™).

For f € S(R™), we define its Fourier transform by
~ 1 .
_ — —ix-§

so that the inverse Fourier transform is given by

F@) = s [ e e

For s > 0, we define the Sobolev space H*(R™) = H® as
R = {fe S®"); €~ (©)° Fl) € L*RM},
where we have denoted (¢) = (1 + |£]?)'/2. Note that if s € N, then
H*(R™) = {f € L*(R") ; 0°f € L*(R"), Va € N", |a| < s}.
Recall that if s > n/2, then H*(R") is an algebra, and H*(R™) C L>*(R"™).

The set H*°(R"), or simply H, is the intersection of all these spaces:
H>® = 0520H5(Rn).
This is a Fréchet space, equipped with the distance

22 s If—gllus
L+f— QHHS

seN

Semi-classical limit

The dependence of functions upon the semi-classical parameter ¢ is denoted
by a superscript. For instance, the wave function is denoted by u°.

All the irrelevant constants are denoted by C. In particular, C' stands for
a constant which is independent of ¢, the semi-classical parameter.
Let (ah)0<h<1 and (ﬁh)0<hg1 be two families of positive real numbers.

o We write o < ", or o = o(8"), if limsup o™ /5" = 0.

o We write o < 3" or o = O(p"), if li?n_é?lp o/t < .

o We write o ~ 8" if o < " and p" §h07h0.

If u” and v" are functions, we write u" ~ v" if [|[u —v"|| < ||v"|), for some
norm to be precised (or not, when computations are purely formal).
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Chapter 1

Preliminary Analysis

We consider nonlinear Schrodinger equations in the presence of a parameter
€ €]0,1],

2
ie0pu® + %Aus =Vu®+ f (|u5|2) us, (1.1)

where u® = u®(¢,x) is complex-valued. Throughout this book, the space
variable, denoted by x, lies in the whole Euclidean space R™, n > 1. Many of
the results presented in this first part can easily be adapted to the case of the
torus T™. The external potential V = V (¢, z) and the (local) nonlinearity f
are supposed to be smooth, real-valued, and independent of €. The aim of
these notes is to describe some results about the asymptotic behavior of the
solution u® as the parameter € goes to zero. We shall be more precise about
the initial data that we consider below. The nonlinearity f is local (e.g.
power-like nonlinearity): in particular, we choose not to mention results
related to nonlocal nonlinearities, such as the Schrédinger—Poisson system
2
1edu® + %Aus =Vu+Vyut ;3 AV, =X (|u5|2 — c) ,

or the Hartree equation

. e? 1 2

i€l + —Auf =Vu + A <— * |u| ) u®.

2 |z

We do not consider e-dependent potential either, an issue for which the
main model we have in mind is that of a lattice periodic potential, whose
period is of order e:

2
te0pu® + %Aus =Vu*+ W (g) ut+ f (|u5|2) us,

where the potential Vr is periodic with respect to some regular lattice
I' ~ Z™. See for instance [Bensoussan et al. (1978); Robert (1998); Teufel
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(2003)] for an introduction to the asymptotic study in the linear case of
the above equation, and [Carles et al. (2004)] for an example of asymptotic
behavior in a nonlinear régime. Our choice is to focus on (1.1), and to
describe as precisely as possible the variety of known phenomena in the
limit € — 0.

There are several reasons to study the asymptotic behavior of u® in
the semi-classical limit ¢ — 0. Let us mention two. First, (1.1) with
f(lul*)u = |u*u (quintic nonlinearity) is sometimes used as a model for
one-dimensional Bose-Einstein condensation in space dimension n = 1
([Kolomeisky et al. (2000)]). When n = 2 or 3, a cubic nonlinearity,
f(lul®)u = |u|?u, is usually considered. The external potential V' can be an
harmonic potential (isotropic or anisotropic), or a lattice periodic potential
(see e.g. [Dalfovo et al. (1999); Pitaevskii and Stringari (2003)]). According
to the different physical parameters at stake, the asymptotic behavior of
u® as € — 0 may provide relevant informations to describe u* itself. This
approach is similar to the theory of geometric optics, developed initially to
describe the propagation of electro-magnetic waves, such as light. In that
context, the propagation of the wave is also described by partial differen-
tial equations, and ¢ usually corresponds to a wavelength, which is small
compared to the other parameters. For Maxwell’s equations, € corresponds
to the inverse of the speed of light. We invite the reader to consult [Rauch
and Keel (1999)] for an overview of this theory, mainly in the context of
hyperbolic equations. We shall not develop further on the physical moti-
vations, but rather focus our attention on the mathematical aspects. The
term “geometric optics” means that it is expected that the propagation of
light is accurately described by rays. For Schréodinger equations, the ana-
logue of this notion is usually called “classical trajectories”. These notions
are identical, and follow from the notion of bicharacteristic curves. As a
consequence, the limit € — 0 relates classical and quantum wave equations.
In particular, the semi-classical limit € — 0 for u® is expected to be de-
scribed by the laws of hydrodynamics. We will come back to this aspect
more precisely later.

Another motivation lies in the study the Cauchy problem for nonlinear
Schrodinger equations with no small parameter (V =0 and e = 1 in (1.1),
typically). One can prove ill-posedness results for energy-supercritical equa-
tions by reducing the problem to semi-classical analysis for (1.1). This as-
pect is discussed in details in Sec. 5.1 and Sec. 5.2. Note that the application
of the theory of geometric optics to functional analysis has a long history.
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In [Lax (1957)], it was used to construct parametrices. It has also been
used to study the propagation of singularities (see e.g. [Taylor (1981)]), or
of quasi-singularities [Cheverry (2005)]. In the case of Schrédinger equa-
tions, semi-classical analysis has proven useful for instance in control theory
[Lebeau (1992)], in the proof of Strichartz estimates [Burq et al. (2004)],
and in the propagation of singularities for the nonlinear equation [Szeftel
(2005)].

We underscore the fact that the WKB analysis for (nonlinear)
Schrodinger equations is rather specific to this equation. An important
feature is the fact that for gauge invariant nonlinearities, it is possible to
describe the solution with one phase and one harmonic only, provided that
the initial data are of this form: u® & ae’®/¢. For several other equations
(e.g. Maxwell equations), the analysis is rather different, even on the alge-
braic level. We invite the reader to consult for instance [Joly et al. (1996b);
Métivier (2004b); Rauch and Keel (1999); Whitham (1999)], and references
therein, to have an idea of the important results for equations different
from the Schrédinger equation. However, the general framework presented
in §1.1 (derivation of the equation, and steps toward a justification) is not
specific to the equation: the main specificity of gauge invariant nonlinear
Schrédinger equations (as in Eq. (1.1)) is that the equations derived at the
formal step look simpler than for other equations, due to the fact that we
work with only one phase (and one harmonic).

Before introducing the approach developed in this first part, we present
two basic results, which will be used throughout these notes.

Lemma 1.1 (Gronwall lemma and a continuity argument).
(1) Let u,a,b € C([0, T);Ry) be such that

u(t) < u(0) + / a(ru(r)dr + /0 “brydr, Ve 0.7).
Denote A(t) = [} a(r)dr. Then
u(t) < u(0)e?® + / t b(s)etM=AE)ds, vt e [0,T).
(2) Let u,be C([0,T);R4) andof € C(R4;Ry) such that

t) < u(0) + /f (r

Let M = bup{f( ); v e [0,2u(0

\_/

t
d7+/ b(r)dr, Vi€ [0,T.
]} There exists t €]0,T] such that

~~

t
u(t) < u(0)eMt + [ b(s)eM=ds, vt e 0,1
0
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Proof. (1) Denote

w(t) = u(0) —1-/0 a(T)u(r)dr +/0 b(r)dr.

By assumption, w € C*([0,7]) and w’(t) = a(t)u(t) +b(t) < a(t)w(t)+b(t).
Therefore,

!
(w(t)e_A(t)) < b(t)e AW,

and the first point follows by integrating this inequality, since u(t) < w(t).
(2) Suppose that there exists ¢ €]0,7] such that u(t) > 2u(0). Since u is
continuous, we can define

t =min{7 € [0,T]; u(r) = 2u(0)} > 0.
The assumption implies
u(t) —|—M/ dT+/ b(r)dr, Vte|0,t].

Gronwall lemma then yields
t
u(t) < u(0)eM? —l—/ b(s)eMt=)ds, vt e [0,1.
0

The right hand side is continuous, and is equal to u(0) for ¢ = 0. Up to
decreasing ¢, this right hand side does not exceed 2u(0) for ¢ € [0, t], hence
the conclusion of the lemma.

If u(t) < 2u(0) for all ¢ € [0, 7], then we can trivially take ¢t = T'. O

Lemma 1.2 (Basic energy estimate). For ¢ > 0, consider u® solving

2
iedyu® + %Aue =Fu + R ; uj,=u. (1.2)

Assume that F€ = F¢(t,x) is real-valued. Let I be a time interval such that

0 € I. Then we have, at least formally:
1
sup [ (0) = < 0§l + = [ IR0 .
tel e Jr

Proof. Since the statement is formal, so is the proof. Multiply (1.2) by
u°, and integrate over R"™:

2
is/ ﬁsatusdx—l—% ﬁsAusd;v:/ F5|us|2dw+/ U Rdx.
n ]R'n. n ]R'n.
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Taking the imaginary part, the second term of the left hand side vanishes,
since A is self-adjoint. Similarly, since F¢ is real-valued, the first term of
the right hand side disappears, and we have:

d
|u ?=¢ 8,5|u‘€|2 =2Im [ T R".
“at Rn
Cauchy—Schwarz mequahty ylelds
d
e ICllZe < 2fuf 2] B 2.
Let 6 > 0. We infer from the above inequality:
d 1/2
e (10117 +6) <2 (Ju[[7e +8) 1Rl 2.
Since [[u||2, + 4 > & > 0, we can simplify:
d 1/2
e ()22 +6)"* <J|R7) 1o
Integration with respect to time yields, for ¢t € I:
1/2
(Ol +9)"" < (gl +0)'* + [ 1R Olact.

The lemma follows by letting § — 0. U

1/2

1.1 General presentation

The general approach of WKB expansions (after three papers by Wentzel,
Kramers and Brillouin respectively, in 1926) consists of mainly three steps.
The first step, which is described in more details in this section, consists in
seeking a function v¢ that solves (1.1) up to a small error term:

2
€0 + %Avs = Vo + f (o) v° + 77,

where 7¢ should be thought of as a “small” (as € — 0) source term. Typi-
cally, we require

||7"€HL°C([—T,T];L2) =0 (€N)

for some T" > 0 independent of €, and N > 0 as large as possible. In this
first step, we derive equations that define v, which are hopefully simpler
than (1.1). The second step consists in showing that such a v® actually
exists, that is, in solving the equations derived in the first step. The last
step is the study of stability (or consistency): even if r¢ is small, it is not
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clear that u® — v® is small too. Typically, we try to prove an error estimate
of the form

[0 = v%|| oo (-1 7):22) = O ()

for some K > 0 (possibly smaller than N). Note also that for the nonlinear
problem (1.1), it is not even clear from the beginning that an L? solution
can be constructed on a time interval independent of € €]0, 1.

The initial data that we consider for WKB analysis are of the form
uf (0, ) = e®ag(x)e'0@)/E, (1.3)
The phase ¢ is independent of € and real-valued. The initial amplitude a
is complex-valued, and may have an asymptotic expansion as € — 0,

ag(x) ~ ao(z) +eay(v) +2az(x) + .. ., (1.4)

e—0

in the sense of formal asymptotic expansions, where the profiles a; are
independent of . Note that £ then measures the size of u®(0, x) in L>°(R"™).
We shall always consider cases where x > 0. When the nonlinearity is non-
trivial, f # 0, the asymptotic behavior of u® as € — 0 strongly depends on
the value of k, as is discussed below. An important feature of Schrédinger
equations with gauge invariant nonlinearities like in (1.1) is that if the initial
data are of the form (1.3), then for small time at least (before caustics),
the solution u° is expected to keep the same form, at least approximately:

us(t,x) ~ e%af(t,x)e’ /e, (1.5)

e—0

where a® is expected to have an asymptotic expansion as well. This is
in sharp contrast with the analogous problems for hyperbolic equations
(e.g. Maxwell, wave, Euler): typically, because the solutions of the wave
equations are real-valued, the factor e*#0/¢ is replaced, say, by 2 cos(¢o/c) =
ei®o/e 4 ¢=i%o/¢ By nonlinear interaction, other phases are expected to
appear, like e?*®/¢ L € Z, for instance. This can be guessed by looking at
the first iterates of a Picard’s scheme. Moreover, phases different from ¢
might be involved in the description of u®, by nonlinear mechanisms too.
We will see that unlike for these models, such a phenomenon is ruled out for
nonlinear Schréodinger equations, provided that only one phase is considered
initially, see (1.3). This is an important geometric feature in this study. On
the other hand, studying the asymptotic behavior of u° whose initial data
are sums of initial data as in (1.3) is an interesting open question so far.



Preliminary Analysis 9

To describe the expected influence of the parameter x on the asymptotic
behavior of u®, assume that the nonlinearity f is homogeneous:

f(Juf?) u® = Auf*u®, XER, o >0.

The case 0 € N\ {0} corresponds to a smooth nonlinearity. Even though
the parameter x may be viewed as a measurement of the size of the (initial)
wave function, we shall rather consider data of order O(1), by introducing
u® = e~ "uf. Dropping the tildes, we therefore consider

g2 ,
ie0pu® + EAuE = Vuf + 2e®uf)?7uf 5 uf(0,2) = af(x)e’ /5] (1.6)

where o« = 20k > 0.

1.2 Formal derivation of the equations

Assuming that the initial data have an asymptotic expansion of the form
(1.4), we seek u®(t, ) ~ a®(t, z)e’®t)/e | with

a®(t,z) E:Oa(t, z) +eaV(t,z) + 2a P (t,2) + . ..
We use the convention a(®) = a. On a formal level at least, the general idea
consists in plugging this asymptotic expansion into (1.6), and then ordering
in powers of €. The lowest powers are the ones we really want to cancel,
and if we are left with some extra terms, we want to be able to consider
them as small source terms in the limit ¢ — 0 (by a perturbative analysis
for instance). To summarize, we first find 5, b1, ... such that

2
iedus + %Aus — Vs — Ae®|uf 27 uf ~ (b(o) +eb™ + 2@ ) e'o/e,
E—

Then we consider the equations b(®) = 0, b)) = 0, etc. Note that this makes
sense provided that a € N, for otherwise, non-integer powers of ¢ appear
in the above right hand side.

Denoting by 0 a differentiation with respect to the time variable, or any
space variable, we compute formally:

ou’ No(is_l (a +ea™ +2a® ) oo}

e—

+ da + £0a™M + 204 + . .. )ei‘i’/a.



10 Semi-Classical Analysis for Nonlinear Schrédinger Equations

Similarly, for 1 < j < n,
&2u® 5:0( — g2 (a +ea® +e2a® + . ) (0;¢)*
+ie! (a +ea™ +2a® + . ) 8?(;5
+ 2ie™! (@-a +ed;aM) + 20,0 + .. ) 09
+ a]?a + 68J2»a(1) + 528]2»CL(2) +.. .)eiqb/s.

Ordering in powers of €, we infer:
i€d, u*s—kg—zAu‘S ~ | =00+ l|V<;5|2 (a+5a(1) +e2a? + )
' 27 So T a
1
+ ie <8ta +V¢-Va+ §CLA¢>

+ie? <8ta(1) +Vo- val + %a(l)A(b _ %Aa)

4 et <8ta(j) +V¢-Vad) + la(j)A¢ — iAa(j—l)>
2 2

+...>ei¢/5.

For the nonlinear term, we choose to compute only the first two terms:
|u® 2 u® ~ (|a|2‘7a +e (|a|2‘7a(1) +20Re (Ea(l)) |a|2‘7_2a) +.. ) /e,
E—

To simplify the discussion, assume in the following lines that « is an integer,
a € N. Since we want to consider a leading order amplitude a which is not
identically zero, it is natural to demand, for the term of order £°:

Db+ S|V +V = {0 ?fa>0’ (1.7)
2 —Ma|**  ifa=0.
For the term of order &', we find:
0 ifa>1,
dia+Vo-Va+ %aAqS —{ —iNal*a ifa=1, (18)

— 2iAo Re (Ea(l)) la]*72a  ifa=0.
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Before giving a rigorous meaning to this approach, we comment on these
cases. Intuitively, the larger the a, the smaller the influence of the nonlin-
earity: for large «, the nonlinearity is not expected to be relevant at leading
order as € — 0. In terms of the problem (1.1)—(1.3), this means that small
initial waves (large k) evolve linearly at leading order: this corresponds to
the general phenomenon that very small nonlinear waves behave linearly
at leading order. Here, we see that if o > 1, then ¢ and a solve equations
which are independent of A, hence of the nonlinearity. Since at leading
order, we expect

u(t,z) ~ alt,x)e 0,
E—>

this means that the leading order behavior of u° is linear. As a consequence,
we also expect

u®(t, x) o upy (6, ),

where uj;,, solves the linear problem
e? ,
iesuy;, + 5Aufin =Vui, ; ui,(0,2) =u®(0,2) = ag(m)eZ¢0<f>/5.

Decreasing the value of «, the critical threshold corresponds to a = 1: the
nonlinearity shows up in the equation for a, but not in the equation for
¢. This régime is referred to as weakly nonlinear geometric optics. The
term “weakly” means that the phase ¢ is determined independently of the
nonlinearity: the equations for ¢ and ¢ are decoupled. We will see that
for @ > 1, the equation for a can be understood as a transport equation
along the classical trajectories (rays of geometric optics) associated to ¢,
which in turn are determined by the initial phase ¢y and the semi-classical
Hamiltonian

[4s
See Sec. 1.3.1 below.

The case a = 0 is supercritical, and contains several difficulties. We
point out two of those, which show that dealing with the supercritical case
requires a different approach. First, the equation for the phase involves the
amplitude a. But to solve the equation for a, it seems necessary to know
a™. One could continue the expansion in powers of ¢ at arbitrarily high
order: no matter how many terms are included, the system is never closed.
This aspect is a general feature of supercritical geometric optics (see also
[Cheverry (2005, 2006); Cheverry and Gues (2007)]). The second difficulty
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concerns the stability analysis. We have claimed that the general approach
consists in computing ¢, a,a!), ..., so that

up(t,x) = (a(t, z) +eaV(t,z) 4+ ... +eaD(t, x)) eie(ta)/e

solves (1.6) up to a small error term. Typically (recall that a = 0),
2
iedug + EAUZ = Vg 4+ Mug|*u§ + 55,

where 77 is bounded in a space “naturally” associated to the study of
(1.6). When working in spaces based on the conservation of the L? norm
for nonlinear Schrodinger equations (see Sec. 1.4), we expect estimates in
L°°([0,T); L*(R™)) for some T > 0 independent of ¢ €]0,1]. Suppose that
we have managed to construct such an approximate solution uj. Assume
for simplicity that u® and uj coincide at time ¢ = 0. Setting w; = u® — ug,
we have:

2
iedws + %sz = Vg + A (Juf 270 — [us]Poug) — elrs.

Suppose that u® and uj remain bounded in L (R™) on the time interval
[0,T]. Then we have:

[u® (¢, 2) 7w (8, @) — |ug (¢, 2) *7uf (t, )| < C(T)|wi (¢, ),

uniformly for ¢ € [0,7] and € R™. Lemma 1.2 yields the formal estimate,
for t € [0, T7:

t t
el (1)) 2= < 2NC(T) / o (7) | odr + 2¢° / 75(r) | el
0 0
Using Gronwall lemma, we infer:
lwE(t)]| 2 < CetteCte.

The exponential factor shows that this method may yield interesting results
only up to time of the order ce|loge|? for some ¢,# > 0. Note that in
some functional analysis contexts, this may be satisfactory (see Sec. 5.1).
However, in general, we wish to have a description of the solution of (1.6)
on a time interval independent of €.

In Chap. 9, we give a rather explicit example of a situation similar to
the one considered above, where ¢ can be taken arbitrarily large, but wj is
not small in L2, past the time where Gronwall lemma is satisfactory (see
Sec. 9.1.3).
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1.3 Linear Schrédinger equation

Before proceeding to the nonlinear analysis, we justify the above discussion
in the linear case: we consider (1.6) with A = 0, that is

2
iedwu® + %Aus =Vus ; uf(0,x) = af(z)el?@)/e, (1.9)

The results presented here will also be useful in the study of the pointwise
behavior of the solution u® to (1.1) in the nonlinear case (see Chap. 2 and
Sec. 4.2.2). We invite the reader to consult [Robert (1987)] for results
related to the semi-classical limit of Eq. (1.9) with a different point of view.

1.3.1 The eikonal equation

To cancel the €° term, the first step consists in solving (1.7):

at¢eik+%|v¢eik|2+vzo . ba(0,2) = doz).  (L.10)

This equation is called the eikonal equation. The term “eikonal” stems from
the theory of geometric optics: the solution to this equation determines the
set where light is propagated. In the case of the (linear) Schrédinger equa-
tion, we will see that a similar phenomenon occurs: the phase ¢ej deter-
mines the way the initial amplitude ag is transported (see Sec. 1.3.2). Equa-
tion (1.10) is also referred to as a Hamilton—Jacobi equation. It is usually
solved locally in space and time in terms of the semi-classical Hamiltonian

|€|2

H(t,z,7,§) =7+ = +V(t,x), (t,z,7,§) e RxR"” xR xR".

More general Hamiltoan acobi equations are equations of the form
H (ta z, 8t¢a V¢) = 07

where H is a smooth real-valued function of its arguments. For the propa-
gation of light in a medium of variable speed of propagation ¢(z), we have

H(t,x,7,6) = 7 — c(2)?[¢]*.

The local resolution of such equations appears in many books (see e.g.
[Dereziiski and Gérard (1997); Grigis and Sjostrand (1994); Evans (1998))]),
so we shall only outline the usual approach. Since in our case 9, H = 1, the
Hamiltonian flow is given by the system of ordinary differential equations

{ Byu(t,y) = OcH = £ (t,y) o 2(0.y) =y, (L11)

Ol(t,y) = —0.H ==V, V (t,z(t,y)) ; &(0,y) = Veo(y).
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The projection of the solution (z,£) on the physical space, that is z(t,y),
is called classical trajectory, or ray. The Cauchy-Lipschitz Theorem yields:

Lemma 1.3. Assume that V and ¢¢ are smooth: V € C*(R x R";R) and
¢o € C°(R™R). Then for all y € R™, there exists T, > 0 and a unique
solution to (1.11), (z(t,y),&(t,y)) € C([=Ty, T,] x R R™)%.

The link with (1.10) appears in

Lemma 1.4. Let ¢eix be a smooth solution to (1.10). Then necessarily,

v(beik (ta $(t7 y)) = g(tv y)7

as long as all the terms remain smooth.

Proof. For ¢eix a smooth solution to (1.10), introduce the ordinary dif-

ferential equation
d . ~ ~
7= Voeix (£,2) $|t:0 =y. (1.12)

By the Cauchy-Lipschitz Theorem, (1.12) has a smooth solution = €
C>([-Ty,T,]) for some T} > 0 possibly very small. Set

€(t) = Vi (t,3(1)) .
We compute

%52 Vi beix (£, Z(t)) + V¢eix (£, Z(t)) - %m)

= vat¢eik (ta E(t)) + V2¢eik (ta E(t)) : V(beik (t7 %(t))

= (O + 5170 (1.50) = -V (1700

We infer that (z, &) solves (1.11). The lemma then follows from uniqueness
for (1.11). O

Note that knowing V¢ suffices to get ¢eix itself, which is given by

b1
Geik(t, ) = ¢o(x) —/ <§|V¢eik(r, z)|? 4+ V(r, a:)) dr.
0
The above lemma and the Local Inversion Theorem yield

Lemma 1.5. Let V and ¢¢ smooth as in Lemma 1.53. Lett € [-T,T) and
6o an open set of R™. Denote

0, :={z(t,y) eR",ye by} ; 6:={(t,x)e[-T,T] xR", z €0}
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Suppose that for t € [=T,T], the mapping
Oy — x(t,y) €6,
is bijective, and denote by y(t,x) its inverse. Assume also that
Va.y € Lis.(0).

Then there exists a unique function 0 3 (t,z) — ¢eik(t,x) € R that solves
(1.10), and satisfies Ve € L5, (6). Moreover,

vd)eik(tvm) = g(tvy(t’m))' (113)

Note that the existence time T may depend on the neighborhood #y. It
actually does in general, as shown by the following example.

Example 1.6. Assume that V' =0 and

po(z) = —

)1+5

7 (J=)* +1 ., T.>0,8>0.

1
(2+29)
For § > 0, integrating (1.11) yields:

t t
x(t,y)=y+/() §(s7y)d82y+/0 g(O,y)ds:y_Tic(|y|2+1)5y

t s
=yl(l1-—=(y*+1)").
v(1- 7 P+ 1)°)
For R > 0, we see that the rays starting from the ball {|y| = R} meet at
the origin at time
T
(RZ41)%

Since R is arbitrary, this shows that several rays can meet arbitrarily fast,

T.(R) =

thus showing that the above lemma cannot be applied uniformly in space.

Of course, the above issue would not appear if the space variable x belonged
to a compact set instead of the whole space R™. To obtain a local time
of existence with is independent of y € R™, we have to make an extra
assumption, in order to be able to apply a global inversion theorem.

Assumption 1.7 (Geometric assumption). We assume that the po-
tential and the initial phase are smooth, real-valued, and subquadratic:

o Ve ™R xR"), and 03V € C(R; L (R™)) as soon as |a| > 2.
o ¢p € C°(R™), and 0%y € L>*(R"™) as soon as |a| = 2.
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As a consequence of this assumption on V, if a§ € L?, then (1.9) has a
unique solution u® € C(R; L?). See e.g. [Reed and Simon (1975)].

The following result can be found in [Schwartz (1969)], or in Appendix A
of [Dereziniski and Gérard (1997)].

Lemma 1.8. Suppose that the function R™ 3 y — xz(y) € R™ satisfies:
|det Vyz| > Co >0 and ‘8;‘m| <C) |al=1,2.

Then x is bijective.

We can then prove

Proposition 1.9. Under Assumption 1.7, there exists T > 0 and a unique
solution ¢eix € C ([T, T] x R™) to (1.10). In addition, this solution is
subquadratic: 0% geix € L°([—T,T) x R™) as soon as |a| > 2.

Proof. We know that we can solve (1.11) locally in time in the neighbor-
hood of any y € R™. In order to apply the above global inversion result,
differentiate (1.11) with respect to y:

{ Oe0yx(t,y) = 9y€ (. y) ; Oyz(0,y) =1d,
8tay§(t7 y) = _vzv (t7 $(t7 y)) 8yx(ta y) 5 ay§(07 y) = V2¢0 (y)

Integrating (1.14) in time, we infer from Assumption 1.7 that for any 7" > 0,
there exists Cr such that for (¢,y) € [-T,T] x R™:

(1.14)

Oy (t, y)| + 10,4 (¢, y)| < Or + Cr /Ot (10yx (s, y)| +10y&(s, y)) ds.
Gronwall lemma yields:
19,20 + 18,6, < O'(T). (1.15)
Similarly, |
||8§‘x(t)HL§O + ||8g§(t)||L;° <C(,T), YaeN" |o|>1.  (1.16)

Integrating the first line of (1.14) in time, we have:

t
det Vyx(t,y) = det <Id +/ Vi€ (s,9) ds) .
0

We infer from (1.15) that for ¢ € [-T,T], provided that T' > 0 is sufficiently
small, we can find Cy > 0 such that:
|det Vyz(t,y)| = Co, V(t,y) € [-T,T] x R"™. (1.17)

Lemma 1.8 shows that we can invert y — x(¢,y) for t € [-T,T).
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To apply Lemma 1.5 with 6y = 8 = 6; = R™, we must check that
Vey € L2 (R™). Differentiate the relation
z(tylt ) =a
with respect to x:
Vey(t, 2)Vyax (t,y(t, x)) = 1d.
Therefore, V,y(t, z) = Vy (¢, y(t,z))”" as matrices, and
1
Vay(t,x) = ——=———adj (Vyx (¢, y(t, , 1.18
V) = Goraii gy (o 0(t. ) (118)
where adj (Vyx) denotes the adjugate of V2. We infer from (1.15) and
(1.17) that Vyy € L*°(R") for t € [-T,T]. Therefore, Lemma 1.5 yields
a smooth solution ¢ek to (1.10); it is local in time and global in space:
deix € C([-T,T] x R™).
The fact that ¢ is subquadratic as stated in Proposition 1.9 then
stems from (1.13), (1.16), (1.17) and (1.18). O

Note that Example 1.6 shows that the above result is essentially sharp:
if Assumption 1.7 is not satisfied, then the above result fails to be true.
Similarly, if we consider V = V(z) = —a* in space dimension n = 1, then,
also due to an infinite speed of propagation, the Hamiltonian —92 — x* is
not essentially self-adjoint (see Chap. 13, Sect. 6, Cor. 22 in [Dunford and
Schwartz (1963)]). We now give some examples of cases where the phase
Peik can be computed explicitly, which also show that in general, the above
time T is necessarily finite.

Example 1.10 (Quadratic phase). Resume Example 1.6, and consider
the value 6 = 0. In that case, Assumption 1.7 is satisfied, and (1.10) is
solved explicitly:
jz? 1

Peik(t, ) = W—T,) 2T,
This shows that we can solve (1.10) globally in space, but only locally in
time: as t — T, ¢eix ceases to be smooth. A caustic reduced to a single
point (the origin) is formed.

Remark 1.11. More generally, the space-time set where the map y —
z(t,y) ceases to be a diffeomorphism is called caustic. The behavior of the
solution u® to (1.6) with A = 0 is given for all time in terms of oscillatory
integrals ([Duistermaat (1974); Maslov and Fedoriuk (1981)]). We present
results concerning the asymptotic behavior of solutions to (1.6) with A # 0
in the presence of point caustics in the second part of this book.
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Example 1.12 (Harmonic potential). When oo = 0, and V is inde-
22
J’

pendent of time and quadratic, V =V (z) = 3 EJ 1 j2 ©we have:

n
(belk t iC Z 7j ta'n w] )

This also shows that we can solve (1.10) globally in space, but locally in
time only. Note that if we replace formally wj by iw;, then V is turned into
=V, and the trigonometric functions become hyperbolic functions: we can
then solve (1.10) globally in space and time.

Example 1.13 (Plane wave). If we assume V =0 and ¢o(z) = & -x for
some & € R™, then we find:

Peik(t, r) =& - v — %|€0|2t-

Also in this case, we can solve (1.10) globally in space and time.

1.3.2 The transport equations

To cancel the ¢! term, the second step consists in solving (1.8):
1
Ora + Veix - Va + §aA¢eik =0 ; a(0,2) = ap(x), (1.19)

where ag is given as the first term in the asymptotic expansion of the initial
amplitude (1.4). The equation is a transport equation (see e.g. [Evans
(1998)]), since the characteristics for the operator d; + Ve - V do not
meet for ¢ € [-T,T], by construction. As a matter of fact, this equation
can be solved rather explicitly, in terms of the geometric tools that we have
used in the previous paragraph.

Introduce the Jacobi’s determinant
Ji(y) = detVyz(t, y),

where z(t, y) is given by the Hamiltonian flow (1.11). Note that Jo(y) =1
for all y € R™. By construction, for t € [T, T], the function y — J;(y) is
uniformly bounded from above and from below:

1

Define the function A by
At,y) == a(t,z(t,y)) Ve (y)
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Then since for t € [-T,T], y — z(t,y) is a global diffeomorphism on R",
(1.19) is equivalent to the equation

O A(ty) =0 5 A0,y) = ao(y).
We obviously have A(t,y) = ao(y) for all ¢ € [-T,T], and back to the

function a, this yields

1
a(t,z) = WCLO (y(t,z)), (1.20)

where y(t, x) is the inverse map of y — xz(t, y).

Remark 1.14. The computations of Sec. 1.2 show that the amplitudes are
given by

, N P ,
9,09 + Ve - Vald) + _Q(J)A¢eik = EAQ(J—U : a‘(gio = aj,

with the convention a(~" = 0 and a(® = a. For j > 1, this equation is
the inhomogeneous analogue of (1.19). It can be solved by using the same
change of variable as above. This shows that when ¢;x becomes singular
(formation of a caustic), all the terms computed by this WKB analysis
become singular in general. The WKB hierarchy ceases to be relevant at a
caustic.

Proposition 1.15. Let s > 0 and ap € H*(R™). Then (1.19) has a unique
solution a € C([-T;T); H®), where T > 0 is given by Proposition 1.9.

Proof. Existence and uniqueness at the L? level stem from the above
analysis, (1.20). To prove that an H*® regularity is propagated for s > 0, we
could also use (1.20). We shall use another approach, which will be more
natural in the nonlinear setting. To simplify the presentation, we assume
s € N, and prove a priori estimates in H®. Let a € N, with |a| < s
Applying 0% to (1.19), we find:

1
i} a+ Vo - VOra = [Voe - V,08]a - 705 (aAdei) =t Ra,  (121)

where [P, Q] = PQ — QP denotes the commutator of the operators P and
Q. Take the inner product of (1.21) with 9%a, and consider the real part:

2 0%al2, + Re / TV - VOa < |Rall = llall - -

2 dt
Notice that we have
S 1
‘Re 8§‘av¢)eik . V@?a = - Veix - V |8§
Rn 2 RTL

2
< Cllally-,

1 }/ 10%af® Ader
2 Rn
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since Ageix € L™([-T,T] x R™) from Proposition 1.9. Summing over «
such that |a| < s, we infer:
d
dt
To apply Gronwall’s lemma, we need to estimate the last term. We use
the fact that the derivatives of order at least two of ¢ejk are bounded, from
Proposition 1.9, to have:

2 2
lallZe < Cllallz. + 1 Rallg- -

[Rallz: < Cllallg. -
We can then conclude:

lall o (—7,r;25) < C llaol| g »
which completes the proof of the proposition. O

Let us examine what can be deduced at this stage, and see which rigorous
meaning can be given to the relation u® ~ ae?®eix/. Let

’UT (t7 x) = a,(t’ x)ei¢eik(t,r)/5.

Proposition 1.16. Let s > 2, ag € H*(R™), and Assumption 1.7 be satis-
fied. Suppose that

llag — aol| s> = O (¢”)
for some 8 > 0. Then there exists C > 0 independent of € €]0,1] such that

sup [|uf () — vi (t)[| o < Ce™nHA),
te[—T,T]

where T is given by Proposition 1.9. If in addition s > n/2+ 2, then

sup [Ju () = o5 (t)]| oo < CE™PD,
te[—T,T]
Proof. Let wi :=u® —vf. By construction, is solves

2 2
ia&twf + %A’wi = Vwi — %ew’eik/EAa ; wi\t:O = ag — ag. (122)

By Lemma 1.2, which can be made rigorous in the present setting (exercise),
we have:
T

9
sup [lwi(t)l|L2 < llag — aollL2 + 5/ |Aa(7)ll2dr < C (7 +¢)
T

te[—T,T) _

where we have used the assumption on af — ap and Proposition 1.15. This
yields the first estimate of the proposition.
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To prove the second estimate, we want to use the Sobolev embedding
H# C L for s > n/2. A first idea could be to differentiate (1.22) with re-
spect to space variables, and use Lemma 1.2. However, this direct approach
fails, because the source term

g2 .
7el<25cik/<€Aa

is of order O(¢?) in L?, but of order O(¢?~%) in H®, s > 0. This is due
to the rapidly oscillatory factor e*®<i/¢. Moreover, under our assumptions,
it is not guaranteed that Ve Aa € C([—T,T); L?), since Vgeix may grow
linearly with respect to the space variable, as shown by Examples 1.10 and
1.12. We therefore adopt a different point of view, relying on the remark:

use_i¢eik/5 —al.

[uf — v§| = |u — ae'Pen/e
Set a® := ufe*®x/¢. We check that it solves
0ra® + Ve - Vas + %GEA¢eik = i%AaE ; aTt:O = ag.
Therefore, r° = a° — a = wje "%/ solves
5t7‘€+v¢eik-V7“E+%7“€A¢eik = i%Ara—i—i%Aa . 1o = a5—ag. (1.23)

Note that this equation is very similar to the transport equation (1.19),
with two differences. First, the presence of the operator icA acting on r¢
on the right hand side. Second, the source term icAa, which makes the
equation inhomogeneous.

We know by construction that r¢ € C([—T,T}]; L?), and we seek a priori
estimates in C([~T,T]; H*). These are established along the same lines as
in the proof of Proposition 1.15. We note that since the operator iA is
skew-symmetric on H?, the term icAr® vanishes from the energy estimates
in H*. Then, the source term is of order € in C([~T;T]; H*~?2) from Propo-
sition 1.15. We infer:

sup |7 ()| o2 S P Fe.
te[—T,T]
Note that this estimate, along with a standard continuation argument,
shows that a® € C([-T;T); H*=2) for ¢ > 0 sufficiently small. Since
s —2>n/2, we deduce

sup ¥ (1)L~ S +e,
te[—T,T]

which completes the proof of the proposition. O
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Before analyzing the accuracy of higher order approximate solutions, let us
examine the candidate v{ in the case of the examples given in Sec. 1.3.1.

Example 1.17 (Quadratic phase). Resume Example 1.10. In this case,
we compute, fort < T,

T, \"? T,
a(t7x):(Tc_t) ao <Tc—tx)'

Ast — T,, not only ¢eix ceases to be smooth, but also a. This is a general
feature of the formation of caustics: all the terms constructed by the usual
WKB analysis become singular.

Example 1.18 (Harmonic potential). Resume Example 1.12. If |t| is
sufficiently small so that ¢eic Temains smooth on [0,t], we find:

L

Here again, ¢eix and a become singular simultaneously.

Example 1.19 (Plane wave). If we assume V =0 and ¢o(z) = & -x for
some &y € R™, then we find:

a(t,z) = ag (x — &ot) .
The initial amplitude is simply transported with constant velocity.
We can continue this analysis to arbitrary order:

Proposition 1.20. Let k € N\ {0} and s > 2k +2. Let ag,ay,...,ar with
aj € H721(R™), and let Assumption 1.7 be satisfied. Suppose that

la§ — ao —ear — ... — e¥ay|| gro-21-2 = O (")
for some 8> 0. Then we can find o™V, ... a®) with
a) € O(-T,T); H %),
such that if we set
Vg1 = (a +eaM 4.+ Eka(k)) gibeir/e
there exists C > 0 independent of € €]0,1] such that

sup H (us(t) — V541 (1)) e~ idein(t) /2
te[—T,T]

< Csmin(kJrl,k:Jrﬁ)
Hs—2k—2 = ’

where T is given by Proposition 1.9.
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Proof. We simply sketch the proof, since it follows arguments which have
been introduced above. First, the computations presented in Sec. 1.2 show
that to cancel the term in e/*1, 1 < j < k, we naturally impose:

: o1 L .
8,09 + Ve - Va¥ + §Q(J)A¢eik — %Aa(g—l) ; a‘(gio —a;.

This equation is the inhomogeneous analogue of (1.19). Using the same
arguments as in the proof of Proposition 1.15, it is easy to see that it has
a unique solution a¥) € C([~T,T); L?), whose spatial regularity is that of
aU=1 minus 2. Starting an induction with Proposition 1.15, we construct

V) € C([~T,T); H=%).

To prove the error estimate, introduce r§ = a° — a — ea") — ... — eFa®),
where we recall that a® = ufe~"?*/¢. By construction, the remainder rf is
in C([~T;T); L?) since s > 2k + 2, and it solves:

1 c gkt
Oy, + Veix - Vi, + §T2A¢)eik = iiATz + 14 5 Aa(k),
Tlimo = a5 — G0 — - - - —cPay,.
We can then mimic the end of the proof of Proposition 1.16. |

To conclude, we see that we can construct an arbitrarily accurate (as e — 0)
approximation of u® on [—T,T], provided that the initial profiles a; are
sufficiently smooth. The goal now is to see how this approach can be
adapted to a nonlinear framework.

1.4 Basic results in the nonlinear case

Before presenting a WKB analysis in the case f # 0 in (1.1), we recall
a few important facts about the nonlinear Cauchy problem for (1.1). We
shall simply gather classical results, which can be found for instance in
[Cazenave and Haraux (1998); Cazenave (2003); Ginibre and Velo (1985a);
Kato (1989); Tao (2006)]. Several notions of solutions are available. Ac-
cording to the cases, we will work with the notion of strong solutions (Chap-
ters 2, 4 and 5), of weak solutions (Chapters 3 and 5) or of mild solutions
(especially in the second part of this book).

In this section, one should think that the parameter € > 0 is fized. The
dependence upon ¢ is discussed in the forthcoming sections.
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1.4.1 Formal properties

Since V and f are real-valued, the L? norm of u is formally independent
of time:

[u=(®)llz> = [[u*(0)][ 2 (1.24)

This can be seen from the proof of Lemma 1.2, with F& =V + f (|u®|?)
and R® = 0. This relation yields an a priori bound for the L? norm of u?.

When the potential V' is time-independent, V' = V(z), (1.1) has a
Hamiltonian structure. Introduce

Fy) = /Oy f(n)dn.

The following energy is formally independent of time:

1
Ef(uf(t) =5 [eVas (@)1 + | F (ju(t,2)[*) do
2 : /R (1.25)

+ /n V(2)|us(t, z)|* dz.

We see that if F¢ is finite, and if V' > 0 and F > 0, then this yields an a
priori bound on ||eVus(t)]| 2.

Example 1.21. If V=V (z) > and f(y) = Ay?, then (1.25) becomes
1 A

Ef = —HEVUE(t)”%Q + —/ |uf (t, z)|* T2 dx —|—/ V(2)|u® (t, z)|*da.
2 ag + 1 R™ Rn

If X > 0 (defocusing nonlinearity), this yields an a priori bound on
[eVus(t)||z- On the other hand, if A\ < 0, then ||eVu®(t)||z2 may be-
come unbounded in finite time: this is the finite time blow-up phenomenon
(see e.g. [Cazenave (2003); Sulem and Sulem (1999)]). Since the L? norm
of u® is conserved, one can replace the assumption V > 0 with V' > —C for
some C' > 0, and leave the above discussion unchanged.

Example 1.22. If V is unbounded from below, the conservation of the
energy does not seem to provide interesting informations. For instance,
if V(z) = —|z|?, then even in the linear case f = 0, the energy is not a
positive energy functional (see [Carles (2003a)] though, for the nonlinear
Cauchy problem).
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1.4.2 Strong solutions

A remarkable fact is that if the external potential V' is subquadratic in the
sense of Assumption 1.7, then one can define a strongly continuous semi-
group for the linear equation (1.9). As we have mentioned already, if no sign
assumption is made on V', then Assumption 1.7 is essentially sharp: ifn =1
and V(z) = —a?, then —92 + V is not essentially self-adjoint on the set
of test functions ([Dunford and Schwartz (1963)]). Under Assumption 1.7,
one defines U®(t, s) such that uj, (¢t,2) = U®(¢, s)p°(x), where
&2
10ty + 5 Al = Vil 5 ufin(s, @) = ¢%(2).

Note that U®(t,t) = Id. The existence of U*(¢, s) is established in [Fujiwara
(1979)], along with the following properties:

The map (t, s) — US(t, s) is strongly continuous.
Us(t,s)* =Us(t,s)"L.

Us(t,T)U(1,s) = U®(t, s).

U%(t, s) is unitary on L?: ||[U%(t, )% ||z = ||¢%12-

We construct strong solutions which are (at least) in H*(R"), for s > n/2.
Recall that H*® is then an algebra, embedded into L>°(R™). We shall also
use the following version of Schauder’s lemma:

Lemma 1.23 (Schauder’s lemma). Suppose that G : C — C is a
smooth function, such that G(0) = 0. Then the map v — G(u) sends
H:(R™) to itself provided s > n/2. The map is uniformly Lipschitzean on
bounded subsets of H®.

We refer to [Taylor (1997)] or [Rauch and Keel (1999)] for the proof of this
result, as well as to the following refinement (tame estimate):

Lemma 1.24 (Moser’s inequality). Suppose that G : C — C is a
smooth function, such that G(0) = 0. Then there exists C : [0, 00[— [0, o0|
such that for all w € H*(R™),

1G(W)l = < C (ullzoe) lwllz- -
For k € N, denote
S(k) = HY N F(H") = {f € H*(R") ; 21— (2)" f(2) € L2(R™)}.

Proposition 1.25. Let V' satisfy Assumption 1.7, and let f € C*(R1;R).
Let k € N, with k > n/2, and fiz € €]0,1].
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o Ifuy € X(k), then there exist T, TS > 0 and a unique mazimal solution
u® € C(]| = T2, T5[; (k) to (1.1), such that ufy_o = uj. It is mazimal in
the sense that if, say, T < oo, then

lim sup [|u® ()| oo mn) = +00. (1.26)
=TS

o Assume in addition that V is sub-linear: VV € Lo (R; L>°(R™)). Let
s > n/2 (not necessarily an integer). If u§ € H*(R™), then there exist
T=,T5 > 0 and a unique mazimal solution u® € C(|=T°,T5[; H®) to (1.1),
such that “|€t:0 = ug. It is mazimal in the sense that if, say, T{ < oo, then

(1.26) holds. In particular, if ug € H>, then u® € C>(] — T, T5[; H*).

Proof. The proof follows arguments which are classical in the context
of semilinear evolution equations. We indicate a few important facts, and
refer to [Cazenave and Haraux (1998)] to fill the gaps.

The general idea consists in applying a fixed point argument on the
Duhamel’s formulation of (1.1) with associated initial datum u§:

t
ut(t) = U (t,0)ug — ia_l/ U(t,7) (f (|u°(7)?) w (7)) dr. (1.27)
0
We claim that for any k € N and any T > 0,

sup [|US(t,0)ug sy < C(k, T)llugllsn)- (1.28)
te[—T,T]

For k = 0, this is due to the fact that U¢(,0) is unitary on L?(R™). For
k = 1, notice the commutator identities

2 2
V., icd; + %A - V] - vV [x,ia&t + %A V| = —£2v. (1.29)

By Assumption 1.7, [VV (¢, z)| < C(T) (z) for |¢t| < T, and (1.28) follows
for k = 1. For k > 2, the proof follows the same lines.

To estimate the nonlinear term, we can assume without loss of generality
that f(0) = 0. Indeed, we can replace f with f— f(0) and V with V + f(0).
Schauder’s lemma shows that

u f(Ju*)u
sends H*(R™) (resp. X(k)) to itself, provided s > n/2 (resp. k > n/2),
and the map is uniformly Lipschitzean on bounded subsets of H*(R™) (resp.
Y (k)). The existence and the uniqueness of a solution in the first part of the

proposition follow easily. The notion of maximality is then a consequence
of Lemma 1.24.
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When V is sub-linear, notice that in view of the commutator identities
(1.29), the estimate (1.28) can be replaced with

sup [|U(t,0)ug || e < C(s, Tl =
te[—T,T]

s

This is straightforward if s € N, and follows by interpolation for general
s > 0. The proof of the second part of the proposition then follows the same
lines as the first part. Finally, if ug € H, then u® is also smooth with
respect to the time variable, u® € C*(] — T=,T5[; H*), by a bootstrap
argument. O

Note that the times T'¢ and T may very well go to zero as € — 0. The fact
that we can bound these two quantities by 7' > 0 independent of ¢ €]0, 1]
is also a non-trivial information which will be provided by WKB analysis.

1.4.3 M:ld solutions

Until the end of Sec. 1.4, to simplify the notations, we assume that the
nonlinearity is homogeneous:

fly)=X?, AeR,o0>0.

In view of the conservations of mass (1.24) and energy (1.25), it is natural
to look for solutions to (1.1) with initial data which are not necessarily
as smooth as in Proposition 1.25. Typically, rather that (1.1), we rather
consider its Duhamel’s formulation, which now reads

u®(t) = U (t,0)ug — i/\a_lfo US(t,7) (Ju(7)]*7us (7)) dr. (1.30)

An extra property of U¢ was proved in [Fujiwara (1979)], which becomes
interesting at this stage, that is, a dispersive estimate:

S

Pl ®r);
provided that |t — s| < 6, where C and 0 > 0 are independent of ¢ €]0, 1].
As a consequence, Strichartz estimates are available for U¢ (see e.g. [Keel
and Tao (1998)]). Note that as ¢ — 0, this dispersion estimate becomes
worse and worse: the semi-classical limit € — 0 is sometimes referred to as

IU=(#,0)U%(5,0)"¢ll oo (mmy = U (L, 8) @]l oo () <

dispersionless limit. Denoting

4o 44
p:
no

)

(the pair (p, 20 + 2) is admissible, see Definition 7.4), we infer:
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Proposition 1.26. Let V' satisfying Assumption 1.7.
o Ifo <2/n and u§ € L?, then (1.30) has a unique solution
u® € C(R;L*)N LY

loc

(R; L**2),

and (1.24) holds for all t € R.
o Ifug € X(1) and 0 < 2/(n —2) when n > 3, then there exist T=,T{ >0
and a unique solution

wt e C(| -T2, TS 2() N LE (] — T2, T [ Wh2o+2)

o (1.30). Moreover, the mass (1.24) and the energy (1.25) do not depend
onte] -T2, TS

o IfV =V(x) is sub-linear, u§ € H' and o0 < 2/(n — 2) when n > 3, then
there exist T2, T¢ > 0 and a unique solution

wt € C(| =T, TS HY)N LY (|- T2, T5 [ Wh2o+2)

o (1.30). Moreover, the mass (1.24) does not depend on t €] — T°,T5|.
If the energy (1.25) is finite at time t = 0, then it is independent of t €
| =T, T5[. If X > 0, then we can take TS = T5 = oo, even if the energy
is infinite.

e IfV =0, u§ € (1) and 0 < 2/(n — 2) when n > 3, then the following
evolution law holds so long as u® € CyX(1):

d (1 ) o
& (3 sewyurie + 2 piier, ) -
" (1.31)
= 22— no) 25

In particular, if A >0, then TS =T5 = oo, and u® € C(R; X(1)).

Proof. The first point follows from the result of Y. Tsutsumi in the case
V = 0 [Tsutsumi (1987)]. The proof relies on Strichartz estimates. The
case V # 0 proceeds along the same lines, since local in time Strichartz
estimates are available thanks to Assumption 1.7: the local in time result
is made global thanks to the conservation of mass (1.24), since the local
existence time depends only on the L? norm of the initial data.

The second point can be found in [Cazenave (2003)] in the case V = 0.
To adapt it to the case V' # 0, notice that (1.29) show that a closed family
of estimates is available for u¢, Vu® and zu®. It is then possible to mimic
the proof of the case V = 0. For the conservations of mass and energy, we
refer to [Cazenave (2003)].
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When V is sub-linear, it is possible to work in H' only, since
2
[V,ia&t + ?A — V} =-VV

belongs to LS (R; L>*(R™)). For the global existence result, rewrite for-

loc
mally the conservation of the energy as

d (1 A i
& (31eveIR: + Sl ) -

d

_ € 2
g L V@l o)l

= -2 Re/ V(z)u®dwdr = —2Im V(z)u® (i0pu®) dx
n Rn

=Im V(z)u*eAude = —Im | @*VV(z)-eVusdz.
R™ R™

We conclude thanks to Cauchy—Schwarz inequality, the conservation of
mass and Gronwall lemma, that || Vu®(t)| 2 remains bounded on bounded
time intervals. Therefore the solution is global in time. See [Carles (2008)]
for details.

The identity of the last point follows from the pseudo-conformal con-
servation law, derived by J. Ginibre and G. Velo [Ginibre and Velo (1979)]
for e = 1. The case ¢ €]0,1] is easily inferred via the scaling

(ux)H+<£,§).

Since from the previous point, eVu® € C(R; L?) and u® € C(R; L?°2), this

evolution law shows the a priori estimate xu® € Ly, (R; Lg). g

1.4.4 Weak solutions

We will mention weak solutions only in the case V = 0, for a defocusing
power-like nonlinearity. We therefore consider

2
iedu® + %Aus = [uf]*7uf Ui = Ug. (1.32)

Definition 1.27 (Weak solution). Let u§ € H'NL*T2(R"). A (global)
weak solution to (1.32) is a function u® € C(R;D') N L*®(R; H' N L2712)
solving (1.32) in D'(R x R™") N C(R; L?), and such that:

o [[ut(®)llz> = llullLe, Vi € R.
o Fe(us(t)) < E°(uf), Vt e R.
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Essentially, the energy conservation is replaced by an inequality, due to
a limiting procedure and the use of Fatou’s lemma in the construction of
weak solutions.

Proposition 1.28 ([Ginibre and Velo (1985a)]). Let o > 0, ¢ €]0, 1],
and u§ € H* N L2 *2(R"). Then (1.32) has a global weak solution. More-
over, if o < 2/(n—2), then this weak solution is unique, and coincides with
the mild solution of the last point in Proposition 1.26.



Chapter 2

Weakly Nonlinear Geometric Optics

In this chapter, we consider the initial value problem
2
icOus + %AUE Vs e (W) w5 g = afes,  (2.1)

in the case a > 1; note that « is not necessarily an integer. The formal
analysis of Sec. 1.2 suggests that if a > 1, then the nonlinearity f is not
relevant at leading order in the limit € — 0. On the other hand, the value
« = 1 should be critical, and nonlinear effects are expected to influence
the behavior of u® at leading order. We prove that this holds true. In the
case o > 1, this means that at leading order, u® is described as in Sec. 1.3.
When a = 1, we describe precisely the nonlinear effect at leading order:
it consists of a nonlinear phase shift. In other words, the main nonlinear
effect is a phase self-modulation.

In the last paragraph of this chapter (Sec. 2.5), we show a consequence
of this analysis on the Cauchy problem without semi-classical parameter.

In addition to Assumption 1.7, the following assumption is made
throughout all Chap. 2:

Assumption 2.1. We assume that the nonlinearity is smooth, and that
the initial amplitude is bounded in the following sense:

o fe C™(R;R), and f(0) =0.
e There exists so > n/2 such that (af). is bounded in H*°.

As noticed in Sec. 1.4.2, the assumption f(0) = 0 comes for free, up to
replacing V' by V + f(0) and f by f — f(0). Note that we could also
consider the equation

2
‘ € ‘
iedyu + EAUE =Vus+ f () us 5 ufog = ase'?o/s.

31
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Of course, when f is the identity (cubic nonlinearity), this is the same equa-
tion as (2.1). Otherwise, it is a different problem. Despite the appearance,
this initial value problem is less general than (2.1) from the technical point
of view. Indeed, recall that the WKB analysis considers times where the
solution ¢ is of order O(1) (in L*) as € — 0. Therefore, since a > 1, the
Taylor expansion of f yields

"
£ u ~ po)e Pt + et 4
Two cases can be distinguished. Either o > 1, and the analysis for (2.1)
will show that, in this case too, the nonlinearity is negligible at leading
order before a caustic is formed (if any); or @ = 1, and only the cubic term
1/(0)e|uf|?u® is expected to be relevant at leading order. In both cases, we
leave it as an exercise to adapt the approach presented below, in order to

justify these assertions.

2.1 Precised existence results

If af € X(k) = H* N F(H*) for some k > n/2, Proposition 1.25 shows that
(2.1) has a unique solution u® € C(] —T=,T5[; X(k)) for some T°,T5 > 0.
In this paragraph, we show that we may construct a strong solution u®
by assuming only af € H® for some s > n/2. In addition, we show that
u® remains bounded on [—T,T], where T" > 0 is given by Proposition 1.9,
provided that af in bounded in H® as € — 0. As a corollary, we show that
if a§ is uniformly in X (k) for some k > n/2, then T5 > T.

As noticed during the proof of Proposition 1.16, it is more natural to
work with

a®(t,z) = u®(t, ;10)6”‘25““(’5’””)/‘S

than with u® directly. We check that (2.1) is equivalent to
1 €
O.at vei_vs _sAei:-_As_-a—l €12 5’
a® 4+ Vi a—|—2a Deik z2 a® —1ie f(|a|)a (2.2)

€ _ €
Cl‘t:() = Qg .

Proposition 2.2. Let Assumptions 1.7 and 2.1 be satisfied. Then (2.2) has
a unique solution a® € C([=T,T]; H*), where T is given by Proposition 1.9.
Moreover, (af)c is bounded in C([-T,T]; H*°). If (a§)e is bounded in H®
for some s = sg, then (a®). is bounded in C([—T,T]; H®).
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Proof. There are at least two procedures to construct a solution to (2.2):
an iterative scheme, or Galerkin methods. For the iterative scheme, we
solve, for j > 0:

1 € o
01a51q1 + Veir - Vas, + §a§+1A¢)eik = Z§Aa§+1 — e Lf (|a§ 2) as,

a§+1\t:o = ag.
This is actually a linear Schrédinger equation: setting u§ := ajei‘z’cik/ ¢ we
see that the above equation is equivalent to:

2

g .
- 5 5 _ £ a 12 e . £ € igo/e
ie0iufyq + 5 Auf g = Vs, +e f ([u5) us UG q)p=0 = GGE .

J )
Using Galerkin methods, we can mimic the mollification procedure pre-
sented for instance in [Alinhac and Gérard (1991); Majda (1984)]; roughly
speaking, we solve an ordinary differential equation in H* along character-
istics by considering
1 €
oway, + Jn (Véeik - VJInay,) + §aiA¢eik = iiAJ;%a}i — i f (|a5,|?) a5,
ai\t:o = ag,
where Jp, = j(hD) is a Fourier multiplier, with 5 € C§°(R™; R) equal to one
in a neighborhood of the origin.

For both methods, the problem boils down to obtaining energy estimates
for (2.2) in H®, for all s > sg. Let s > n/2. Applying the operator
A® = (Id —A)*/? to (2.2), we find:

BA*aF + Ve - VASa® = i%AASaE —ie® A% (f (j0°]) @) + RS, (2.3)
where
1
Ri = [v¢eik -V, AS] a® — §AS (a5A¢eik) .

Take the inner product of (2.3) with A®a®, and consider the real part:
the first term of the right hand side of (2.3) vanishes, since A is skew-
symmetric, and we have:

%%HA%EH%Q + Re A A5aEVeir - VA <@t ||f (|a5|2) aEHHS lla®| g

+ 1B 2 ol e -

Notice that we have

Re AacV ey - VA%a®
Rn

1

2 v¢eik . V |A8a6|2

Rn

1
- }/ IA%a%|* Adeix
2 ]Rn

< Clla 5. .
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since Ageix € L=([—T,T] x R™) from Proposition 1.9. Moser’s inequality
(Lemma 1.24) yields, in view of Assumption 2.1:

1£ (1a*?) @ . < C(lla®]l o) @l -

We infer:

d >
Tl < Cllall o) o le + RSN are %l e

Note that the above locally bounded map C(-) can be taken independent
of € if and only if @ > 1. To apply Gronwall lemma, we need to estimate
the last term: we use the fact that the derivatives of order at least two of
@eik are bounded, from Proposition 1.9, to have:

17512 < Clla™| e -
We can then conclude by Gronwall lemma and a continuity argument:
la® | oo -z 7ym) < C (s, llagll =) -
This yields boundedness in the “high” norm. Contraction in the “small”
norm (that is, contraction in L?) follows easily. Let a® and b° be solutions
to (2.2), with initial data af and b§ respectively. Assume that a® and b° are

bounded in L ([T, T]; H*) for some s > n/2. The difference w® = a® —b*

solves
1
atw5+v¢eik-sz+§w5A¢eik = i%Aws—iao‘_l (f (|a5|2) a® — f (|b5|2) bs) .
The above computations yield
d € g g g £ £ 2
Gl O3 < Cluf O + £ (1a°[) a* = £ (1) ¥ .
where we have used Young’s inequality
1
Ty < 3 (mz +y2) , Vx,y > 0.
Denote g(z) = f(|2|?)z. Using Taylor’s formula, write
F(la*1?) a*=f (16°*) 0° = g (w® +b%) — g (b°)
1 1
= wg/ 0.9 (b° + 6w®) db —|—@E/ 0zg (b° + Ow®) db.
0 0
We infer
1
€ € £ £ 2 £ £ £
1f (1a"1?) a® = f (1°%) 7| o < Ilw? I /0 g' (bF + Ow*) do
C (Jlw?|| g, [16°] z=) [1w®]| 7

<
< O (0] zoe, 6] L) ||| 2.
L2

norm on small time intervals, hence

2

L oo

This yields the contraction in the
the proposition. O
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Remark 2.3. It is not true in general that u® € C([-T,T]; H®). Indeed, u®
is the product of a* € C([~T,T); H*) and e'®x/=. If za® ¢ C([-T,T]; L?)
and if ¢eic grows quadratically in space, then u® ¢ C([-T,T]); H'). This
phenomenon is geometric, not nonlinear: if f = 0 and if V' is an harmonic
potential, then u° may instantly cease to be in H*® for all s > 0 (but not
s =0). See Sec. 2.5.

Corollary 2.4. Let Assumptions 1.7 and 2.1 be satisfied. If in addition
a$ € X(k) for an integer k > n/2, then o € C([-T,T]|;X(k)). If (a§)e is
bounded in X(k), then (a%). is bounded in C([-T,T); 2(k)).

Proof. Proposition 2.2 shows that (a®). is bounded in C([-T,T]; H).
By multiplying (2.2) by 2° and using energy estimates as in the proof of
Proposition 2.2, induction on k¥’ = |3| yields the corollary. O

2.2 Leading order asymptotic analysis

To pass to the limit in (2.2), we assume:
There exist s > g + 2 and ag € H?, such that af ;a0 in H572, (2.4)
e—

Since we deal with a general o > 1, we keep the last term in (2.2), and
consider

1
Oha° + Vi - Vi< + =a° Aeik = —ic® 1 f ([a|*) @,
t Deik 5 Peik f(la°]?) (2.5)
EiTt:O = ayp.
The proof of Proposition 2.2 shows that (2.5) has a unique solution %,
which is bounded in C([-T,T]; H®), where s appears in (2.4).
Proposition 2.5. Let Assumptions 1.7 and 2.1 be satisfied, as well as
(2.4). Then there exists C > 0 such that
[[a® — 6€||L°°([7T7T];H3*2) < C(e+ llag — aollg=-2) -
Proof. Set wi =a® —a°. It solves
1 ~
W, + Veix - VWi, + §w§A¢eik :i%Awi + i%AaE
— e (g (a°) — g (@),
wZ\t:O =ag — ao,

where g(z) = f(|z|?)2. Note that the term iAw: vanishes from the en-
ergy estimates. The term icAa® is viewed as a source term of order O(e)
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in C([-T,T); H*2). Since s — 2 > n/2, g is uniformly Lipschitzean on
bounded sets of H*~2 (Lemma 1.23), and the same computations as in the
proof of Proposition 2.2 show that we can apply Gronwall lemma, which
yields the proposition. O

Proposition 2.5 shows that the leading order asymptotic behavior of u® is
given by

Note also that in the case o = 1, a® does not depend on e. Therefore, the
formal computations of Sec. 1.2 are justified at leading order when @ = 1. Tt
turns out that (2.5) can be solved rather explicitly, in terms of the geometric
objects introduced in Sec. 1.3, as shown in the next paragraph, where the
case o > 1 is also analyzed more precisely.

Ut — afeidei/e —0.

Lo ([—T,T);L2NL>) =0

2.3 Interpretation

Recall from Sec. 1.3 that classical trajectories are given by the Hamiltonian
system (1.11):

atx(tvy) = S(tay) ; x(ovy) =Y,

XE(t,y) = =V V (tz(t,y)) ;5 &(0,y) = Vo(y).
For t € [-T,T], y — «(t,y) is a diffeomorphism on R™, and the Jacobi’s
determinant

Ji(y) = detVya(t, y)
is uniformly bounded from above and from below:
1
3C >0, oS Ji(y) <O, V(t,y) € [-T,T) x R™. (2.6)
Denote

As(tvy) =a° (tvx(t7y)) V Jt(y)

For t € [-T,T], (2.5) is equivalent to:

8,512[5 = —ifa_lf (Jt(y)_l ‘A%

2 ~ ~
)AE L A(0,y) = anly).

Despite the appearances, this ordinary differential equation along the rays
of geometrical optics is a linear equation. Indeed, since f is real-valued, it
is of the form

A =1iVA, VeR.
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This implies 9;|A|2 = 0. In our case, d;|A%|> = 0, hence

¢
Kt =t exp (i [ (2.0 lao)?) ).
0
Back to the function a®, we have:
a®(t,z) = a(t, m)eiaa_lG(t’m),

where a is given in the linear case by (1.20), that is

1
a(t,z) = WCLO (y(t,z)),

and the phase shift G is given by:

t
_ 2

Glt.o) == [ 7 (Jlot.o)  aoly(t. o)) ds. (27)

0

If @ > 1, then
a(t,z) —a(t,z) =0 (27,

and no nonlinear effect is present at leading order. On the other hand, in
the case a = 1, we see that the leading order nonlinear effect is described by
the function G: a phase shift generated by a nonlinear mechanism. In the
context of laser physics, this phenomenon is known as phase self-modulation
(see e.g. [Zakharov and Shabat (1971); Boyd (1992)]). Note that this func-
tion G does not affect the convergence of the main two quadratic quantities:

Position density:  p° = [u|> = |a

Current density: J¢ = eIm (T Vu) = [a°|*Vpeix + ¢ Im (@ VaF).

a|2’

We refer to Chap. 3 for further discussions on these quantities.

One may wonder if this approach could be extended to some values
a < 1. To have a simple ansatz as above, we would like to remove the
Laplacian in the limit ¢ — 0 in (2.2). We find:

a®(t,z) = alt, x)eisaflc(t’z),

where a and G are given by the same expressions as above. Now recall
that in Proposition 2.2, we prove that a® is bounded in H*®, uniformly
for € €]0,1]; this property is used to approximate a® by a°. But when
a < 1, a® is no longer uniformly bounded in H*, because what was a phase
modulation for a > 1 is now a rapid oscillation. This is another hint that
when o < 1, the approach must be modified. The analogous study in
the case a = 0 is presented in Chap. 4. See also Sec. 4.2.3 for the case
0<a<l
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2.4 Higher order asymptotic analysis

To compute the next term in the asymptotic expansion of a®, we assume
that o € N\ {0}, and

ds > g +4,a0 € H* a1 € H7?/ llag — a0 — ea1| -1 = o(e). (2.8)

Define a(®) by

a(t,x if > 2,
a(t,z)e’C®?) if o = 1.
Define the first corrector a() in the WKB analysis as the solution to

1 .
ata(l) + v¢eik . va(l) + ia(l)A¢eik - %ACL(O) + Sou (29)

with initial datum ™) (0, z) = a;(x), where

0 if a > 3,

2
5 _ —if(‘a(o)‘ >a<0> ifa =2,
—if (‘a(o)r) oD — %! Oa(O)r) 0 © Re (a(o)a(l)) ifa=1

Note that in all the cases, (2.9) is a linear equation. Since ¢ejx is smooth
and a® € C([-T,T]; H®), the regularity of a(") is given by the regularity
of its initial datum and of its source term iAa(®) € C([~T,T]; H*~2). Since
5> n/2, the term ||Sa ||+ is controlled by 1 + [[aM]| g+ in all the cases, so
a) € C([-T,T); H*=?). Using the same approach as above, the following
result is left as an exercise:

Proposition 2.6. Let Assumptions 1.7 and 2.1 be satisfied, as well as
(2.9). Then there exists C > 0 such that

We see that this analysis can be continued to arbitrary order, with essen-

€
T < C(e+ |lag — ap — ea || gs-1) .

af —al® — Ea(l)H

tially the loss of two derivatives at each step, like in the linear case. To
justify the asymptotics at order j > 0, we assume s > n/2 + 2j + 2. We
leave out the computations here, for the higher order analysis bears no new
difficulty or interest.
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2.5 An application: Cauchy problem in Sobolev spaces for
nonlinear Schrédinger equations with potential

In this paragraph, we set € = 1, and consider the Cauchy problem
1
10yu + §Au =Vu+f (|u|2) U 5 U= = ao- (2.10)

We assume ag € H® for s > n/2, f € C*(R;R), and V = V() to simplify,
satisfying Assumption 1.7. We consider Eq. (2.10) as a weakly nonlinear
equation (o = 1), even though € = 1. We have seen in Sec. 1.4.2 that under
Assumption 1.7, it is fairly natural to work in the space

S(k) = H*NF(HY) = {f € H*R") ; @~ (2)" f(x) € L*(R")},

for some k > n/2. When VV € L>®(R"), ¥(k) can be replaced by H*. We
now address the same question when VV is unbounded. The typical exam-
ple of such an occurrence under Assumption 1.7 is when V is an harmonic
potential, say V(z) = |z|?. In the linear case f = 0, it is well-known that
V acts as a rotation in the phase space. Therefore, ag must have similar
properties on the z-side and on the &-side in order for the Sobolev regular-
ity to be propagated. In particular, if ag € H* with  — (z) ao(x) & L2,
then wu(t,-) ceases to be in H® for s > 1 as soon as ¢t > 0. It is natural to
expect a similar phenomenon in the nonlinear case. We show that this is
so, with a proof which is valid both for the linear case and the nonlinear
case ([Carles (2008))]).

First, introduce ¢ solution to the eikonal equation
1
Dreir + 5 (Ve +V =0 5 doin(0,2) = 0.

From Proposition 1.9, there exist 7' > 0 and a unique ¢ejx € C([-T,T] x
R™) solution to the above equation. Proposition 2.2 shows that there exists
a € C([-T,T); H*®) such that u = ae’® solves (2.10). The function a
solves:

1 )
0:a 4+ Veix - Va + 5@A¢eik = %Aa —if (|a|2) a ; ap—o=ap. (2.11)

Since in particular, u € C([-T,T]; LN L), u is the unique such solution:
if v € C([-T,T]; L> N L*) solves Eq. (2.10), then w = u — v solves

1
10w + §Aw =Vw+f(Jv+w]?) (v+w)— f(Jv]*)v; wyeo = 0.



40 Semi-Classical Analysis for Nonlinear Schrédinger Equations
Lemma 1.2 shows that for ¢t > 0,
t
oz < [ o+ B (0 0) = (1) o] .

t
<CAHMﬂMMr

Gronwall lemma implies w = 0.

Proposition 2.7. Let n > 1, and [ be smooth, f € C®(R4;R). Assume
that V' is super-linear, and that there exist 0 < k(< 1) and C > 0 such that

VV(@@) <C@)*, veeR,
and w,w’ €SP such that
lw-VV(z)] = clw’ - x|k as |x| — oo, for some ¢ > 0. (2.12)

Then there exists ag € H™ such that for arbitrarily small t > 0 and all
s> 0, the solution u(t,-) to (2.10) fails to be in H®(R™).

Example 2.8. For V| we may consider any non-trivial quadratic form, or
V(x) =+ (2/)*, with 1 < a < 2, for some decomposition z = (2/,2") € R™.

Remark 2.9. No assumption is made on the growth of the nonlinearity
at infinity: the above result reveals a geometric phenomenon, and not an
ill-posedness result like in Chap. 5.

To prove the above result, recall that u = ae'®<i<, where a is given by (2.11).
Consider only positive times, and define b as the solution on [0, 7] to:

1
Oub -+ Vei- Vb + 5bAGerc = —if ()b 5 bumo=a0.  (213)

As noticed in Sec. 2.3,

T :71 a 7)) e~ Pt
b(t, ) Jt(y(t,x)) O(Q(tﬂ )) )

where (6,2) = [ (9 (lt,20) oo o2 ) s,

x(t,y) is given by Eq. (1.11) with ¢9 = 0, and the Jacobi’s determinant is
defined by

Ji(y) = det Vya(t, y).
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Observe that b € C([0,T]; H*®). Let r = a —b: r € C([0,T]; H*). For
1 <7 < n, z;r solves:

%A(xjr) +70;Geirc — 10;7

+%mjAb — iz (F (b+72) b+7) — £ (%) b),

1
5,5(ij) + Veix V(CCjT) + §ijA¢eik =

xjT)p=0 = 0.
The fundamental theorem of calculus yields:
zj (f(|al*)a— f(b*)b) =z; (f (Ib+r>) 0+7r)— f (|b]*) b)
1 1
= xjr/ 0.9 (b+ sr)ds + xﬁ/ 0zg (b + sr) ds,
0 0

where g(z) = f(|z|?)z. In particular, we know that

1 1
/ 0.9 (b+ sr) ds,/ dzg (b+ sr)ds € CNL>([0,T] x RY).
0 0
Energy estimates as in §2.1 show that:

2| Lo (jo,:02) < C (14 [|2Ab|| L1 ((0,41;22)) -

We must make sure that the last term is, or can be chosen, finite. We shall
demand zAb € L*([0,T]; L?). In view of (2.6), this requirement is met as
soon as ap € H°(R™) is such that xAag, rag|Vag|? € L2(R"):

If ap € H™ is such that xAag, zag|Vao|? € L*(R™), then:

L (214)
a=0b+r with b,r € C([0,T]; H*), and zr € C([0,T]; L*).

We now prove that for small times, Veik(t,z) can be approximated by
—tVV(x).
Lemma 2.10. Assume that there exist 0 < k <1 and C > 0 such that
IVV(z)] < C ()", VaoeR™
Then there exist Ty, Cy > 0 such that
|V eir(t, ) + tVV (2)] < Cot? (), Vt € [0, Ty).
Proof. We infer from Proposition 1.9 that

|06V ek (t, ) + VV (2)] < [V eirc(t) | Lo |V eirc (1, )|

(2.15)
S | Voei(t, z)].
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From Eq. (1.11), we also have

Vet 2)] = |€ (1, y(t, )| = / YV (a(s,y(t,2))) ds

t t
< / [VV (y(t,x))| ds —|—/ |x(s,y(t,x)) — y(t, z)| ds.
0 0
We claim that

le(t,y) =y S ()" (2.16)

Indeed, we have from (1.11),
t S
/ / VV (z(s',y)) ds'ds
o Jo

= / (t—s\VV (z(s',y))ds'

0

t

la(t,y) — 9l = / Brr(s, y)ds
0
t

= / (t—s)VV (y)ds + / (t—s)(VV (z(s,y)) — VV (y))ds
0 0

<8yt / (t— 8 [e(s.) — y] ds.

and (2.16) follows from Gronwall lemma. We infer that for ¢ > 0 sufficiently
small,
ly(tz) — 2| S ¢ ()",

~

and therefore,

Vet )| < / OV (y(t, )| ds + / (s, y(t, 2)) — y(t, )| ds
5/0 |VV(x)|ds+/0 | — y(t,x)| ds
+ / (s, y(t,2)) — y(t, 2)| ds

t

<t(a)* + 3 (@) + /0 s2 (y(t,z))* ds

St@* + 8 (@) + 8 (@) + 24 (@) ).
Then (2.15) yields
0.V et 2) + VV ()] S ()",

Lemma 2.10 follows by integration in time. (Il
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We infer that for ¢ > 0 small enough,

|w - Véeik(t, z)| = tlw - VV (). (2.17)
To complete the proof of Proposition 2.7, consider
1
ap(z) = . (2.18)

(2)"* log (2 + [af?)
As is easily checked, ag meets the requirements of the first line of (2.14).
Denote

v = bei‘fbeik ; w = T€i¢eik.
Obviously, u = v + w. From (2.14) and (2.17), v(t,-) € L*(R") \ H*(R")
for ¢t > 0 sufficiently small. On the other hand, w(t,-) € H(R") for all
t € [0,T], hence u(t,-) € L*(R™) \ HY(R") for 0 < t < 1.
We now just have to see that the same holds if we replace H!(R") with
H:(R"™) for 0 < s < 1. We use the following characterization of H*(R")
(see e.g. [Chemin (1998)]): for ¢ € L2(R") and 0 < s < 1,

p € HR") — // |<px—|—y7)l+2:0( 2l dzdy < oo.
R™ xR" lyl

Since w(t,-) € H! for all t € [0,T], we shall prove that v(¢,-) € L2\ H® for
t sufficiently small. We prove that for 0 < ¢ < 1 independent of s €]0, 1],

2
U t,x t
/ / it +y7)1+28(,x)\ dzxdy = oo
ly|<1 Jazern ly]

To apply a fractional Leibnitz rule, write
v(t,z +y) —o(t,x) = (bt +y) = b(t, x)) e Py
4 (ei¢cik(t7$+y) _ ei¢cik(t;$)) b(t, (E)
In view of the inequality | — (]? > a?/2 — 32, we have:

1 . .
lo(t,z + ) — v(t,x)\z > 5 ‘(e’tqbeik(t,ir"ry) _ e'L¢eik(t,I)) b(t, x)

‘2
- |b(t,I + y) - b(tax)‘Q :
We can leave out the last term, since b(t,-) € H™ for t € [0,T:

b(t —b(t,2)|?
// | ("”+y)+2 GO iy < 00, W€ [0,7].
Rn xR |y|nt+2s

We now want to prove

sin (¢cik(t;w+y)7¢’cik(t7w)) ‘2

2
/ / |b(t, z)|? P dzxdy = oo
ly|<1 JxzeR™ |y|
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Proposition 1.9 yields:
112
(O + Vépeix - V) Veix € L= ([0, T] x R™) i VZeikt=o = 0.
Therefore,
HV d)elk ||L°° R = O(t) ast — 0.
We infer:
Geik(t,  +Y) — deik(t, ) =y - Voeir(t, z) + O(t|y|?), uniformly for z € R™,

and
sin (22202 0oy gy (LTI o (001 )

- Veik(t, )
+ cos <%M) sin (O(t|y|?)) -
The second term is O(t|y|?). Using the estimate |a— 3|> > a?/2— 3? again,
we see that the integral corresponding to the second term is finite, and can

be left out. To prove that

Sln (y v¢e1k(t I)) ’
/ / b(t, )| P dedy =00 for 0 <t <1,
ly|<1 JzeRn |yl

we can localize y in a small conic neighborhood of wR N {|y| < 1}:
Ve=A{lyl<1; ly—(y-wwl<elyl}, 0<e<l.
For 0 < e,t <« 1, (2.17) yields:

sin <%ﬂ((t’@>‘ >ty wl X |w-VV(2), yeEV..

Introduce a conic localization for x close to w’, excluding the origin:
Ue={lz| > 1; o — (2 )] < elal}.

Change the variable in the y-integral: for ¢ and e sufficiently small, and

r € Ue, set

Y = w - Ve (t, z)y.
This change of variable is admissible, from (2.12) and (2.17). We infer, for
0<etgl:

Sln (y v¢e1k(t I)) }
I'> / / b(t,z)|? dxdy
yEV. zE]R" ) |y|"+25

Z/ |b(t7$)|2|w : V¢eik(t,$)|25 / Lﬁ dx
=€l YE|w-V e (t,2) | Ve

d
Z/ [b(t, 2)*|w - Vbei (t, ) [** (/ %) dz.
€U, 1 e y|

The assumption (2.12), the expression of b and the choice (2.18) for ag
then show that for 0 < ¢ <« 1, I’ = co. This completes the proof of
Proposition 2.7.




Chapter 3

Convergence of Quadratic
Observables via Modulated Energy
Functionals

3.1 Presentation

In this chapter, we turn to what has appeared as a supercritical case in
Sec. 1.2: the case @ = 0. We consider the case of a defocusing power-like
nonlinearity, with no external potential
g2 ,

ie0pu® + EAUE = [uf]*7uf Uy = ase'?o/e. (3.1)
We discuss in Chap. 4 how to take the presence of an external potential
into account. As noticed in Sec. 1.2, an aspect of supercriticality is that the
cascade of equations (1.7), (1.8), etc., is not closed. However, we remark
that the transport equation (1.8) reads, in this case:

Oa+Vo-Va+ %aAqS = —2ioRe (Ea(l)) la|**2a if a = 0.

Suppose that we know ¢ (which is not straightforward at all, since (1.7)
now contains |a|??). Then the above equation shares an interesting property
with (2.5): after changing the space variable to follow the characteristics
associated to V¢, this equation is of the form

0:A=1VA, VeR.

In particular, d;]A|? = 0, which yields the identity which can be checked
directly:

Otlal® + V¢ - Vlal|? + |a]*A¢ = 0. (3.2)
Setting (p,v) := (|a|?, V@), we see that (1.7)—(1.8) implies:

{atv—H}-Vv—kV(pU):O ;o = Vo,

| ! (3.3)
Op + div (pv) =0 ; Pl=o = |aol,

45
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where we have naturally assumed that a§ — ag as e — 0. The above system
is an isentropic, compressible Fuler equation, where the pressure law is such
that pV(p?) = Vp, that is

o a1
o+ lp '
It is remarkable that this system is quasi-linear, while for fixed ¢ > 0,
(3.1) is a semi-linear equation. We may say that this increase in the non-
linear aspect of the equations we consider is due to the fact that (3.1) is
supercritical as far as WKB analysis is concerned.

p(p) =

In this chapter, we do not prove any asymptotics for the wave function
uf. This will be done in Chap. 4. We present here an approach that makes
it possible to establish the convergence of two quadratic observables which
are of particular interest in Physics. We have introduced in Sec. 2.3:

Position density: p°=lu

Current density: J® =elm (TVu®).
The above discussion suggests that we should have

p°—p 5 J*—pu.
e—0 e—0

A rigorous proof of such convergences is a consequence of the analysis pre-
sented in this chapter.

Compare the above convergence to the result of the previous chapter.
In (2.1), assume that V' =0 and a > 1. Then Proposition 2.5 shows that
p°— pin L™ ([-T,T); L'(R™)),
e—0—
J*— pvin L™ ([-T,T); Li, (R™))
e—0—
where (p,v) = (|a|?, Veix) solves
dv+v-Vo=0 ; v,—0= Vo,
Oip+div (pv) =0 5 p,_, =laol”.
This is a pressure-less Euler system. A non-trivial pressure law appears,

when the semi-classical limit is considered, in a supercritical case only.

Note that for linear problems, and the nonlinear problem of the
Schrodinger—Poisson system, the convergence of the above two quadratic
observables can be determined thanks to the study of the Wigner measure
associated to u®. See e.g. [Gérard et al. (1997); Lions and Paul (1993)], and
Sec. 3.4 below. For the nonlinear case (3.1), another tool was introduced by
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Y. Brenier [Brenier (2000)], inspired by the notion of dissipative solution
in fluid mechanics [Lions (1996)]. In a context very similar to (3.1), this
technique has been used initially by F. Lin and P. Zhang [Lin and Zhang
(2005)].

The first idea to understand the modulated energy functional is that
since the rapid oscillations (at scale €) in u® are expected to be described
by ¢, ue~**/¢ should not be e-oscillatory; it should even converge strongly
as € goes to zero, while u* does not. Recall that the energy associated to
(3.1) is

Ef = 1 €112 ; e(|20+2
— SleVurlEa + — Il

It is therefore natural to replace the first part of the energy (kinetic energy)
with

L HEV (use_i¢/5) ’

2
To understand how to treat the second part of the energy (potential energy),
introduce a more general notation, as in Sec. 1.4: for the equation

1 . 2
=5 |(eV —iv) uf||72

L2

2
ie0su® + %Aua = f (Ju®]?) s, (3.4)

setting

Fy) = /Oy f(n)dn,

the potential energy is

/n F (Juf(t, 2)[*) da.

The above discussion shows that |u¢|?
by p, where (p,v) solves an Euler equation whose pressure law is related to

f- The Taylor expansion of the potential energy yields
2
F(ju) = F (o) + (w2 = p) £ (o) + O (12 = p)?) .

In the modulated energy functional, we subtract the first two terms of this
Taylor expansion. This leads to the definition:

is expected to be well approximated

HE (1) = 3 eV — i) u (1) 2

[ EWR) = F o) = (0P = p) £ () (t)da,
.

We recover the form suggested in Remark 1, (2) in [Lin and Zhang (2005)].

(3.5)
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Note that the energy functional E¢ is non-negative because we consider
a defocusing nonlinearity. We will see that thanks to convexity arguments,
the modulated energy functional H¢ is non-negative as well. If instead of
(3.1), we considered its focusing counterpart
igo/ c

2

€
. € e _ €20, . € _ €
iedu® + 2Au = —[uf[*7u® ; ufmg = age

then the energy functionals would not be signed any more, and the energy
estimates presented below would fail. We refer to Sec. 4.5 for the case of
focusing nonlinearities.

3.2 Formal computation
Let (p,v) solve (3.3) on some time interval [—T,T]. Introduce the hydro-
dynamic variables:

p°=lu i J° =Im(eu"Vu®).
For y > 0, denote

f@) =v /f )z = oy

G<>=/zf<> v~ Fly) =
We check that (p°, J¢) satisfies, for o > 1:
Op® + divJ® = 0.
€ 62 =€ £ 2 € £ (36)
OnJ; + > 0k (4Re 05T Ohus — 03,p%) + 9;G(p°) =
k

Split the modulated energy functional (3.5) into two parts, and denote

l/ [(eV —iv(t, z)) u®(t, $)| dx

3 [1evul g [l = [0

Using the conservation of energy, we find

d e __ d 5 1 2 5 £
EK == F(p)+2/|v| Orp —l—/pv O

—/Ja-atv—/v-&gf.

K5(t)
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The first term on the right hand side is compensated by the first term of the
potential energy in the modulated energy functional. In view of (3.6), the
second term of the right had side is controlled by an integration by parts.
The third and fourth are controlled directly, but the last term is not. The
advantage of the modulated energy functional is to exactly cancel out this
term: integrations by parts, which are studied in more detail below, yield

LH(1) = 0 (K +2) - / (G(p) = Glp) - (p° — )G (p) div v da.

n

At first glance, we cannot apply Gronwall lemma directly yet: the right
hand side does not involve H¢. However, we get by thanks to convexity
arguments. We check that there exists ¢ > 0 such that

HE(t) > K°(t) + C/ (0" = p)? ((0)7 1 +p77 1) da.

n

On the other hand, we have
G(p*) = Glp) = (p° = P)G(p)] < C(p° = p)? ()7 +577) .

Setting

HE(t) = K°(t) + C/ (0" = p)* ((0°)7"H +p77) da,

n

we have therefore:
o~ o~ t o~
Be(t) < HE(0) + C / (F(s) +2) ds.
0

We check that if a§ = ag + O(e),

2
= 0(e?).

~ 1
F0) = 5 1eVasl3+ ¢ [ (aif? ~ laof?)? (o522 + a7 ) da
R’Vl

We infer by Gronwall lemma that H=(t) = O(e2) so long as it is defined,
which can be rewritten:

. 2 2 o—1 o—1 _
6V = 00 e ey + [0 =07 (@ 407Dy =
= 0(e?).

This suffices to establish the strong convergence of position and current
densities.
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3.3 Justification

Two aspects have to be pointed out in view of a rigorous justification of
the above computations. First, we have to make sure that the limiting
Euler equation possesses a unique, sufficiently smooth, solution. We will
see that this is rather straightforward in the cubic case ¢ = 1, but de-
mands a non-trivial argument when o > 2. Next, the above integrations by
part require sufficient regularity on the solution u®. Even if we know from
Proposition 1.25 that u® remains smooth on some time interval | — 7%, T5 |,
it may happen that T¢ or T§ goes to zero as ¢ — 0. In general, we only
know that u® exists as a global weak solution, from Proposition 1.28.

3.3.1 The Cauchy problem for (3.3)

For a more general nonlinearity like in (3.4), the same arguments as above
lead to the following Euler equation:

{&v—l—szv—i—V(f(p)) =0 ; V== Ve,

Op +div (pv) =0 ; Ple=o = laol®.

When f’ > 0, this system enters the framework of symmetric, hyperbolic,

quasi-linear equations. It is classical that if the initial data are in H*(R™)

for some s > n/2+ 1, then there exists T' > 0 such that (3.7) has a unique

solution (p,v) € C([~T,T]; H*)?. We refer for instance to [Majda (1984)] or

[Taylor (1997)]. Moreover, tame estimates show that the time of existence
T > 0 can be chosen independent of s > n/2 + 1.

(3.7)

In the homogeneous case f(y) = y?, o € N\ {0}, which we have in mind,
/' > 0 only in the cubic case 0 = 1. For o > 2, f’ possesses zeroes, and
this causes a lack of (strict) hyperbolicity in (3.7). This corresponds to the
presence of vacuum in fluid dynamics. From the analytical point of view,
such lack of hyperbolicity may cause a loss of regularity in energy estimates;
see e.g. [Cicognani and Colombini (2006a,b)] and references therein. We
overcome this issue, and in view of Chap. 4, we prove:

Lemma 3.1. Let 0 € N\ {0}, s > n/2+ 1, ¢9 € H*" and ag € H®.
Consider
ow+v-Vo+V (|a|2‘7) =0 ; vp=o = Vdo.
1 (3.8)
ora+v-Va+ iadlvv =0 5 ay=o = ao-
There exists T_, T4 > 0 such that Eq. (5.8) has a unique mazimal solution
(v,a) € O(| =T_,Ty[; H® x H*~1). It is mazimal in the sense that if, say,
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T, < oo, then

10 O ey =7
In addition, if ¢o,a9 € H™, then v,a € C°(| —T_,Ty[; H*®). Setting p =
la?, we infer that (3.3) has a unique solution (v,p) € C(] — T, Ty[; H® x
Hsfl)'

Remark 3.2. This shows that the possible loss of regularity due to the
lack of hyperbolicity for Eq. (3.3) remains limited.

Remark 3.3. The backward and forward lifespans T and Ty are finite
for all compactly supported initial data, as shown in [Makino et al. (1986)]
(see also [Chemin (1990)]): singularities appear in finite time.

Proof. Adapting the idea of [Makino et al. (1986)], consider the unknown
(v,u) = (v,a%). Even though the map a — a? is not bijective, this will
suffice to prove the lemma. The pair (v, u) solves:

Ov+v-Vo+V (|u|2) =0 ; Y=o = Vo € H*(R"),
3.9
5tu+U~Vu+%udivv:0 i up—o = ag € H¥(R™). (3.9

This system is hyperbolic symmetric, with a constant symmetrizer. There-
fore, there exist T_,T4y > 0 and a unique maximal solution (v,u) €
C(] — T-,Ty[; H*)?. The notion of maximality follows from Moser’s in-
equality (Lemma 1.24). Now that v is known, we define a as the solution
of the linear transport equation

1
dra+v-Va+ §adivv =0 ; ap=o=ao.

The function a has the regularity announced in Lemma 3.1. We check that
a’ solves the second equation in (3.9). Since v is a smooth coefficient,
by uniqueness for this linear equation, we have u = a?. Therefore, (v, a)
solves Eq. (3.8). Note that the local existence times T, T+ may be chosen
independent of s > n/2 4 1, thanks to tame estimates. O

3.3.2 Rigorous estimates for the modulated energy

Fix T > 0 such that 7' < min(7_,7%), where T_ and T are given by
Lemma 3.1. We stop counting the derivatives, and assume that the initial
data are in H*:
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Theorem 3.4. Let n > 1, 0 > 1 be an integer, and ¢g9,a9 € H*>. Let
(v,p) € C([-T,T); H®)? given by Lemma 3.1. Assume that there exists
s >mn/2 such that

llag — aoll= = O(e).

|2, Then we have the following estimate:

Denote p* = |u
. 2 2 o— o—
1Y = ) e iz + (0 = 2 (0577 + 0771

= 0(e?).

Les([=T,T]; L)

Remark 3.5. The above quantities are well-defined for weak solutions, so
the above quantities are well-defined, since u® is (at least) a global weak
solution.

Proof. Recall that in general, the integrations by parts mentioned in
Sec. 3.2 do not make sense for all ¢ € [T, T, since we consider weak solu-
tions only. To make the above approach rigorous, we work on a sequence
of global strong solutions, converging to a weak solution. For (d,,)m a
sequence of positive numbers going to zero, introduce the saturated non-
linearity, defined for y > 0:

Y

fm(y) = 5 Gy
Note that f,, is a symbol of degree 0. For fixed m and £ > 0, we have a
global mild solution u$, € C(R; H') to:

g

2
iedpus, + %Aufn = fin (S, )?) s, 5 u5,(0,2) = af(x)e @/, (3.10)

As m — o0, the sequence (u, ), converges to a weak solution of (3.1) (see
[Ginibre and Velo (1985a); Lebeau (2005)]). For y > 0, introduce also

Fuly) = / Un(@)dz ¢ Gly) = / DI (2)dz = yf(y) — Fnly).

The mass and energy associated to u;, are conserved:
M) = [ (6. 0)Pdo = ool

1> 1 € >4 — 1>
B (t) = 51eVua Ol + [ P (uit.0)) de = B3, 0).

Moreover, the solution is in H2(R™) for all time: uf, € C(R; H?). To see
this, we use an idea due to T. Kato [Kato (1987, 1989)], and consider d,us, .
It solves

2
(1201 58) 0 = 270 (06 ) Re (05,0005 6, + o () 01
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To compute the initial data for dyug,, we use (3.10):
€ i 82 € £ |2 € 0o
D=0 = B EAU’” — fon (Jus, %) us, ‘t:O € H™.

Note that since f,, is a symbol of degree 0, there exists C,,, > 0 independent
of uf, such that

1S, 2 £, (145, %) + fm (JuS,[?) < Con.

Energy estimates (see Lemma 1.2) then show that d,us, € C(R; L?). Using
(3.10) and the boundedness of f,,, we infer Aus, € C(R; L?).

We consider the hydrodynamic variables:
g = WS ? 5 U5 = Im (eT, Vi)
From the above discussion, we have:
o5, (t) € WHHR™) and JE, (1) € WHEH(R™), Vi€ R. (3.11)
The analogue of (3.6) is:
o5, +div J;, = 0.
2 3.12
Ou(T5); + 5 S OhARe 05 O, — D) + 0, Gn(p5) = 0. 1
k
Introduce the modulated energy functional “adapted to (3.10)”:

1

Hy(0) = [ 1V~ o) do

[ Bnli) = Fue) = (55 = () d

Notice that this functional is not exactly adapted to (3.10), since the lim-
iting quantities (as € — 0) p and v are constructed with the nonlinearity f
and not the nonlinearity f,,. We also distinguish the kinetic part:

1
K, (t) = 5/ eV — iv)us,|* da.
Thanks to the conservation of energy for u$,, we have:

d d 1
— K8 =— — Fm £ _ 2 £ € ..
dt= ™ dt (pm)+ 2/|U| 3tpm+/pmv 8,51)

—/J;-@tv—/v-atjﬁl.
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Using Lemma 3.1, Egs. (3.11) and (3.12), (licit) integrations by parts yield:

d d
EK;— dt/ (p5,) — —/|v|2 divJ;, — mevjvka Vg,

—/pfnvm-v+/<v-Vv>-J;+/Vf<p>-J;
2
- Z /8kvj Re (e0;u;,e0kus,) — % /V (divw) - Vps, + /pfnv -V fm(p%).
j.k
Proceeding as in [Lin and Zhang (2005)], we have:
€2 / div (Vv) - Vpi, =¢ / div (Vo) - (u5,eVus, + us,eVus,)
_ . / div (Vo) - (W, (Y — i), + 5, &V — vy, )
=0 (K, +¢7),
where we have used the conservation of mass and Young’s inequality

ab < (a +b%), Va,b>0.

From now on, we use the convention that the constant associated to
the notation O is independent of m and e. Treating the term involving
Orvj Re (€0,T5,€0,us,) in a similar fashion, simplifications yield:
d d
K =0 (542 = 5 [ Fuli) + [ Vinlsiei
= [ VH0)- (- ).

Similar computations for H;, — K, yield:

S5, =0 (K54 %) = [ (Glsi) = Gonlo) = (55, — Gl ) div

e ™
+ [ VU0 = Fulo)) - (= i)
Note that f(p) — fm(p) — 0 in L>=([0,T]; W) as m — oo. We can thus

write:

inn =0 (K5, + &%) 4 0m—oo(1)

dt
~ [ (©nl6) = Gnlo) = (55, = 9)Gn ) v
We check that there exists C' independent of m such that
|G (P5) = Gm(p) = (P = P)G ()| < C(p7, = p)? (O (p7) + O (p))

(3.13)
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where we have set, for y > 0,

o—1 yo—l
0(y) = i Oy = ————-
¥) =1 Y () =1 o)
Easy computations show that there exists K > 0 such that

% (6(a) + 6(b)) < O(a +b) < K (8(a) +0(b)), Va,b> 0.

Since the numerator of 6, is homogeneous, we infer that the above esti-
mate remains true when @ is replaced by 6,,, with the same constant K

(independent of m). Therefore, there exists ¢ > 0 independent of m, such
that:

H; () > Hy (1) == K5, () + C/(pfn = 9)? (m(p5) + 0m (p)) -

The above computations yield

d ~. ~
_ < € 2 .
ZH (1) < O (Hiy(0) +2%) + 0n (1),
where C' is independent of € and m. By assumption,
~ 1 2
HE(0) = S lleValz: + C/ (lag* —laol*)” (Bm(lag*) + bm(Jaol®)) dz
=0(e?).

Using Gronwall lemma, we infer

sup  HE,(t) < O 4 0 —o0o(1),
te[—T,T]

for some constant C' independent of m. Letting m — oo, Fatou’s lemma
yields

65 = i) @3+ [ (57 = o ((67)° 4071 do = O ().
5

uniformly for ¢ € [-T,T]. This completes the proof of Theorem 3.4. ]

3.4 Convergence of quadratic observables

We infer the convergence of quadratic observables from Theorem 3.4. Recall
a few basic facts about the Wigner measures. For (z,£) € R™ x R™, the
Wigner transform of u® € L$L?2 is defined by

w(t,2,§) = (277)‘"/ u’ (t, z— Eg) w (t, -+ 6%) ¢ .
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The position and current densities can be recovered from w®, by

p (b x) = ul (1, )2 = / W (t, v, €)dE,

n

JE(t, ) = Im (eu*Vu®) (t,2) = - Ew® (t,x, &)dE.

A measure p is a Wigner measure associated to u® (there is no uniqueness
in general) if, up to extracting a subsequence, w® converges to u as € — 0.
Note that p is a non-negative measure on the phase space. We refer to [Burq
(1997)] and references therein for various results on Wigner measures, as
well as applications to several problems.

Recall that if X and Y are two Banach spaces, X +Y is equipped with
the norm

llull x v = inf {[lurllx + [Juzlly 5 w=wu1+wug, us € X, ug €Y}.

Corollary 3.6. Under the assumptions of Theorem 3.4, the position and
current densities converge strongly on [-T,T] as e — 0:

[u[? — |a/* in C ([=T,T]; L' (R"™)) .
Im (¢T° Vu®) — |a|*v in C ([-T,T); LT (R™) + L' (R"™)) .

e—0
In particular, there is only one Wigner measure associated to (u®)e, and it
is given by

M(ta de, dé-) = |(l(t, x)‘2d$ ® 6 (5 - U(tv .’E)) :

Remark 3.7. The above convergences imply the following local L! con-
vergences:

|u€|2 — |a|2 in C ([—T, T];L1(|x| < R)) ,

e—0

Im (eT*Vu®) " |a|?v in C ([-T,T);L*(Jz| < R)), VR>0.
E—
Proof. The second part of the estimate in Theorem 3.4 yields

€ 2 € o— o212
sup / (lus(t,2) > = lat, 2)*)” (lus (¢, 2) 772 + Ja(t, )|*7?) " dz =
te[—T,T) n

=0 ().
Therefore, since there exists C, such that

|a_6|0'+1 <Cd(a_ﬁ)2 (a071+6071)7 vaa/@>0a
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we infer:

sup / [ (8, 2) = Ja(t, 2) 2| dw = O (7).

te[T,T)

This yields the first part of the corollary, along with a bound on the rate
of convergence as ¢ — 0. For the current density, write

Im (e7°Vuf) = Im (7 (eV — iv) u®) + [u®|*v.
Since v € L°([-T,T] x R™), we have
R > lal*v in O([-T,T]; L°™).
On the other hand, Cauchy-Schwarz inequality and Theorem 3.4 yield
Im (@ (V —iv)u®) = O(¢) in C([-T,T]; LY).
This completes the proof of the corollary. O

To conclude this paragraph, we point out a phenomenon which is typical
of the supercritical WKB régime, and which is the key point at the origin
of the instability mechanisms presented in Chap. 5. Suppose that no rapid
oscillation is present in the initial datum for u®:

¢o = 0.
Then v;—g = 0 in (3.8). The equation for v at time ¢ = 0 then yields:
Opvjt=g = —V (|a0|2") :
Thus, at least for ¢ > 0 independent of € but sufficiently small,
o(t,-) = =tV (|ao*?) + O (£?).

Note also that for a non-trivial ag € L*(R"), V (Jag|>”) # 0. Therefore,
even if no rapid oscillation is present initially, u® becomes instantaneously
e-oscillatory.
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Chapter 4

Pointwise Description of the
Wave Function

In the previous chapter, we have established the convergence of quadratic
observables thanks to a modulated energy functional, in the case of a de-
focusing nonlinearity, with no external potential. In this chapter, we study
the asymptotic behavior of the wave function itself, as € — 0, in the same
supercritical WKB régime: we consider

2
ieOus + %Aug =V f (W) a5 g = agd /s (4)

Recall that the standard WKB approach meets the problem of closing the
cascade of equations. This problem was eluded in the previous section, since
we have noticed that the system relating the phase ¢ (or equivalently, its
gradient v) and the modulus of the leading order profile a is closed (Euler
equation). To study the wave function u itself, this does not suffice: we will
see in particular that O(e) perturbations of the initial profile a§ affect the
wave function u® at leading order, through a term of modulus one (phase
modulation).

We first discuss several possibilities to adapt the WKB method to this
case. In particular, we explain why the case of a focusing nonlinearity
is extremely different (Sec. 4.5). For instance, the framework of Sobolev
spaces is not well adapted to this case. For defocusing nonlinearities, we
provide a pointwise description of u® as € — 0 in two cases:

e Defocusing nonlinearity, which is cubic at the origin: f' > 0.
e Smooth, homogeneous, defocusing nonlinearity: f(y) =y?, o € N.

59
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4.1 Several possible approaches

To overcome the absence of closure in the regular WKB analysis, a possi-
bility consists in trying to write the exact solution u® as the product of an
amplitude and of a rapidly oscillatory factor:

uf = ae'® /e, (4.2)
where a® and ®° depend on . If one can construct a® and ®° such that

u® can be represented as above, then we recover a WKB-like expansion as
soon as a® and ®° have asymptotic expansions as € — 0.

A standard approach is to assume that af is real-valued, and to seek
a real-valued amplitude a®; see e.g. [Landau and Lifschitz (1967)]. The
phase ®° is real-valued too. Plugging (4.2) into Eq. (4.1), and separating
real and imaginary parts, we find (adding tildes to avoid confusion):

IV (e N 2
ac <8t<1>5 + 5|v¢r€|2 +V 4 f (|a€|2)> = %Aae s O, = o,
) (4.3)
8y + V&°© - Vas + 55%55 =0 Dy = af.
The problem in seeking a solution (5‘5,55) to the above system, with
a°(t,-) € L*(R"), is the meaning of the first equation at the zeroes of
a® (that is, the zeroes of u®).

Another possibility consists in allowing a® to be complex-valued. In that
case, we have an extra degree of freedom in imposing the system solved by
(®°,a®). The choice proposed by E. Grenier [Grenier (1998)] (in the case
V = 0) consists in considering

1
at¢€+§|vq)s|2+v+f(|as|2) =0 ) ¢|€t:O:¢07 (4.4)
1 .
ora® + VO°© - Va® + §a5A<I>5 = i%Aas : a|€t:0 = ag.
We will see in the next section that this approach is very efficient when
f' >0, that is, for a defocusing nonlinearity which is cubic at the origin.

In Eq. (4.3) as well as in Eq. (4.4), assuming that ®¢ and a° are bounded
in, say, C([—T, T]; H®) for some sufficiently large s, it is natural to expect

P — &, af —aq,
e—0 e—0

where (@, a) solves

1
0@+ S[VOP* +V + f (laf*) =0 5 Dz = oo,
0ia+ Vo -Va+ §G,A(I) =0 § Q=0 = Q.
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Note that when V = 0, we see that (V®,a) solves the Euler type system
(3.8). This leads to the second approach which we present here. This
approach makes it possible to treat the case of defocusing nonlinearities
which are not cubic at the origin, but homogeneous of degree 20 + 1, with
o € N\ {0}. The idea, already present in Chap. 3, is to say that if Eq. (4.5)
has some rigorous meaning, then at least the rapid oscillations of u* should
be described by ®. We point out at this stage that this is the most rea-
sonable thing to expect. In general, a does not suffice to describe the
(complex-valued) amplitude of the wave function u®, unless, for instance,
ap € R and a1 € iR (e.g. a1 =0), where

ag = ap +ea1 +o(e) in H*(R").
See Sec. 4.2.1 below. Once @ is determined, change the unknown function

u® — and the notation (4.2) — to

a® = ufe /e,

The idea is that this process should filter out all the rapid oscillations, so
that a® is bounded in Sobolev spaces, and converges strongly (while u® does
not, as soon as ® is not trivial). With this definition for o, Eq. (4.1) is
equivalent to
Oa® + VO - Va® + %aaACD = i%AaE - é (f (|a5|2) —f (|a|2)) a’.

The major difficulty to prove that a® is bounded and converges strongly in
Sobolev spaces, is the singular factor 1/¢ in front of the last term. Note
already that it is reasonable to hope that this singularity is “artificial”,
since we expect |a®|? = |a]? + O(e) (this is already suggested by the results
of Chap. 3). We prove that this is so in the homogeneous case f(y) = y?,
o € N, in Sec. 4.3. Note that the results in the case f/ > 0 as well as in
the case f(y) = y?, o € N, show that the presence of vacuum (zeroes of u°)
is not a real problem, but barely a technical difficulty (a non-trivial one,
though).

Finally, we discuss the case of a focusing nonlinearity (f’ < 0) in Sec. 4.5.

4.2 E. Grenier’s idea

In this section, we explain the approach based on Eq. (4.4). We first con-
sider the case V' = 0 for some initial phase ¢9 € H*® for large s, in Sec. 4.2.1.
We then show how to adapt the approach to the case where V' and ¢¢ are
smooth and subquadratic, that is, under Assumption 1.7, in Sec. 4.2.2.
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4.2.1 Without external potential

In this paragraph, we assume V = 0, and we recall the approach of Grenier
(1998). To study Eq. (4.4), we introduce an intermediary system, in terms
of the amplitude a® and the “velocity” v¢ := V®¢. The second equation in
Eq. (4.4) can directly be expressed in terms of a® and v°. Differentiating
the first equation in (4.4) with respect to z, we find:
v +2° - Vo +2f (|a°|*) Re (@Va®) =0 ; V=g = Vo,
€ £ € 1 € : € 6 € € € (4.6)
Ora® +0v° - Va® + ¢ dive® = Z§Aa ;Ao = ag-
The important remark made by E. Grenier is to notice that if f/ > 0,
the above system is hyperbolic symmetric, perturbed by a skew-symmetric
term. To make this fact more explicit, separate the real and imaginary
parts of a®, to consider the unknown

Rea® aj
Im a® as
€ €
us — (o — (o c R’H—Q.
vE vE

n n

In terms of this unknown function, Eq. (4.6) reads

= 5
du® + ;Aj(uf)ajuf = 5L’ (4.7)
where the matrices A; € M, 42(R) are given by:
n (O 6 0 %al t§
A(w, &) =) Aj(w)g = 0 v-€ Larte |,
=1 2f'ar§ 2f'ax € wv- &l
where f’ stands for f’(|a1|* + |az|?). The linear operator L is given by
0—-A0 ... 0O
L=({A 00 ... 0
0 0  Opxn

The important remark is that even though L is a differential operator of
order two, it causes no loss of regularity in the energy estimates, since it
is skew-symmetric. The other important fact is that the left hand side of
Eq. (4.7) is hyperbolic symmetric (or symmetrizable), provided f’ > 0. Let

L, 0
(5 0) o
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This matrix is symmetric and positive if (and only if) f’ > 0, and SA is
symmetric,

SA(W,€) € Spia(R), V(u,€) € R™2 x R™.

Theorem 4.1 ([Grenier (1998)]). Let f € C°(R;R) with f(0) = 0
and f' > 0. Let s > 2+ n/2. Assume that ¢9 € H*, and that af is
uniformly bounded in H*® for e €]0,1]. There exist T > 0 independent of
£€]0,1] and s > n/2 +2, and u® = a%e'®" /¢ solution to (4.1) on [~T,T).
Moreover, a® and ®° are bounded in C([~T,T); H*) and C([-T,T); H**1)
respectively, uniformly in € €]0,1].

Remark 4.2. The assumption f(0) = 0 is not really one. Indeed, consid-
ering u®e/(0)/¢ instead of u® turns f into f — f(0) in Eq. (4.1).

Proof. We first prove that (4.6) has a unique solution (v®,a®) in
C([-T,T]; H*)?, uniformly in ¢ €]0,1]. The main step to prove this fact
consists in obtaining a priori estimates, so we shall detail this part only.
For s > n/2 + 2, we bound

(SA°u®, A°u®),
(scalar product in L2(R"*2)) by computing its time derivative:
d
pr (SA®u®, A°u®) = (9:SA°u®, A°u®) + 2 (SO A°u®, A°u®) ,
since S is symmetric. For the first term, we consider the lower n x n block:
1 S S
‘7& (f’ (|a§|2 + |a§|2)) . (SA°u®, A®u®).

Since af is bounded in H*(R™) C L*°(R™), there exists Cy independent of
e €]0, 1] such that

(O, SA* U, A*u®) <

lasliz~ < Co.
So long as ||[u®|| L~ < 2C), we have:
F(la5f? +la3f?) = inf {f'(y) ; 0 <y <4CF} = 6n >0,
where d,, is now fixed, since f’ is continuous with f’ > 0. Note that this

property implies that there exists C' > 0 such that

1
oln+e <8 < Clpqo, (4.9)

in the sense of symmetric matrices. We infer,

1
7@(f0ﬁﬁ+¢@ﬁ»\ <o (a2 + 1a5P)]|,
LOO

< Clloa%[| = < Cllu®|| &,
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where we have used (4.7), the assumption s > n/2 + 2, and Sobolev em-
beddings. Note that we need to assume s > n/2 + 2 instead of the more
standard assumption s > n/2 + 1 for quasi-linear systems, because the
operator L is of second order. If the symmetrizer S is constant (in the
case of an exactly cubic, defocusing nonlinearity), we can assume simply
s>n/2+1.

For the second term we use

(SO A*u, A*uf) = % (SL(Au®), A*uf) — <SAS(2": Aj(uf)ajus) , A5u5>.
j=1

We notice that SL is a skew-symmetric second order operator, so the first
term is zero. For the second term, write

n

(sas( Xn: A5 ()95 ) Afut) = 37 (84,(u)9;A% 0, Au)
j=1

j=

+<s(§nj[As,Aj(uE)aj]uE),Asu6>. (4.10)

=1

Since the matrices SA;(u®) are symmetric, we have
(54;(0)0; A", AT ) = (DA%, S 4, (u)A e )
= —(A0ut, 0, (S4;(u)) Avu )
(hu say o)
= (w0, (54, () A ).
This yields
(5,000,800, A

<195 (SA; ()| e 0% 7
< C (wfle) ue 3,

where we have used Schauder’s lemma (Lemma 1.23) and the assumption
s > n/2 + 1. Usual estimates on commutators (see e.g. [Majda (1984);
Taylor (1997)]), and Eq. (4.9), yield finally:

d

dt
for s > n/2 + 2. Gronwall lemma along with a continuity argument (to
make sure that ||u®||p~ < 2C)) show that we can find 7' > 0 independent
of €, such that Eq. (4.4) has a unique solution (v¢,a%) in C([-T,T]; H®)?,
uniformly in e €]0, 1].

(SA*u", A%u%) < O ([[u] 4.) (SA u, Au®)
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The fact that T' can be chosen independent of s > n/2 + 2 follows from
tame estimates (see Lemma 1.24).

Finally, once v¢ is known, we can proceed in two ways to conclude.
Either remark that v° is irrotational (V x v = 0), so there exists ®¢ such
that v¢ = V&*; up to adding a function F' = F'(t) of time only, ®¢ = ¢+ F
solves the first equation in (4.4). The other possibility is to define directly
P° as

t/1
¥ (t.0) = n(o) = [ (G0 4 1 (o)) ) ar
We check
8,5 (V(I)E — UE) = V8t<1>5 — 8t11€ =0.

Since V@ and v° have the same initial data, we infer that V&< = v¢, and
(®°,a®) solves Eq. (4.4). Since v¢,a® € C([-T.,T); H*) and s > n/2, we
have directly ®¢ € C([-T,T]; L?) (this is where we need f(0) = 0), and we
conclude ®¢ € C([-T,T]; H**1). O

Once we have constructed the solution to Eq. (4.4), the next step is to
study the asymptotic behavior of (®¢,a®) as ¢ — 0. In view of Eq. (4.4), it
is natural to consider Eq. (4.5) in the case V = 0:

1
0® + S|V + f (laf*) =0 5 Py—p = oo,
) (4.11)
81504 +V®-Va+ §GA(I) =0 ; Q=0 = Ao.

The proof of Theorem 4.1 shows that if ag € H® (and ¢g € H**1) for some
s >mn/2+1 (there is no second order operator in the analogue of Eq. (4.6)
with € = 0), then Eq. (4.11) has a unique solution

(®,a) € C([-T,T]; H*T' x H®).
The error estimate between (®°,a°) and (®,a) is given by:

Proposition 4.3. Let f € C®(R;R) with f(0) = 0 and f' > 0. Let
s >2+n/2. Assume that ¢o € H*3 a9 € H*? and

llag — aoll s — 0.
e—0

Then for T > 0 given by Theorem 4.1, there exists C' > 0 independent of €
such that

[ = @l poc (_r7p; 41y + l@° = all poe (o sy < C (€ + [lag — aollz2) -
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Proof. Resume the above notation u®, and introduce u, its counterpart
associated to (®,a). We know that u € C([-T,T]; H*™2). Consider the
error w© = u® — u. It solves

€ g
ow* +Z 7)o — Aj(u)du) = 5 Lu,
Rewrite this equation as:
€ . g g € € € €
owe + ZAj(u JO;wWe == (A;(u®) — A;(u)) du + SLw® + 5 Lu.

The operator on the left hand side is the same operator as in Eq. (4.7).
It is symmetrized by S, defined in Eq. (4.8). This means that we keep
the symmetrizer associated to u®. We do not consider the symmetrizer
associated to u. The term Lw¢® is not present in the energy estimates,
since it is skew-symmetric. The term e€Lu is considered as a source term:
it is of order &, uniformly in C([-T,T]; H?). Finally, the first term on the
right hand side is a semi-linear perturbation:

1(A4; (%) = Aj(w)) djul| . < [[(Aj(u®) = A (@) g [1all o
S O[(A;(w" +u) — A; ()] .

S C([willze, allzee) W s,

where we have used Moser’s inequality. Finally, we know that we is
bounded in L*([-T,T] x R™), as the difference of two bounded terms.
With the same approach as in the proof of Theorem 4.1, we end up with:

4 7 (SAWTAW) < C (e + [wilF) < C (e + (SAW, A'wF)).

Gronwall lemma yields:
[Vo© — V(I)HLOC([fT,T];HS) +[la® — a||L°°([7T7T];HS) < C(e+lag — aolla=) -
We infer
[0:(®° — @) ||z < C (e + |lag — aollz=)
and since ®° and ® coincide at time t = 0,
[|D°(t) — @(t) || gs+1 < Ct(e+ |lag — aollu=), te€[-T,T]. (4.12)

This completes the proof of the proposition. O
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At this stage of the study, it is tempting to consider ae’®/¢ as a decent

approximation for u¢. In general, this approximation is interesting for very
small time only:
i /e

. .
u — ae — selfb /e aez{)/s

a

. )
ez<I> /e _ ezd’/a

sin -2
2e '

tllag — aoll
. :

< a® —af + |al

< C(e+llag — aollms) +C

In view of (4.12), we infer:

|

The best we can expect in general is, provided ||a§ — ao|| g = O(¢),
[u®) = a@e* || = o0.o(1) + 0. (4.13)

This shows that because the phase is divided by e, we will obtain a good
approximation for u® only if we know the asymptotic behavior of ®¢ as
€ — 0 up to a remainder which is at least o(¢). The above computation
shows that it is reasonable to require the same thing about ag, because of
the coupling because phase and amplitude.

ut (t) _ a(t)ei{)(t)/s

L S0e0(l) +0(1) + 0 <

We therefore seek an asymptotic expansion for (®¢,a%). The formal
approach is the same as the one presented in Sec. 1.2: we plug an asymptotic
expansion of the form

(®%,a°) = (P,a) +¢ (<I>(1), a(l)) + 2 (@(2), a(2)) +...
into Eq. (4.4), and we identify the powers of e. Of course, we also assume
ag =ag+eay +e%as + ...
The term in €° yields Eq. (4.5). For the term in ¢!, we obtain:
00 + Ve - VoW 4 2f (|af?) Re (aa) =0,

1 1 :
00V + V- Va) + Vo . Va + ZaA® + ade) = %Aa,

1 _ . 1 _
Q20 =0 5 ap =

To solve this system, introduce vV = V&) (and v = V®):
oW + v vl 4 2v (f’ (Ja]*) Re (Ea(l))) = —oM . vy,

aq.

1 1 )
diaV) +v-va + 3¢ divo® = —pM . va — ia(l)Aé + %Aa, (4.14)

W _yq

1 _
V) Zo = a

e
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The left hand side is a linear hyperbolic symmetric operator, applied to
(v, aM).  The right hand side consists of terms which are linear in
(v, aM), plus the source iAa. We infer the following existence lemma,
whose easy proof is left out.

Lemma 4.4. Let s > n/2 + 2. Assume that ¢g € H*3, ag € H*™2 and
ay € H®. Then Eq. (4.14) has a unique solution

(W, aM) e (=T, T); H*)?.

With this lemma, we can find ("), a")) as the second term of the asymp-
totic expansion for (@<, a®). Set

(®5,a]) = (P,a) +¢ (é(l),a(l)) .
By construction, it solves Eq. (4.4), up to a source term of order O(g?):
0,95 + 2|V + f (aif?) = S [V
—¢? /1 h (a + Gea(l)) caW . qWap,
0
0,05 + VO - Vs + 5afABS =5 Adf — 2Va - V¥

2 2
_ %au)M)(l) _ i%Aau)’

e _ . € —
(I’l\t:O =¢o ; Ajjt=0 = @0 +€ay.

We have used the notation h(z) = f(|z]?), and the last term in the equa-
tion for ®7 is an obvious formal notation. Mimicking the proof of Proposi-
tion 4.3, the following result is left as an exercise:

Proposition 4.5. Let f € C®(R;R) with f(0) = 0 and f* > 0. Let
s> 24 n/2. Assume that ¢pg € H*T>, ag € H*T*, a; € H*T2, and

lag — a0 — a1l = o(e) ase — 0.

Then for T > 0 given by Theorem 4.1, there exists C > 0 independent of €
such that

H<I>€—<I>—5<I>(1)‘ + aa—a—sa(l)H

‘Loo([—T,T];HsH) H

<C (82 + |la§ — ao — sa(1)||Hs) .

<
Le([-T,T];H?)
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Despite the notations, it seems unadapted to consider ®(!) as being part of
the phase. Indeed, we infer from the above proposition

|

5 (1) -
uf — ae'® /e < la® - all oo (=1, 135220 L)

Lo ([T, T];L2NL>®)
e w1
1D Je ez<I> eifb/s

+llall oo (- 13522019 He Lo ([T, T]xR")

lag — ag — ea™|| g )

3

<0(E)+0 (
< o(1).

If in addition ||a§ — ag — eaV| g = O(£?) (as is usual in WKB analysis),
we find

Since ®(1) depends on a; while a does not, we retrieve the fact that in su-
percritical régimes, the leading order amplitude in WKB methods depends
on the initial first corrector a;. This phenomenon was called ghost effect in
the context of gas dynamics [Sone et al. (1996)]: the corrector a; vanishes
in the limit ¢ — 0 at time ¢t = 0, but plays a non-negligible role for ¢ > 0.

e _ aezd’ ezq)/a

u

= O(e).

Loo([—T,T);L2N L)

Remark 4.6. The term ei®" does not appear in the Wigner measure
of ae®" ¢i®/e, Thus, from the point of view of Wigner measures, the
asymptotic behavior of the exact solution is described by the Euler-type
system (3.7). We also recover the result of Chap. 3

The above procedure can be pursued to arbitrary order, and we leave it
at this stage. To conclude this paragraph, we examine more closely the
relevance of the term ®). From the equation, we find

O, =0 5 0@, ==2f (lao]?) Re (@oan) .
So if Re (apa1) # 0, &) is non-trivial for ¢ > 0. Note that even if a3 = 0,
then in general, ®() is non-trivial for ¢ > 0. Indeed, if a; = 0, we have
Ay =0 Q=L Aa,
and therefore
=0 ; 82<I>(1

L, = 0,9]. (1)) = ' (jaol?) Im (@ Aap)..

[t=0 —

If ap has a constant argument, then ®) = 0, as shown below.
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With the case of Eq. (4.3) in mind, assume that age®® is real-valued
some some constant § € R; then so is ae?, from Eq. (4.5). In that case,
we check that (@), Re (@a'"))) solves an homogeneous linear system, since
then

d; Re (Ea(l)) + V- Re (Ea(l)) - —% div (|a|2v¢><1>) ~Re (Ea(l)) AD.

By uniqueness, if age? is real-valued and a;e® is purely imaginary (e.g.

a; = 0), then ®1) = 0. Note however that if a;e?’ ¢ iR is non-trivial (e.g.
are? € R), then &) is non-trivial.

4.2.2 With an external potential

When V' # 0, the first idea consists in trying the same arguments as above.
Obviously, if V € H*°, then the previous approach can be repeated. Even
if we assume only VV € H* we can construct (v¢,a®) in Sobolev spaces,
and then ®° is not necessarily in L2, which is not a big issue.

This approach is essentially perturbative. Its main drawback is that it
is incompatible with the case when V' is an harmonic potential for instance,
a case motivated by Physics. We seek a solution to Eq. (4.4), with

P = (beik + (bs,
where ¢eic was constructed in Sec. 1.3.1, and ¢° belongs to some Sobolev
space. This idea is very naive, since the equations at stake are nonlinear
(note that even when f = 0, the eikonal equation is a nonlinear equation).
However, it turns out to be fruitful, essentially because ¢e;x is subquadratic

with respect to the space variable. For the sake of readability, we rewrite
Assumption 1.7 and the main result of Sec. 1.3.1:

Assumption 4.7 (Geometric assumption). We assume that the po-
tential and the initial phase are smooth, real-valued, and subquadratic:

o Ve C®RxR"), and 03V € C(R; L*>*(R™)) as soon as |a| > 2.
o ¢p € C°(R™), and 0%y € L™ (R™) as soon as |a| = 2.

Proposition 4.8. Under Assumption 4.7, there exists T > 0 and a unique
solution geix € C°° ([-T,T] x R™) to

1
Ordeik + 3 Vo> +V =0 ;5 Geic(0,2) = ¢o().

In addition, this solution is subquadratic: 0% peix € L°([-T,T] x R™) as
soon as |a| > 2.



Pointwise Description 71

In terms of the unkown function (¢°,a%), Eq. (4.4) reads:
1
Ord° + Veix - Vo© + §|V¢5|Q + f (la°]?) = 0,
1 1
0:a® + Veix - Va® + V¢© - Va® + §a€A¢eik + §a5A¢E = i%Aas,

& — . € — €
Pli=0 =0 5 @fi= = aq-

By construction, the potential V' has disappeared from the equation. To
prove the analogue of Theorem 4.1, we stop counting the derivatives, and
we distinguish two cases, whether the nonlinearity is exactly cubic or not:

Assumption 4.9 (Analytical assumption). We assume that af is
bounded in H® for all s > 0, and f € C®°(Ry;R) with f(0) = 0 and
f' > 0. Moreover,

e The nonlinearity is exactly cubic, f(y) = \y for some X\ > 0, or
o The first momentum of af s bounded in Sobolev spaces: xa§ is
bounded in H® for all s > 0.

The above distinction makes it possible to refine a result in [Carles (2007c)]:

Theorem 4.10. Let Assumptions 4.7 and 4.9 be satisfied. There exist
T. > 0 independent of € €]0,1], and u® = a®e"(Pext¢)/e solution to (4.1)
on [=Ty,Ty]). Moreover, a® and ¢° are bounded in C([-Tx,Ty); H*). In
addition, in the second case of Assumption 4.9, xa® and xV¢° are bounded
in L®([—T4, T]; H®) for all s > 0.

Proof. The proof proceeds along the same lines as the proof of Theo-
rem 4.1, so we point out the main differences. We only work with times
such that |t| < T, so that @ek remains smooth. Like in the previous para-
graph, we introduce v* = V¢°, and the notations

Rea® aj

Im a® as 0-A0 ... 0
w=| v [=]"v ., L=|A 00 ... 0],

vy, vy,

n U'f 0 %tf
and A(w €)=Y A;wg=[ 0 v Lt |,
j=1 2f'ar € 2f ax v - &I,
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where f’ stands for f/(|a1|?+|az|?). Instead of (4.7), we now have a system
of the form

du’ +ZA )OUE + Ve - VU + M (Vi) u° = %Luf, (4.15)

where the matrix M is smooth and locally bounded. The quasi-linear part
of the above equation is the same as in Eq. (4.7), and involves the matrices
Aj. In particular, we keep the same symmetrizer S given by (4.8). The
term Ve - Vu® has a semi-linear contribution, as we see below. The term
corresponding to the matrix M can obviously be considered as a source
term, since @ik is subquadratic.

For s > n/2 + 2, we still have
d
7 (SA°u®, A°u®) = (9,SA°u®, A°u®) + 2 (SO A°u®, A°u®).

Two cases must then be distinguished, which explain the two cases in As-
sumption 4.9: if f’ is constant, then so is the symmetrizer S. Otherwise,
we have

(OSA°u®, A°u®) H - (SA°u®, A°u®).
f Lo
Since af is bounded in H*(R™) C L*(R™), there exists Cy independent of

¢ €]0, 1] such that

|a1|2 + |as)] ))

llagllze < Co.
So long as ||[u®|| L~ < 2C), we have:
f(lai? + [a5]?) = inf {f'(y) ; 0<y <4CF} =6, >0,

where ¢, is now fixed, since f’ is continuous with f’ > 0. We infer,

<00 (lail* + lazP) | o -

Lo

|CL1|2 + [a3] ))

’f '
Using the equation for a®, we see that to estimate dia®, new terms appear,
compared to the proof of Theorem 4.1: Veix - Va® and a®Adeik. Since Peik
is subquadratic, we have, thanks to Sobolev embeddings:

1

7& (f" (lai]? + las|?))
For the clarity of the proof, we distinguish the cases for the rest of the
computations.

< C([0[las + lzu o)
LOO
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First case: exactly cubic nonlinearity. In the first case of Assump-
tion 4.9, we have noticed that the symmetrizer S is constant. For the
quasi-linear estimates involving the matrices A;, we can mimic the proof
of Theorem 4.1:
d
7 (SA°u®, A°u®) < C (JJu®||g=) (SA®u®, A°u®)
+ |54 (Voane - Vue ), Avwe )
+ |<SAS (M(V2¢eik)u€) ,Asu5>‘ .
For the second term of the right hand side, write:
(8% (0)0un05u° ), Aou) = (80,6000, Aou)
+ (SIA", 0] 0 ) A% ).
For the first term of the right hand side, an integration by parts yields:
|(S03000;8%0, 400 )] < [0 (50; 6t 103 (4.16)

< Clluf[fe,

where we have used the fact that S is constant and ¢ej is subquadratic.
This also shows that the commutator
[A%, 0 Peix0s]
is a pseudo-differential operator of degree < s, with bounded coefficients.
We infer:
‘<SAS (wseik : Vuf) , Asu6> < O[3,
We have obviously

[(SA® (M(V2dei)ul) , A%u®)| < Cl|u®[|..

This yields:
d
dt
and we conclude like in Theorem 4.1.

(SA*US, A*uf) < O (||uf]| ) (SAWE, Auf) (4.17)

Second case. If we assume only f’ > 0, the assumption za§ € H® makes
it possible to conclude in a similar fashion. We have:
% (SA°u®, A°u®) < C(||uf||ms + ||zu®|| gs—1) (SA°u®, A°u®)

+ ‘<SAS (Ve v ), Aue)

+ |(SA* (M (V¢eir)u®) , A*us)|.
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The last term is obviously controlled by ||u®||%.. For the second term,
resume the estimate (4.16). Using the definition of S, we find

195 (SOj¢ei)ll oo < C (0|l Loe) || (2} @[ L[| 0507 Lo

~
< C([u[ze=) 1 {x) a*[ o= [la|[ = -

We infer:
4
dt

To close the family of estimates, we show that

4
dt

can be bounded in a similar fashion. Let 1 < k < n:

(SA*u®, A*u) < F([|[u]|lgs + [|[zu®||g=—1) (SA°u®, A®u®) .

(SA*! (zu), A* (2u°))

Or(zpu®) + Z A;(u%)0j(zpu®) + Vei - V(zpu®) + M (V2¢eik) zput

j=1

= %L(xkus) + Ap(u®)u® + O Peiu® + %[xk, L]u®.
The quasi-linear part and the term V @ik - V(2 u®) are estimated like before.
The terms M (V2¢eik) zpu® and Ay (u®)u® are controlled in an obvious way.
The term Ok geixu® is controlled by (x) u®, since ¢ is subquadratic: this
is a linear perturbation. Finally,

0 20,0 ... 0
[$k,L] = —26k 00 ...0
0 0 Onxn

Therefore,
HASfl[ac;.c,L]u‘SHL2 < 2||u®| g

This shows that we obtain a closed family of estimates. Gronwall lemma
and a continuity argument yield existence and uniqueness for u®, like for
Theorem 4.1. Note that thanks to tame estimates, T, does not depend on
s >n/2+ 2. Finally, we define ¢° by

60 = [ (Voaw-v+ 510 + 1 (ai) ) ()i

We check that ¢° € C([~T%,T.]; L?) and 9; (V¢° — v°) = 0, and the proof
of the theorem is complete. O
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Note that the phase ¢qix+¢° belongs to a somewhat non-standard space:
it is the sum of a subquadratic function and an H°® function. Even if ¢*
goes to zero at infinity, it should not be considered as a small perturbation
of Peik in L. Indeed, like for the case V' = 0, the coupling between the
amplitude a® and ¢° is so strong that even though ¢Tt:o =0,

0o = —f (1a5]°) -
so ¢° is of order O(1) in L* for ¢ > 0.

The next step in the semi-classical analysis is to study the asymptotic
expansion of (¢, a®) as € — 0. It proceeds along the same lines as in the
case V = 0 (Sec. 4.2.1), up to the adaptations pointed out in the above
proof. We leave out the discussion at this stage, since all the tools have
been given, and the conclusion is essentially the same as in Sec. 4.2.1.

4.2.3 Thecase0 < a<1

So far, we have addressed the case of weakly nonlinear geometric optics
(Chap. 2), and the supercritical case (4.1). In this paragraph, we discuss
the intermediary case of

2
€ .

iedu’ + EAUE =Vu® +e%f (|u5|2) ut o U = aSe®o/s (4.18)

in the case 0 < a < 1. We have seen in Chap. 2 that the nonlinear term

is so strong that we should not expect ufe " ¢x/¢ to be bounded in H*

(s > 0)ase — 0. So we adapt the point of view of the previous paragraph,
that is, Eq. (4.18) with o = 0. Again, we write the exact solution as
u = ae™ /%, with O = ¢y + ¢°.

Let Assumptions 4.7 and 4.9 be satisfied. To simplify the discussion, sup-
pose that we are in the second case of Assumption 4.9 (which is not incom-
patible with the first case!). The unknown function is the pair (a®, ¢%). We
have two unknown functions to solve a single equation, (1.1). We can choose
how to balance the terms: we resume the approach followed when o = 0.
Note that this approach would also be efficient for the case a > 1, with the
serious drawback that we still assume f’ > 0, an assumption proven to be
unnecessary when a > 1 (see Chap. 2). We impose:

1
O + 5 VO [* + Vi - Vo +e°f (ja*) =0,

1 1
Oha* + V4 - Va' + Ve - Va' + Za" A" + Sa° Aen, = i%AaE,

3 — . £ _ €
¢|t:0 =0 3 ap_o=ag-
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This is the same system as before, with only f replaced by € f. Mimicking
the analysis of the previous paragraph, we work with the unknown u® given
by the same definition: it solves the system (4.15), where only the matrices
Aj; have changed, and now depend on e. The symmetrizer is the same as
before, with f’ replaced by €*f’: the matrix S = S° is not bounded as
e — 0, but its inverse is. We claim that we can still proceed as before,
thanks to this remark and the following reasons:

The matrix S¢ is diagonal.

The matrix M is block diagonal.

The matrices S°A$ are independent of ¢ €]0, 1].

The inverse of S€ is uniformly bounded on compact sets, as € — 0.

Gronwall lemma then implies the analogue of Theorem 4.10: in particular,
u® exists locally in time, with H®-norm uniformly bounded as ¢ — 0. Note
that since ¢° =0, we have:

(5°A°u, A*uf) |,_, = O(1),

li=o

and we infer more precisely:
la || Lo (-1 715y + |20 oo (=7 1 )s0) = O(1),
161 oo (=7 ugszrsy T N2V poo (o ugiarsy = O (%) -

It seems natural to change unknown functions, and work with 55 =& ¥
instead of ¢°. With this, we somehow correct the shift in the cascade of
equations caused by the factor € in front of the nonlinearity. We find

_ «@ ~ 12 ~
0ud + 5 |VO| + Vou - V& + 1 (a°?) =0,

~ o ~ 1
8,05 + VG - Vaf + Vi - Vat + %amaf + 30 A = i%AaE,
(;Tt:() =0 aTt:O =ag.

The pairs (¢°, a°) and (8;¢°, 8,a°) are bounded in C([=Tx, Ti]; H®). There-
fore, Arzela—Ascoli’s theorem shows that a subsequence is convergent, and
the limit is given by:

016+ Vo Vo + f (|a]*) =05 o =0,
1
0ra + Vi - Va + §G,A(beik =0; ap=0=ao.

We see that a solves the same transport equation as in the linear case,
Eq. (1.19); ¢ is given by an ordinary differential equation along the rays
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associated t0 ¢eik, with a source term showing nonlinear effect: f (|a|?).
By uniqueness, the whole sequence is convergent. Roughly speaking, we

see that if
w® = t(V(aa—a),aa—a),
then Gronwall lemma yields:
(Sf0sw®,00w®) < C (e + %) < 2Ce™.
We infer, for [¢t| < T,
la*(t) = a(®)llme < Cue® 5 [[¢°() — eGllme < Coe™t.
Three cases must be distinguished:

e If 1/2 < aw < 1, then we can infer

|

e If & = 1/2, then we can infer a similar result for small time only:

e If 0 < @ < 1/2, then we must pursue the analysis, and compute a
corrector of order £2¢

i¢cik/€eia;/€1_a

— 0.
Loo([=T,T,];L2NL>®) €—0

u® — ae

ideinc/c gid/e T —0 asecandt— 0.

Loo([—t,8];L2NL)

u® — ae

We shall not go further into detailed computations, but instead, discuss
the whole analysis in a rather loose fashion. However, we note that all the
ingredients have been given for a complete justification.

Let N = [1/a], where [r] is the largest integer not larger than r > 0.
We construct ¢, ..., a®™) and ¢M, ..., ¢(N) such that:

a () _

_ Na, (V) H

a* —a—c¢

Lo ([=T.,T.);H?)

_d_ g _Na N)H _ Nay
$=€%9 ¢ Loo ([T, Tu]; H?) 0 (")

But since N + 1 > 1/a, we have:

‘ ¢° —e%p — g2l — . — NagV= 1)H =0 (5(1\”1)“)
Loo([=Tw T.);H*)
= o(¢)
We infer:
‘ U — qeiPei/s+id5n, = o(1)
Loo([=T., T, ];L2NL>) ’
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where

- ¢ N ¢(1) N +¢(N—1)
app 81704 8172a T glfNa '

Remark 4.11. In the case @« = 1, N = 1, and the above analysis shows
that one phase shift factor appears: we retrieve the result of Chap. 2,
and ¢ coincides with the function G of Eq. (2.7) (under the unnecessary
assumption f/ > 0). If & > 1, then N = 0, and we see that ae’®x/¢ is a
good approximation for u°.

To conclude this paragraph, we consider the convergence of quadratic ob-

servables. It follows from the pointwise description of the wave function u°.
app’
the quadratic observables converge to the same quantities as in the linear
case (just like for the case o = 1):

5|2

Since the nonlinear effects are present at leading order only through ¢

[uf|*=p*—p ; elm(@Vu)=J°— pu,
e—0— e—0—

where (p,v) = (|a|?, Veik) solves the Euler equation
dw+uv-Vu+VV =0 ; w,_0= Vo,
dep + div (pv) =0 D Pl = |ao|?.
The pressure is given by p = 0, and the external force is VV. We see that
even if a =1 is the critical threshold as far as WKB analysis is concerned,

when it turns to quadratic observables, the critical threshold becomes o = 0
(when the pressure law in Euler equations depends on f).

4.3 Higher order homogeneous nonlinearities

If we consider a quintic nonlinearity in (4.1), f(y) = y2, the previous ap-
proach fails. Essentially, the symmetrizer

I 0
4f’(Jus]?)=m

becomes singular at the zeroes of u®. Since we have no control on the zeroes
of u®, the approach must be modified. We present the result of [Alazard
and Carles (2007b)], for the case of

2
€ ,

iedyus + 5Au5 = [uf]*7uf Uf_g = asei®o/e, (4.19)

We assume V' = 0: in the spirit of Sec. 4.2.2, inserting an external potential

adds no technical difficulty, but makes the presentation heavier. We also
assume that the nonlinearity is homogeneous, and smooth: o € N\ {0}.
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Several ideas are natural in view of the results of Sec. 4.2. First, as-
suming that we could construct (®¢, a®) solution to Eq. (4.4), bounded in
Sobolev spaces, then passing to the limit, we expect (®¢,a®) to converge to
(®,a) given by Eq. (4.5). Write

. EE
uE ~ aeﬂb/aez(@ @)/a'
e—0

The only e-oscillatory factor is measured by ®: set a® := ufe ®/¢. For
a® to be bounded in H®, we need another information: we need a rate of
convergence of ®¢ towards P,

o — @ =0O(e).

Otherwise, Va® may not be bounded as ¢ — 0. The study led in Sec. 4.2.1
shows that for this property to be satisfied, we have to know af up to an
error of order O(e). We refuse to count the derivatives when not necessary:

Assumption 4.12. There exists a9 € H such that for all s > 0,
llag — aoll= = O(e).

Lemma 4.13. Let 0 € N and ¢g,a9 € H*. There exists T* > 0 such that

1
09 + §|V¢|2 + |a|2‘7 =0 ; ¢\t:0 = ¢o,
X (4.20)
ota+ Vo -Va+ iaAqb:O i Q=0 = ao-
has a unique solution (¢,a) € C°°([=T*, T*]; H*(R"))?.
Proof. In Chap. 3, we have considered the system
8w+v-Vv+V(|a|2”) =0 ; vy=o = V.

1
Ova+v-Va + 5adivv =0 ; aj=0 = ao.

Thanks to the idea of [Makino et al. (1986)], we have proved that it possesses
a unique solution (v,a) € C([-T*,T*]; H*(R"))2. Now set

ott.2) =) — [ (FCra)f +latro)* ) ar.

We check that 0;(V$ — v) = V¢ — dyv = 0, and ¢ € C([-T*,T*]; L?).
Hence the lemma. O
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Define
af = ufe10/e,
Equation (4.19) is equivalent to
1 L€ 7 20
0ia® +Vo-Va® + =a*A¢p =i=Aa® — - (aEQ‘T— a )as,
0 + Vo Sa A6 =iSAd — * (a7~ o o)
fy—p = ag-
The main problem to prove that a® is bounded in Sobolev spaces is the

presence of the singular factor 1/e on the right hand side. On the other
hand, the analysis of Sec. 4.2 shows that it is natural to expect

a® =a+ Oe).

In this case, the singular factor 1/e is compensated. Nevertheless, this
argument does not seem closed: apparently, to prove that a® is bounded in
Sobolev spaces, we need a more precise information. The idea in [Alazard
and Carles (2007b)] consists in introducing an extra unknown function in
order to obtain a closed system of estimates. The approach of considering
more unknown functions that in the initial problem has proven very efficient
in several contexts. We can mention the study of blow-up for the nonlinear
wave equation, [Alinhac (1995b)] (see also [Alinhac (1995a, 2002)]), low
Mach number limit of the full Navier—Stokes equations [Alazard (2006)], or
geometric optics for the incompressible Euler or Navier-Stokes equations
[Cheverry (2004, 2006); Cheverry and Gues (2007)].

Inspired by the analysis of E. Grenier, the idea is to symmetrize the
equations, and to obtain a system for the family of unknown functions
5|20‘

which is hyperbolic symmetric. Split the term |a®|** — |a|** as a product

|0%|* = |a*” = eg*" = (G Q)(a*|*, |al®)
= 5G(T17 TQ)Q(Tla T2)‘(rl,r2):(|a5\2,|a\2)’

where ¢° satisfies an equation of the form

0tq® + L(a, ¢, 0z)q¢® + ¢° div (Im(a*Va®)) = 0, (4.22)
and L is a first order differential operator. Introduce the position densities
pi=laf* 5 p°i= o] = o

Recall that v = V¢. Elementary computations show that:
Op + div(pv) =0, (4.23)
O¢p°® + divIm (euVu®) = 0, (4.24)
Orp® + div (Im(ea®Va®) + p°v) = 0. (4.25)
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Denote

3 =eq® = B(r1,m2)]
By writing

) =(las? Ja?) J® :=eIm(a*Va®).
96° = (0r, B)(p%, p)Orp® + (0r, B)(p°, p)Osp,
we compute, from (4.23) and (4.25):

B° + (07, B)(p%, p) div(J® + p*v) + (95, B)(p", p) div(pv) = 0.
Hence, in order to have an equation of the desired form (4.22), we impose
Or, B(r1,12) = G(r1,72).

Since on the other hand,
G(r1,r2)B(r1,r2) =71{ — 715,

this suggests to choose (3¢ such that

2 g g

(6°) = U—_H(PE) L —207p + f(p). (4.26)

To obtain an operator L which is linear with respect to 5 we choose

2
V2 eNo+1 +1_2a € _ ). 4.27
(5)" = (") 4 p7(p* = p) (4.27)
With this choice, we formally compute:
0 5% + e¢g° div(Im(a*Va®)) + v - VG + ﬁa dive = 0.

This equation is derived rigorously in [Alazard and Carles (2007b)], and we
refer to the paper for the complete proof. Examine the right hand side of
(4.27). Taylor’s formula yields

2 e\o+1 +1 £ £ 2 5
— T = ——p T =207 (p° —p) = - alpP50)
U+1() p——yk p7(p" = p) = (p" — p)"Qq(p", p)
where @, is given by:
1
Qo(r1,72) = 20’/ (1 —38)(ro+s(r — 7"2))0_1 ds. (4.28)
0
Note that there exists C, such that:
Qo(r1,m2) = Co (r{ 47371 (4.29)

This is the same convexity inequality as the one we have used in Sec. 3.2.

Notation 4.14. Let o0 € N. Introduce

Go(ry,m2) = Folrura) i Bo(ri,m2) == (r1 —r2)vV/Qo(r1,r2),
Qo (r1,72)

where @, is given by (4.28) and

r? —rsg
Pg(’f’l,’f’g) 1 "2 Zro 1-¢ Z

TL— T2
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Example 4.15. For o0 = 1,2, 3, we compute

(;'1:].7 BlzT‘l—T‘g.
3 r1 4+ 1o \/5
Gy =) = ———, By =/ =(r1 — ro)V/r1 + 2ra.
2 2m 2 3(7‘1 7"2) 1 T2
2 2
1
Gg:\/§ 1 +’l"17’2+7"2 (7"1—7"2)24-27”%.

) Bs=—(r1—r
honEral TR

A remarkable fact is that, although the functions G, and B,, are not smooth
for 0 > 2, one can compute an evolution equation for the unknown (¢, as
mentioned above.

Denote ¢ = Va®. Noticing that
g° div(Im(a®¢®)) = Im(g°a® div ¢°),
we find that the unknown (a®, %, ¢%) solves

O + v - VY& +ia°g°Vq° — i%AwE

1 1 (4.30)
= —5@/1‘5 diveo —¢° - Vo — §aEV dive —i¢°V (a®¢g°),
1
Oq® +v -V +Im(¢°a° divy®) = — 0—2’_ q° divo.
Note that by assumption,
lafzoll s &) + 9% =0l s &) = O(1), Vs = 0. (4.31)

A similar estimate for the initial data of ¢° is a more delicate issue, since
B, is not a smooth function. An important remark is that ¢°, viewed as a
function of a® and a, is an homogeneous function of degree o + 1. We then
use the following lemma, which can be proved by induction on m:

Lemma 4.16. Let p > 1 and m > 2 be integers and consider F: RP — C.
Assume that F € C*°(RP \ {0}) is homogeneous of degree m, that is:

F(\y) = \"F(y), YA > 0,Vy € RP.

Then, for n < 3, there exists K > 0 such that, for all w € H™(R™) with
values in RP, F(u) € H™(R™) and

1 (@)l < K|ul7m-

The same is true when m =1 and n € N.
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Remark 4.17. Note that the result is false for n > 4 and m > 2. Also, one
must not expect F(u) € H™TH(R"), even for u € H>(R"). For instance, if

_1-2

n=l=p m=2 Fly)=yll ul)=ze",

then F(u) € H?(R) and F(u) ¢ H3(R). Similarly, in general, one must not
expect Fy(u,v) € H*T1(R"), even for (u,v) € H>(R")2.

The left hand side of (4.30) is a first order quasi-linear symmetric hyperbolic
system, plus a second order skew-symmetric term. The right hand side can
be viewed as a semi-linear source term. Denoting U® := (2¢%, a®,a%, ¢*°, Ea),
we see that

0 U® + Z Aj(v,a%¢%,a@°g%)0;U® +eL(0,)U° = E(®,U*,a°g%, V(a®g)),

1<j<n

where ® = (V¢, V26, V3¢), the Aj’s are Hermitian matrices linear in their
arguments, £(0;) = Y L;;0;0; is a skew-symmetric second order differ-
ential operator with constant coefficients, and E is a C*° function of its
arguments, vanishing at the origin.

Using the above structure, quasi-linear analysis for hyperbolic systems,
and estimates for non-smooth homogeneous functions, the main result in
[Alazard and Carles (2007b)] follows:

Theorem 4.18. Let n < 3, ¢ € H™ and let Assumption 4.12 be satisfied.
There exists T €]0,T*[, where T* is given by Lemma 4.13, such that the
following holds. For all e €]0,1], the Cauchy problem (1.1) has a unique
solution u® € C([-T,T); H*(R™)). Moreover,

siﬁnpu (||a€||L°°([—T,T];Hk(R")) + ||q€||L°°([—T,T];Hk*1(]R"))) < +oo, (4.32)

where the index k is as follows:

If 0 =1, then k € N is arbitrary.

If 0o =2 and n =1, then we can take k = 2.
If 0 =2 and 2 < n < 3, then we can take k = 1.
If 0 > 3, then we can take k = o.

The assumption n < 3 appears when estimating non-smooth homogeneous
functions. It could be removed, up to considering sufficiently large o. The
restriction for k when o > 2 follows from Lemma 4.16. This argument is
used not only to estimate ¢° at time ¢ = 0, but also the factor a®¢® in terms
of a%, in Eq. (4.30).
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Note that for & = 1, Eq. (4.32) is exactly Theorem 3.4. From this point
of view, Eq. (4.30) can be interpreted as a local form for the modulated
energy. This is even more explicit when considering

= [a°? + P2 + Ia°P
It satisfies an equation of the form 0:e® + div(n®) 4+ b* = O(e®), where
Jb® = 0. Indeed, directly from Eq. (4.30), we compute
ore® + div(ve®) + 2div (Im(gEqEEE@[JE)) +elm (EEACLE + FAwE)

= —0o|¢°|? dive — Re ((2¢° - Vo + a*V divv)ye) .
We have thus obtained an evolution equation for a local modulated energy.
Gronwall lemma yields

le* @l @y < [[€%(0)]| L1 () exp (C) .

Finally, we check that (e(0)). is bounded in L!(R™). Therefore, this argu-
ment yields Eq. (4.32) for k = 1.

To obtain the pointwise asymptotics of the wave function u®, we can
proceed in a similar spirit, guided by the results of Sec. 4.2.1. We make the
following assumption on the initial amplitude:

Assumption 4.19. There exist ag, a; € H® such that for all s > 0,
|a§ — a0 — cai||gs = O (%) .
Introduce the system
86 + V- Vo) 4 20 Re (aa<1>) la|27=2 = 0,

1 1 ]
diaM) + V¢ -Va) + Vel . Va + §a(1)A¢ + iaAqS(l) = %Aa,

¢(1)|t:0 =0 a(l)}tzo =
(4.33)
Again, at the zeroes of a, Eq. (4.33) ceases to be strictly hyperbolic, and
we cannot solve the Cauchy problem by a standard argument. Yet, we can
prove:

Lemma 4.20. Letn > 1, ¢g € H*®, and let Assumption 4.19 be satisfied.
Then (4.33) has a unique solution (¢, aM) in C([~T*,T*]; H>®)?, where
T* is given by Lemma 4.13.
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Proof. [Sketch of the proof] We transform the equations so as to obtain
an auxiliary hyperbolic system for (Vo1 A;) for some unknown A;, de-
pending linearly upon a(*). The definition of A; depends on the parity of
o. This allows to determine a function ") and, next, to define a function
a™™ by solving the second equation in (4.33). We conclude the proof by
checking that (¢, a(M) does solve (4.33). The first change of unknown
consists in considering v; := Vo). The first equation in (4.33) yields:
Oiv1 +v -V + 20V Re (|a|2”*26a(1)) = —wv1 - Vo.
First case: o > 2 is even. Consider the new unknown
Ay = a|” ?Re (Ea(l)) .

We check that, if (¢"), a(!)) solves (4.33), then

o1 +v -V + 20|al VA = —v1 - Vo — 2041V (|a]?),

1 1
AL +v- VA + §|a|g dive, = _;V (lal”) - v1 = %Al divo (4.34)

+ % Re (|a|”~%aAa) .
This linear system is hyperbolic symmetric, and its coeflicients are smooth.
In particular, uniqueness for (4.33) follows from the uniqueness for (4.34).
Equation (4.34) possesses a unique solution in C°°([-T*,T*]; H>*). We
next define ¢(*) and a(¥) as announced above.

Second case: ¢ is odd. In this case, 0 = 2m + 1, for some m € N. We
consider the new unknown

Ap = |a|‘7_1a(1) = |a,|2ma(1).
We check that (v1, A1) must solve
Oyv1 +v - Vo + 20 Re (|a|2mEVA1) =—v;-Vv—20Re (A1V (|a|2ma)) ,

1
O AL +v-VA + §|a|2madiv v = —%Al dive — |a]*™Va - v,

)
+ 5 la]*™Aa.
We can then conclude as in the first case. O

We can now describe the wave function u® at leading order as ¢ — 0:

Proposition 4.21. Let n < 3, ¢9 € H™>, and let Assumption 4.19
be satisfied. Set a = ae’®"” . Then there exists eg > 0 such that
a® € C([-T*,T*]; H*®) for € €]0,20], and

lla® — @l oo (==, 17+); 1) = O(€),
where k is as in Theorem 4.18.
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Proof. We indicate the main steps of the proof only. Denote

r=d—-a ; o= aWeie™
From (4.20), (4.21) and (4.33), we see that r¢ solves
Or® +v -V + %7‘5 dive — i%Ars = i%AE —45°%,
Ifmo = a5 — ap = ca1 + O (£%)
where the term S¢ is given by:
S = é (105 = [a]>) af — 20> > Re (E'a'(l)) .
We check that for all s > 0, we have, in H*(R"):

1 - - =
B (|a€|2" —la+ 5a(1)|2”) a® + 207 [a** "2 Re (aa(l)) + O(e).
The last term should be viewed as a small source term. The second one is

5° =

linear in ¢, and is suitable in view of an application of the Gronwall lemma.
There remains to handle the first term. At this stage, we can mimic the
previous approach. Introduce the nonlinear change of unknown:

1 -~ ~ ~ -
T ==B, (je° a+=aV)) 5§ =Gy (JaPfa+ =),
€
where B, and G, are defined in Notation 4.14. We check that (r¢, Vre, ¢%)
solves a system of the form (4.30), plus some extra source terms of order

O(e) in H*(R™). We also note that the initial data are of order O(g), from
Assumption 4.19:

| (r®, V)] O(e), Vs = 0.

t:oHHs =
We also have

170l s = OCe),
where k is as Theorem 4.18.

The proposition then stems from Gronwall lemma and a standard conti-
nuity argument, which we sketch for the convenience of the reader (see also
[Rauch and Keel (1999)]). Proceeding like in the proof of Theorem 4.18,
Gronwall lemma shows that there exists T' > 0 and C' > 0 independent of
€, such that

1Pl oo e,y 1y T 1€ oo (o) pre-1y < Ce
The rate O(e) follows from the fact that the initial data are of order O(e),

as well as the source term in the system for (r¢,Vre,¢°). If a® were not
smooth on [0,7*], then there would exist ¢* > 0 such that

1= @ g+ 17 @) o = 1.
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Let t° the smallest such ¢ > 0:

= zoo o,eey; ey + 1T poe o gegsprn—ry < 1-

Using this estimate, and Gronwall lemma, we infer

||r€||L<>o( [0,¢]:H*) + ||a€||Lm( [0,¢];H*—1) < an

for some C' > 0 independent of e. For ¢ > 0 sufficiently small, Ce < 1/2.
This contradicts the definition of ¢°. Therefore, a° is smooth on [0,7*]

(and on [T, 0] by the same argument) provided e < ¢ for some g9 > 0
sufficiently small, and the error estimate follows. O

4.4 On conservation laws

Recall some important evolution laws for (4.19):

d
Mass: —||u5(t)||L2 =0.

d 1 o
Energy dt < ||5VIuE||L2 + ?H E||i2j_f2) =0.

Momentum: 7 Im/ﬂe(t,x)svggua(t,x)dx =0.

d (1 t2 -
Pseudo-conformal law: o <§||J5(t)us||%2 + ?H 6||2L2jf2)
t (e
o o

where J¢(t) = x + ietV. These evolutions are deduced from the usual ones
(e =1, see e.g. [Cazenave (2003); Sulem and Sulem (1999)]) via the scaling
Y(t, r) = u(et,ex). Writing u® = a®e*®/¢, and passing to the limit formally
in the above formulae yields:

d
Zla(®)le =0.

d 1|a(t, a:)|2"+2> dr=0.

1 2 2
- <§|a(t, z)|*IVe(t,z)|” +

% / la(t, )2V é(t, 2)dz = 0.

d 1 2, *
dt <§|(m—tv¢(tax))a(t’x) o

Lla(t. )42 ) o

t

= (2 —no) / la(t, 2)|?7 2 dx.

o+1




88 Semi-Classical Analysis for Nonlinear Schrédinger Equations

Note that we also have the conservation ([Carles and Nakamura (2004)]):
d
© Re / T (4, 2) (s (b )z = 0,
which yields:
d
7 / (x — tVo(t,x)) |a(t,z)|?dr = 0.
All these expressions involve only (|a|?, Vo) = (|a|?, V). Recall that if we
set (p,v) = (la|*, Vo),
Ov+v-Vo+V(p?)=0 ; Up—o = Voo,
t . (r?) [t=0 ¢02 (4.35)
Op + div (pv) =0 i Pli=0 = |ao|”.

Rewriting the above evolution laws, we get:

d
7 /Rn p(t, z)dx = 0.
d

el l 2 L o+1 _
dt/<2p(t7x)|v(t7m)| +0+1p(t7x) )dx—O.

d
7 /p(tw)v(t,ac)dx =0.
2

%/ <% |($ — t’U(t, "E))F p(hx) —+ Ut 1p(t7$)0+1)d:ﬂ
t

_ _ o+1
= a—|—1(2 no’)/p(t, x)° T dx.

% /(x —tu(t,x)) p(t, z)dx = 0.

We thus retrieve formally some evolution laws for the compressible Euler
equation (4.35) (see e.g. [Serre (1997); Xin (1998)]), with the pressure law

p(p) = cp” .

4.5 Focusing nonlinearities

The main feature of the limit system we used is that it enters, up to a change
of unknowns, into the framework of quasi-linear hyperbolic systems. This
comes from the fact that we consider the defocusing case. Had we worked
instead with the focusing case, where +|u|??u is replaced with —|u|?*u,
the corresponding limit system would have been ill-posed. We refer to
[Métivier (2005)], in which G. Métivier establishes Hadamard’s instabilities
for non-hyperbolic nonlinear equations.
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As an example, consider the Cauchy problem in space dimension n = 1

1
09 + §|8w¢|2 —lal*” =0 i li=0 = %o,
1 (4.36)
0ra + 0, p0a + 5@85(;5 =0 5 Q=0 = ao-

As opposed to the previous analysis, this system is not hyperbolic, but ellip-
tic. The following result follows from Hadamard’s argument (see [Métivier
(2005))).

Proposition 4.22. Suppose that (¢,a) in C?([0,T] x R)? solves (4.36). If
¢o(x) is real analytic near x and if ag(z) > 0, then ag(x) is real analytic
near . Consequently, there are smooth initial data for which the Cauchy
problem has no solution.

This shows that to study the semi-classical limit for the focusing ana-
logue of (1.1), working with analytic data, is not only convenient: it is
necessary.

On the other hand, data and solutions with analytic regularity seem ap-
propriate. In [Gérard (1993)], P. Gérard works with the analytic regularity,
when the space variable x belongs to the torus T", without external poten-
tial (V' = 0). Note that the only assumption needed on the nonlinearity f
is analyticity near the range of ‘aéo) ‘2 (see below for the definition of aéo)).
This includes the case f(y) = Ay?, A € R, o € N. This result was extended
to the case of the whole Euclidean space R™ in [Thomann (2007)].

The initial phase ¢q is supposed real analytic, and the initial amplitude
is analytic in the following sense (see [Sjostrand (1982)]):
a5(x) = Y_ag’ (),
Jj=0
where the functions aéj ) satisfy the following properties. There exist £ > 0,
A >0, B > 0 such that, for all j > 0, a((JJ) is holomorphic in {|Im z| < ¢}
(z=1(21,...,2,) € C"), and

‘agj)(z)‘ < AB’j! on {|Tmz| < (}.

To consider functions which decay sufficiently at infinity to be in H*(R"),
L. Thomann introduces the weight

W(z) = exp (1—|—z2)1/2, 22 =224 422
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The condition on the coefficients a((Jj ) becomes:
W(2)al ()| < AB/j! on {|Imz| < £}.

Denoting a(t, z) the complex conjugate of a(,z), P. Gérard constructs a
formal solution of the form

uf = ae?t, af(t,z) = Zsja(j) (t, 2),
720
which satisfies:
ow=—-v-Vuo—Vf (a(O)E(O)) ,
1a°®

Oa® = —v-Va® — éas divo + igAas - (f (a®a®) — f (a(O)E(O))) .

The sum is defined in the sense of J. Sjostrand: there exists tg > 0 such
that, for all j > 0, ') is holomorphic in {|t| < o} x {|Im 2| < ¢}, and

W (2)aW(t,z)| < AB7j! on {|t| < to} x {|Tmz| < ¢},

with the convention W = 1 in the periodic case. To make the argument
complete, one has to truncate the formal series, in such a way that the
resulting function solves the nonlinear Schrédinger, up to an error term as
small as possible. Setting

Ve = iP/e Z el
J<1/(Coe)

for Cy sufficiently large, the approximate solution v¢ satisfies:
2
ie0® + 007 = [ () v + 0 ()

for some § > 0. Essentially, this source term is sufficiently small to overcome
the difficulty pointed out at the end of Sec. 1.2: for small time independent
of €, the exponential growth provided by Gronwall lemma is more than
compensated by the term e~%/¢, so it is possible to justify nonlinear geo-
metric optics by semi-linear arguments. We refer to [Gérard (1993)] and
[Thomann (2007)] for precise statements and complete proofs.



Chapter 5

Some Instability Phenomena

In this chapter, we show some instability phenomena which are related
to the supercritical régime in WKB analysis. We first present some ill-
posedness results for the “usual” nonlinear Schrodinger equation, that is,
with ¢ = 1 in Eq. (4.19). Roughly speaking, justification of nonlinear
geometric optics on very small time intervals yields ill-posedness, and a
justification on a longer time interval yields a worse phenomenon, indicating
a loss of regularity for the flow map associated to the nonlinear Schrodinger
equation. In the last paragraph of this chapter, we show that even at the
semi-classical level, some instabilities occur. These are strong instabilities
in L2, but which do not affect the quadratic observables, or the Wigner
measures.

5.1 Ill-posedness for nonlinear Schrédinger equations

In this paragraph, we consider the Cauchy problem

00+ 306 = WU Y= (51)
where z € R", 0 € N\ {0} and w € R\ {0}. There is only one 3 such that
the map

D(t, ) — NN\, Ax) (5.2)
leaves the equation in (5.1) (but not the initial data) unchanged for all
A > 0. It is given by

f=-.
Recall that for 0 < s < n/2, the homogeneous Sobolev space H?* is defined
as

H(R™) = {u cLFEERY) ; Foe LR, a(E) = 1) }

I
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It is equipped with the norm

1/2
lall = ([ 16 0P ag)

There is only one s such that the H*-norm remains unchanged by the spatial
scaling of Eq. (5.2) associated to Eq. (5.1), that is

f(x) = A7 f(Ax).

It is given by
n 1
SC = —_- — —

2 o

To simplify the discussion, we assume s. > 0.

Definition 5.1. Let s > k > 0. The Cauchy problem for (5.1) is locally
well-posed from H*(R"™) to H*(R") if, for all bounded subset B C H*(R"),
there exist T > 0 and a Banach space X7 — C([-T,T]; H*(R")) such
that:

(1) For all ¢ € BN H*, (1.32) has a unique solution ¢ € C([-T,T]; H*).
(2) The mapping ¢ € (H*, |- ||g) — % € Xr is continuous.

It has been established in [Cazenave and Weissler (1990)] that the Cauchy
problem for (5.1) is locally well-posed from H*® to H® as soon as s > s..
The situation is different when 0 < s < s. (recall that the notations below
are defined at the beginning of the book):

Theorem 5.2 ([Christ et al.]). Letn > 1, 0 € N\ {0} and w € R\ {0}.
Assume that 0 < s < s.

(1) Nl-posedness. The Cauchy problem for (5.1) is not locally well-posed
from H® to H*: for any § > 0, we can find families (o} )o<n<1 and
(¢%)o<n<1 with

1,95 € SR™) 5 Nlotla,

le5llie <0, llot — @bllme —0,

such that if Pi and ¢} denote the solutions to (5.1) with these initial data,
there exists 0 < t" < 1 such that

S h (th) _ b (1h
liminf ([0 (¢) =03 (") . > 0.
(2) Norm inflation. We can find (" )o<n<1 solving (5.1), such that

" e SR, "lue <15 <1, [t (1), > 1.
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The proof we give below relies on WKB analysis for very small time. Such
an approach to prove ill-posedness results is due to G. Lebeau for the case of
the nonlinear wave equation [Lebeau (2001)] (see also [Métivier (2004a)]).
For the case of nonlinear Schrédinger equations, a proof in this spirit ap-
pears in the appendix of [Burq et al. (2005)]. We present the proof given
in Appendix B of [Carles (2007b)]. The main idea of the proof is that in
a semi-classical régime, if the initial data do not oscillate rapidly, then for
very small time, the Laplacian is negligible, and the nonlinear Schrédinger
equation can be approximated by an explicitly solvable ordinary differen-
tial equation (recall that the semi-classical limit is sometimes referred to
as dispersionless limit). Such an idea appears in [Kuksin (1995)], in the
context of the nonlinear wave equation.

Proposition 5.3. Let n > 1, 0 € N\ {0}, w € R\ {0} and af € S(R"™).
Fiz k > n/2, and assume that (a§)o<e<1 is bounded in H*. Consider the

initial value problems:
2
. £ 6_ £ __ €|20,,€
ie0pu® + 2Au = w|u®]*7uf,
g0 = w|v°|*7v°,
Uji=0 = V=0 = G5-
We can find co,c1,60 > 0 independent of € €]0,1] such that

105 = 0%l oo ((—coe oz ]9 oe g ef sy S € (log €)™

Before proving the above estimate, we show that neglecting the Laplacian
for very small time is rather natural with WKB analysis in mind. Suppose
for instance that af§ — ap as € — 0. We have seen in Chap. 4 that, at least
in the case w > 0,

‘ WS (1) — alt)eio®/e

where (¢, a) is given by

L= 0emo(1) +O(),

1
09 + §|V¢’|2 +wlal* =0 5 ¢po =0,

1
Oia+Vo-Va+ §aA¢ =0 ; ap=0 = ao.

Since the above approximation is interesting for very small time only, ex-
amine the Taylor expansion for ¢ and a as t — 0. For instance, plug formal
series of the form

a(t,z) ~ Y taj(x) ; ot,x)~ > te;(x)

Jj=z0 Jj=20
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into the above system, and identify the powers of t. Formally, we find
alt,z) = ag(x) + O (?) 5 o(t,x) = —twlag(z)*” + O (*).
Since the phase ¢ is divided by e, the function

ao() exp <—iw£|a0(x)|2”>

is expected to be a decent approximation of u¢ for |¢|*> < . This issue is
discussed more precisely in Sec. 5.3. Note that the above approximation
was derived without assessing any spatial derivative: it is not surprising
that, when af = ao, it coincides with the solution v* of the above ordinary
differential equation. Note also that in the statement of Proposition 5.3,
the error estimate is described for [t| < |loge|?, which is still very far from
the borderline || < £!/3. The technical reason is that for |t| < e|loge|?, a
semi-linear analysis is sufficient (see below), while for larger time (even for
ellogel? < |t| < €!/3), it seems that a quasi-linear analysis (in the spirit
of Chapters 3 and 4) is needed.

Proof. [Proof of Proposition 5.3] Let w® = u® — v®. It solves:
e? g2
ie0yw® + 5Aws = (g(w® +v°) — g(v)) — ?Avs, (5.3)

with wf,_, = 0, where we have set g(z) = w|z]??z. For k > 0, we have,
from Lemma 1.2:

1
1wl oo (=t %) 5; lg(w® +v%) = g(W) | 1 (p,0:20)
+e ”AUEHLl([—t,t];H"‘) :

Using Taylor formula, and the fact that H* is an algebra since k > n/2, we
have:

lg(w® () +v° (1)) = g D e < (Il @I + 0= @117 ) 0" (@)l rze-

Since we have

t
f@aﬂzaa@am(—m»ma%),
g

we check, for all s > 0:
t S
IOl 5 (2)

On any time interval where we have, say, ||w®|| g+ < 1, we infer:
¢

C t T\ 20k T\ k+2
ol . <Z T 5 — .
||w ||L ([—t,t],Hk) - [t<8> ||U) (T)||deT+015[t<g> dT



Some Instability Phenomena 95

Gronwall lemma yields:

t k42 C t 1\ 20k
T T
||w€||L°°<[—t,t1;Hk>§8/ <—> exp (—/ <—> dr' | dr.
; \e e ), \e

Let t° = coe|loge|?:

¢ k42
[[w || oo ((—te t]. ) S €€xp (2Cco|logel|’ (co log £)27%¢ z dr
_t€ 8

< exp (ZC’CO| loge|? (co log 6>20k9) e (loge) F+3
For § = (14 20k)~! and c¢g sufficiently small, this yields:
0o - aeprey S € flog) ¥550%

Up to choosing e sufficiently small, a continuity argument shows that
||wE|| g+ remains bounded by 1 on this time interval, and the proposition
follows. d

As mentioned already, the above proof relies on a perturbative analysis
(semi-linear approach). The main remark is that the exponential ampli-
fication factor e“*/¢, already pointed out at the end of Sec. 1.2, can be
controlled on very small time intervals, of the form given above.

Proof. [Proof of Theorem 5.2] The result is a straightforward conse-
quence of Proposition 5.3 and explicit computations on ordinary differential
equations.
For ag € S(R™) with ||ag|z: < §/2, and h > 0, consider 1! solving
(5.1) with:
x

Ph(a) = h# % (7).

Using the parabolic scaling and the scaling of H#, define u” by:
u"(t,x) = h2 *y} (h’t, ha).
It solves:
i0pu” + %Auh = wh2 oSyl 2oy uﬁzo =ag.
Let ¢ = h's~17%0 = po(c=%): ¢ and h go to zero simultaneously since

s < Sc. With this relation between € and h, we denote the dependence
upon one or the other according to the more natural context. Define

u§(t,z) = u(ht,z) = h2 5k (h%“*”t, hz) .
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It solves:
g2 9
N € € €|z0, € . [ —
ieOpuf + 5 Auj = wlui[*u] ;Ui = ao-

We go back to ¥} via the formula:

n t T
h _n
YLt @) = h™ 55 (Wﬁ) '
In particular, 9% and u$ have the same H* norm.
(1) Ill-posedness. Define u§ solution to the same equation, but with initial
datum
u;|t:0 = (]‘ + 56) ao,

with 6° = |loge|~? < 1, where § > 0 stems from Proposition 5.3. We
define 1) by the same scaling as above, and it is straightforward to check,
for h sufficiently small:

elres € SR™) 5 lletllaes lesllue <o, et — @5 lme —0.

From Proposition 5.3, we have, for k > n/2 and t* = ce|loge|?, with
0 < ¢ < co,

s () = 0 ()] < 1. G=1,2,
where
vi(t, ) = ap(x) exp (—zw lao (x |2”)
v3(t, @) = (14 6%) ao(x) exp (—W |(1+6%) ao(x )|20)-
We infer:

[Juf (¢%) —u5 (¢ g« 2 o1 (£7) = 03 ()] = -
On the other hand, we have, from the explicit form of v5:

—iwt|ag(z)|?” —iw 5%)ao(z)]?”
e (¢, z) — v5(t, o) N0|a0(x)|‘e tlao(2)|*7 /e _ ,—iwt|(146%)ao(x)[*" /e

o wt ((1 +0%)2%7 — 1) lao(z)[?°
sin 92

sin (wa£5s|ao(x)|2”) ‘ .

~ 2|ao(z)]

e—0

~ 2ao(a)
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Hence, from the definition of ¢¢ and §°:
[vS (¢, 2) — v5 (L%, )] ot 2|ap(z)] ‘sin (wac|a0(a:)|2”)| .
Up to adjusting ¢ €]0, ¢g], we infer:
timin |5 (#) - o (#)] 5. > 0.

Since uj and w;l have the same H*® norm, the first part of Theorem 5.2

follows.

(2) Norm inflation. In [Christ et al.], this phenomenon appears as a transfer
of energy from low to high Fourier modes. It corresponds to the appearance
of rapid oscillations in a supercritical WKB régime: even though u® is not
e-oscillatory initially, rapid oscillations appear instantaneously.

Still from Proposition 5.3, with t° = ce|loge|?, we have

. . . . 0
—iw’|ao(x)|? —iwlag ()7 (log 1)"

uf (%, x) o ap(zx)e = ap(z)e

Even though u® is not yet e-oscillatory, “rapid” oscillations have appeared
already. If we replace ag with |logh|= ag, this proves the second part of
the theorem. O

5.2 Loss of regularity for nonlinear Schrédinger equations

The end of the proof of Theorem 5.2 suggests that there is some room left:
if we can show that u® becomes exactly e-oscillatory, then we should obtain
a stronger result. On the other hand, to prove that u® becomes exactly
e-oscillatory, we have to justify some asymptotics on a time interval which
is independent of . This was achieved in Chap. 4. However, note that it
is not necessary to know the pointwise asymptotic behavior of u® to know
that it is e-oscillatory: it turns out that the analysis developed in Chap. 3
suffices to do so (for defocusing nonlinearities, w > 0), and we have:

Theorem 5.4 ([Alazard and Carles (2007a)]). Letw > 0, 0 € N\{0},
and 0 < s < s, = n/2 — 1/o. There ezists a family (p")o<n<1 in S(R™)
with

||goh|\Hs(Rn) —0ash—0,
a solution " to (5.1) and 0 < t" — 0, such that:

19" ()| gy gy — 00 as h =0, Vk > °

14+ o0(sc—s)
In particular, (5.1) is not locally well-posed from H* to H*.
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Note that in general, the solutions of the above theorem must be understood
as the weak solutions given by Proposition 1.28.

From now on, we assume w > 0, and fix w = +1 for simplicity.

This result is to be compared with the main result in [Lebeau (2005)],
which we recall with notations adapted to make the comparison with the
Schrédinger case easier. For n > 3 and energy-supercritical wave equations

2
(07 = A)u+u**t' =0, oc€eN, o>
G. Lebeau shows that one can find a fized initial datum in H®, s > 1, and
a sequence of times 0 < t" — 0, such that the H* norms of the solution are
unbounded along the sequence t", for k €]I(s), s]. The expression for I(s)

is related to the critical Sobolev exponent
n o

20+1
which corresponds to the embedding H®<»(R") C L?°*2(R"). In [Lebeau
(2005)], we find:
s

I(s)=1if1 <8< S0b I(s):mifssob<s<sc. (5.4)

Ssob =

Note that we have
Ssob

1+ 0(sc — Ssob)
The approach in [Lebeau (2005)] consists in using an anisotropic scaling,
as opposed to the isotropic scaling used in [Lebeau (2001); Christ et al.].
Compare Theorem 5.4 with the approach of [Lebeau (2005)]. Recall that
(5.1) has two important (formally) conserved quantities: mass and energy,

MO = [ w(t.o)Pde=M0),

1

BO®) =5 [ IVelta)lde + —= [ futa)Pra = B,

In view of (5.5), we obtain, for H!-supercritical nonlinearities:

~1. (5.5)

(5.6)

Corollary 5.5. Let n >3 and o > —25. There exists a family (¢")o<n<1
in S(R™) with
" |1 + [l¢" || 202 — 0 as b — 0,
a solution Y™ to
0" + < Awh [WhPTh  fg = ot
and 0 <t — 0, such that.
[" (") || e gny — +o0 as h — 0, Vk > 1.
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We thus get the analogue of the result of G. Lebeau when I(s) = 1, with the
drawback that we consider a sequence of initial data only. The information
that we don’t have for Schrodinger equations, and which is available for
wave equations, is the finite speed of propagation, that is used in [Lebeau
(2005)] to construct a fixed initial datum. On the other hand, the range for
k in Theorem 5.4 is broader when 1 < s < sgop, and also, we allow the range
0 < s < 1, for which no analogous result is available for the wave equation.
However, we choose to present the proof of Theorem 5.4 for k£ > 1 only, and
refer to [Alazard and Carles (2007a)] for the remaining cases. Note that
k > 1 suffices to establish Corollary 5.5.

The proof starts like the proof of Theorem 5.2: for ag € S(R™) and
h > 0, consider 1" solving (5.1) with:

_ngg x
" (x) = h™ 3+ (E) .
Let e = h?(5=%): ¢ and h go to zero simultaneously since s < s.. Define
us(t,z) = h2*yh (K2 T179¢ ha) .
It solves:
g2 5
iedwu® + EAUE =wlu®[*u® Uy = ao.
The approach consists in showing that for some 7 > 0 independent of ¢,
lim inf e lu (1)) e >0, VE > 1. (5.7)
Back to 1, this will yield t* = 7h%e and
||¢h( )HH > W= k —k — h5 k(1+o(sc—s))
To complete the above reduction, note that we only have to prove (5.7) for
k = 1. Indeed, for k > 1, there exists C} > 0 such that
k k n
17 < Cll £z NF I, vF € HNR™).
This inequality is straightforward thanks to Fourier analysis. Note also
that thanks to the conservation of mass for u®, we have:

k k
1w (1) | 1 < Ciellaoll "l (1) | 1
Up to replacing ag with |log h|~*a, the result then follows from:

Proposition 5.6. Let n > 1, ag € S(R™) be non-trivial, and o > 1. There
exists T > 0 such that

lim iglf lleVus (7). > 0.
E—
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Proof. The result is a consequence of Theorem 3.4, whose proof is the
core of [Alazard and Carles (2007a)]. Indeed, Theorem 3.4 shows that for
all 7 € [-T,T],
liminf eV (7)] 2 > lnint [o(r)u® (7))

where (v,a) € C*°([-T,T]; H>)? solves

ov+v-Vo+V (|a|2”) =0 ; V= =0.

oia+v-Va+ %adivv =0 ; aj=o = ao-
Theorem 3.4 also yields:
P 0.

sh_r,% H|u - |a|2HL°°([—T,T];La+1) =

Using Holder’s inequality, we find

lv(r)a(D)1Z2 = [[lo(m)Pla (7) P[] ..
< [lo@ Pl (1) Pl o+ [[lo()F (la(n)] = [us () 1)]] .
< [lo@) Pl () Pl o+ [lo@P] 22 la(m)? = [u® () P[] o -

Therefore, for all 7 € [T, T,
timint eV (1) 2 > o(r)a (7]l
To show that there exists 7 > 0 such that ||v(7)a (7)||L2 > 0, we argue by
continuity. We use the identities, in H?® for all s > 0, and as t — 0:
v(t,z) = =tV (lao(2)[*?) + O (£*) 5 alt,z) = ao(z) + O (*).
These identities follow directly from the equation satisfied by (v, a). O

As discussed in Sec. 4.5, for focusing nonlinearities (w < 0), the above
analysis fails. On the other hand, working in an analytic setting is possible,
and we have:

Theorem 5.7 ([Thomann (2007)]). The conclusions of Theorem 5.4
still hold if we assume w < 0.

5.3 Instability at the semi-classical level

We have seen in Chap. 4 that a perturbation of the initial amplitude at
order ¢ (that is, the presence of a non-trivial corrector a;) alters the lead-
ing order amplitude for times of order O(1); see Proposition 4.5 and the



Some Instability Phenomena 101

discussion below, as well as Proposition 4.21. It seems natural to guess
that a perturbation of the initial amplitude at order e*~° for some § €]0, 1]
will alter the leading order amplitude for times of order o(1), which can be
understood as “instantaneously”. In this section, we show that this is the
case, and that the above mentioned perturbation becomes visible for times
of order O(g?).

For the sake of readability, we detail the approach in the case of a cubic
nonlinearity, in the absence of external potential:

2
ie0pu® + %Au‘S = |uf|?uc. (5.8)

We present only formal computations here, which can be justified thanks to
the method detailed in Chap. 4. In particular, we could repeat the argument
in the presence of a sub-quadratic external potential, or for higher order
defocusing, smooth, nonlinearity in space dimension n < 3. Recall that the
notations in the following result have been defined in the beginning of these
notes.

Theorem 5.8. Let n > 1, ag, a5 € S(R™), ¢g € C°(R™;R), where ag and
¢o are independent of €, and Voo € H*™. Let u® and v solve the initial
value problems:

2
) € ,
1edu® + 5 Auf = |uf|?uf ; u5|t:O = qpe'®/c.

2
€ .

. 2 . =

€0 + 5 Av® = [vf[“0° v5|t:0 = aselto/,

Assume that there exists N € N and e'=~ < 6% < 1 such that:

- . Re(ag — af)a

oo =l = 57 v > 0 5 timoup | HEL22 TN
E—

#0. (5.9)

Loo (R™)

Then we can find 0 < t < 1 such that: ||u®(t°) —v°(t%)||;2 2 1, and
[lu®(t%) —v°(t°)|| L 2 1. More precisely, this occurs for t°0° ~ €. In
particular,

||U‘s — U€|‘L°°([O7t€];L2UL°°)

— 400 ase—0.
€ _E
H“\t:o Ylt=0

L2NL~

Remark 5.9. From the conservation of the L? norm for u® and v°
(Eq. (1.24)), the instability cannot be much stronger, at least in L?, since

[u(8) == (Ol 2 < [u* @) 2 + 107 (D)l 2 S 1-
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Remark 5.10. The second part of the assumption (5.9) can be viewed
as a polarization condition. We could remove it with essentially the same
approach as below, up to demanding /2= /N « §° <« 1.

Example 5.11. Consider ag,by € S(R™) independent of h, such that
Re(apbp) # 0, and take af = ag + 6°by.

Example 5.12. Consider ag € S(R™) independent of € and 2° € R™. We
can take a§(z) = ag(x — z°), provided that |z*| = §¢ and

i £ 0.

T
-V (Jag)?
] (Iol)Lm

Typically, we can think of 2° = %, for 1 < j < n, where (e;)i1gj<n
denotes the canonical basis of R", and d;jag # 0 (the latter is merely an
assumption, since ag € S(R™)).

lim sup
e—0

Remark 5.13. The last example is motivated by the result of [Burq and
Zworski (2005)]. There, instability is established for

2
€
is&tus+5Au5=| il uf + 2 [uf|?uf, = e R3,

1 T — X0
w(0.2) = S5m0 <—)

As above, a small perturbation of x( yields an instability phenomenon in
the limit ¢ — 0. We will come back to this framework at the end of this
paragraph.

(5.10)

The above result addresses perturbations which satisfy in particular §° > €.
This excludes the standard WKB data of the form

uf (0, ) = a5(z)e'?@/e | where af ~ ag + ca; + £%ag + . . .
In that case, a perturbation of a; is relevant at time ¢t ~ 1, and the previous
result is essentially sharp:

Proposition 5.14. Let n > 1, ag,a1 € S(R™), ¢p € C*(R™;R) indepen-
dent of e, with Voo € H*®. Assume that Re(agar) £ 0. Let u® and v¢ solve
the initial value problems:

2
. € ,
iedu® + EAUE = |uf*uf ; “E}t:o = agpe'®/e,

2
iedp® + %Ava = [0°*0% ; 0°|,_y = (a0 + car) e/,

Then for any 7¢ < 1, |[u® = v®|| o (g r¢); 12y < 1, and fort > 0 independent
of e, and arbitrarily small: ||u(t) — v (t)|| 2 2 1.
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This result is a direct consequence of the analysis presented in Chap. 4.
Essentially, the reason why u® and v® diverge from each other for ¢t > 0 is
the presence of the phase corrector @) for v5; we have already seen that
under the above assumptions, there is no such phase corrector for u®. We
then remark that ®M| _ =0 and 9,@M|,_ # 0, so |8D(t)[|L~ ~ t as
t — 0. Hence the proposition.

As announced above, we give only the formal aspect of the proof of
Theorem 5.8 here, which originates from [Carles (2007b)]. Since the state-
ment of the result involves times which go to zero as € — 0, we can use the
approximation, see (4.13):

li S(t,-) — a(t, -)et?t)/e =0t
msup | (t,-) —af(t,-)e Lompee = O,
where (¢, a) is given by:
1
09 + §|V¢|2 +la*=0 i @li=0 = o,

1
dia+Vo-Va+ gaAqb =0 ; ap=o = ao.

To approximate v®, we use the same system. However, we do not pass to
the limit in the initial data. We have

limsup |[o° (¢, ) — @ (¢, e’ (/2 =0(1),
im sup |[v°(t, ) = @ (¢, )e Lo = O0)
where (¢, %) is given by:
~ 1~ ~
05 + 3 |VE[ H =0 =0

8 +V¢© - Va + %am& =0 ; f_ = ap.
In particular,
us(t, @) — v (8, ) ~ a(t, z)e’?Hm)/e G2 (¢, x)elge(t’z)/s.
The stability analysis of Chap. 4 shows that
lla — aEHLOQ([QT];Hs) =0 (6%,
for some time T' > 0 independent of e. We infer:

u®(t,x) —v°(t,x) =~ a(t, x) (ei‘z’(t“’”)/E — ez@f(m)/a) ,

n <¢(t, x) - &, m)) ‘
2e '

and

u=(t, 2) — v° (¢, )| = 2la(t, z)]
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The idea is then to consider the Taylor expansion for the phases with respect
to the time variable:
A i) 5 o (ta) ) ().
Jj=20 j=0
The notations are consistent when j = 0: ¢9 = 58 We have already
computed:

ot ~ 2
$1(2) = —lao(@)* 5 ¢i(x) = —[a5(@)|".

To compute the higher order terms, we see that we must also consider the

Taylor expansion in time for a and a®:

~ Y Hai(a) 5 @ (ta) =Y Ha(x)

j=0 Jj=0
Here again, the notations are consistent when j = 0. We have

1 - ~ 1.
ay = —V(b() . VCLO — §U/OA¢O y a‘i = —V(b() . Vaf) — 5&8A¢0

We check that for j > 1, (¢;,qa;) is determined by (¢x, ar)ogrgj—1. Also,
since ¢ and ¢° have the same initial datum, we have

blt,2) = & (o) = 3t (95(0) = 55 (@)
j=1
The first term of this series is given by

=[a5|* — lao|* = lao + @ — ao|* — |ao|”

= 2Re (@ (@ — ao)) + [a5 — aol” .
Note that by assumption, the first term on the last line is ezactly of order
5% (on the support of ag). The last term is smaller, controlled by (5¢)2:

61— 5 = 2Re (@ (@ — ao)) + O ((5°)%).
By induction, it is easy to check
b; —¢5=0(5), Vj=2
Therefore, for any K e N\ {0},

o(t,2)~F (t, ) Z t (95(@) - (@) +0 (#5415°) ~ t (61(2) - di ()
We infer as5—>0andt—>0. N
w (W ®) — &, x)) ’
2e

~ 2]ag ()| |sin <2i€ (610) - &55@))) .

The argument of the sine function is of order exactly ¢6¢/e. Therefore, we
can find t = t° of order £/6°, with:

[u®(t, 2) — v° (¢, )| = 2la(t, z)]
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et —0ase—0.
o hIIli(IJlf [u (%) —v* ()l p2mp= > 0.
E—>

This completes the proof of Theorem 5.8.

Remark 5.15. In view of [Burq and Zworski (2005)], introduce the com-
plex projective distance:
2 [(u1, ug)|
u; € L*(R"), dpe(u1,u2) := arccos (m> .

Then we can check that, up to demanding ¢/6° < ¢ < 1,

dpr (U= (t°), v° (7))

dpr (u=(0),v%(0))
Essentially, Theorem 5.8 uses the fact that oscillations of order O(1) appear
for time of order £/6°. The above result uses the fact that for larger time,
these oscillations are rapid as e — 0 (but not of order O(1/¢)).

— 400 ase — 0.

We now turn our attention to the special case where the initial data
contain no rapid oscillation: ¢9 = 0. An easy induction shows that in the
Taylor expansion for ¢ (resp. a), all the even (resp. odd) powers of ¢ vanish:

G(t,x) = > g (z) 3 alt,x) =Yt ag().
Jj=20 Jj=20
The same holds for (Es and a®, since at time t = 0, &ZE =¢p = 0. In

particular,
o(t,z) = te1(z) + O () = —tlag(2)]* + O () .
As e — 0 and t — 0, we infer
ua(t’ {E) ~ a(t71')6i¢(t7w)/e ~ ao(x)efiﬂao(w)‘2/56i0(t3)/5'
We have therefore:
u(t, z) ~ ao(gc)e*itlao(w)we for |t| < e'/3.
Note that the function of the right hand side involves no spatial deriva-
tive/integration. In other words, it is constructed without considering the
Laplacian in the nonlinear Schréodinger equation: we recover the approxi-
mate solution considered in Proposition 5.3. The above approximation for
It] <« e!/3 is expected to remain valid for any smooth nonlinearity, that is
even in cases where the rigorous justification of WKB analysis is not known.
An advantage of replacing the assumption [t| < ce|loge|? with |t| < £'/3
would be to infer a loss of regularity phenomenon, as in Sec. 5.2, even
though the range for the Sobolev index k should be decreased compared to
Theorem 5.4. In particular, this would not suffice to prove Corollary 5.5.
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Finally, we discuss more precisely the link between this approach and
the result of [Burq and Zworski (2005)] mentioned in Remark 5.13. The
initial data in Eq. (5.10) are not of WKB type. As we will see in the
second part of this book, they correspond to a focusing phenomenon (a
caustic reduced to a point). The important aspect is that the nonlinearity
is cubic, and in space dimension three, the size of the coupling constant, 2
in Eq. (5.10), is supercritical as far as nonlinear effects near the caustic are
concerned; see Sec. 6.3 and Chap. 7. Therefore, supercriticality is the main
feature shared by Eq. (5.8) and Eq. (5.10), and is the reason why instability
occurs in the limit ¢ — 0. Without entering into the details of the proof
of [Burq and Zworski (2005)], we mention that the main idea consists in
neglecting the Laplacian for small times, in order to reduce the problem to
an ordinary differential equation mechanism, like in §5.1.

In the particular case of Eq. (5.10) (where the harmonic potential is
isotropic), this link can be made more explicit. Consider u® solution to a
generalization of Eq. (5.10):

. € 62 € |x|2 € k|, €12, € n

ie0su —l—EAu =5u +eflutfut, zeR™
Assume that 1 < k < n (hence n > 2). First, introduce U¢ given by a lens
transform:

2
|z]

1 1;2 - e
1+t2 2 g~ | arctant,

(1+e2)/2°

T
US(t,z) = ﬁ) .
It solves:
ieO U + E—;AUE =k (1+2)"* U o,
U¢(0,x) = u(0,x).
Introduce v = k/n < 1, h = ™7, th = p7/0=7) and ¢ = ¢" given by

Wt z) = U (i - 1,3;).

e

It solves:
n/2

. W, P h\2 h\2 EIEI
ho" + = Ay ((to) + (t—t5) ) "] ",

Ph (tg,x) =u®(0, ).
The above equation is closely akin to the cubic nonlinear Schrédinger equa-
tion in a supercritical WKB régime (think of the coupling constant in front
of the nonlinearity as t"~2, and recall that n > 2). Counsider the case where
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u®(0,z) = ag(x) is independent of €. Instabilities as h — 0 can be estab-
lished in the same spirit as above (with a slightly different scaling, because
of the factor in front of the cubic nonlinearity for ¥"), yielding instabilities
for u®. More precisely, we can prove

n(k—1)
=0 (t+h = ) ,
L2NLe®

“¢h(t) - a(t)eitﬁ(t)/h‘

where (¢, a) is given by:
1
O+ 5 IVl +1" 2|’ =0 5 gm0 =0,
1
dia+Vo-Va+ §aA<b:0 ; Q=0 = Go-

The Taylor expansion for ¢ yields:
n—1

n—1

o(t,x) = — lao(2)|> + O (tQ"_l) .

Therefore, a perturbation of ag of order 6", with h'=/N <« 6" < 1 (as in
Theorem 5.8) becomes visible on 9" for times ¢" such that (t")"~16" ~ h.
In the case of Eq. (5.10), 1 < k = 2 < n = 3, and this yields t" ~ (h/6")!/2,
This corresponds to a time

a‘H
(=%

for U¢, that is,

arctan (

1 s Ved T
- -1 [, - ~ — —
75 ) 5 arctan (1 - \/5> 5 arctan (\/ 56)

for u®. Note that instabilities occur for small time for ", corresponding to
time of order 7 /2 for u°. This is due to the fact that the harmonic potential
causes focusing at time 7/2 (see Examples 1.12 and 1.18, and §8.1 below).
Note also that U® is of order O(1) in L® when the instability occurs, which
implies that u® is of order

[uf| & (£8) 72/t < e I/ UN)  0=3/2,

since ¢!/3=1/BN) — p1=1/N « § <« 1. When the instability occurs, the
wave function is not as concentrated as in [Burq and Zworski (2005)]; see
Eq. (5.10). Heuristically, it is not surprising that instability occurs also for
more concentrated data.
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Finally, we point out that the instabilities at the semi-classical level
affect the wave function, but not the usual quadratic observables. The
instability mechanism is due to a phase modulation, and the creation of
oscillations whose period is of order £/6°. By assumption,

eKe/d® < 1.

Therefore, this scale of oscillation is not detected by the Wigner measure,
which accounts for phenomena at scales 1 and ¢ only. Similarly, the insta-
bility does not affect the convergence of the position and current densities
for small time. Indeed, these quadratic observables, as well as the Wigner
measure, are described by an Euler equation, which is stable on [T, T],
for some T" > 0. On the other hand, nothing seems to be known as for
what happens when the solution to the Euler equation develops singular-
ities. The example developped in Sec. 7.4.3 suggests that the instabilities
at the semi-classical level may affect also the Wigner measures after the
solution to the Euler equation has become singular.



PART 11

Caustic Crossing:
The Case of Focal Points
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Chapter 6

Caustic Crossing: Formal Analysis

6.1 Presentation

In this second part, we consider the régime where the WKB analysis breaks
down. This analysis is essentially independent of the first part, which may
be considered as a motivation only. Roughly speaking, in the linear case,
many results are available, while in the nonlinear case, very few phenomena
have been identified.

Resume one of the examples given in Chap. 1:
2 .
iedus, + %Auﬁn =0 ; S, (0,2) = ag(x)e =1/ (22, (6.1)

We have seen that for ¢ < 1, the solution to the eikonal equation, and to
the leading order transport equation respectively, are given by:

o] 1 i
Geik(t, ) = 20— 1) ;oaltr) = (1 _t)n/?ao <1 —t) '

As already noticed, these terms (as well as all the others involved in the
WKB analysis) become singular as ¢ — 1. On the other hand, if, say,
ap € S(R™), then for every fixed €, Eq. (6.1) has a unique global solution
up, € C*(R;S(R™)). Since we consider the free Schrodinger equation
(by “free”, we mean linear, and without external potential), u$, is given
explicitly by the integral
r—y|2
in(t.) = s [ Ui 0y
1 plz—v® i lvl?
= 7(21'7#)”/2 [Rn el et 2e ao(y)dy.

This formula also yields the expression for ¢ejx and a very easily, thanks
to the stationary phase formula (which can be found for instance in [Alin-
hac and Gérard (1991); Grigis and Sjostrand (1994); Hormander (1994)]).

111
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Indeed, the last expression can be viewed as an oscillatory integral, with
phase
) |33‘ - y|2 w

2t 2
For t # 1, the critical points of ¢, considered as a function of y, are given
by:

o(t,z,y

Ye — X x

Vyp(t,z,y.) =0 <= =Y = Y= T4

The Hessian of ¢ is
1
v?/‘?(tamay) = (; - 1) L.

Therefore, if t # 1, ¢ has a unique critical point, which is non-degenerate.
Stationary phase formula then yields:

1 T L L
Tt \Tog) e <t

i (1, 2) =0 e~ inm/2 T jolel®
(t—l)”/2a0<1 t>e2€<f D ift > 1.
From this point of view, the main difference between the asymptotics for
t < 1 and for t > 1 is the phase shift e=™7/2  which is due to the sign
change of the Hessian of ¢ as ¢ — 1 changes signs.
For t = 1, we can no longer apply stationary phase formula, but we have

directly from the integral expression of uf,:

i (1,7) = 1 / ei\z;mﬂ. g@a (y)dy = el ze - (x)
lin I - (21-7_‘_),"’/2 - 0 y y - (Z‘E)n/2 0 c .
By writing
1 T € |x|?
7 17 - a (_) = ‘_‘ )
ulm( iC) (ig)n/2a0 c exp (12 c

gy (1, 2) = (ig)%/zao (g) +0() in L*R").

we see that

To summarize, we have:

T : )
77,/2 o \ T ) e izzGom 1> ift <1,
7zn7r/4 T
€ . .
ulin(ta $) 0 W&o (g) ift = ]_7 (62)
717’L7T/2 T e
2e(t—1) i
t—l"/2a0 T )62 1 if ¢t > 1.
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We see that with initial data of order O(1) as ¢ — 0, the size of uf,
grows as t approaches one. As t = 1, the amplitude is saturated, of order
O(¢7"/?). After that critical time, the amplitude decreases, and is of order
O(1) again. In particular, the family (|[u®(1, )|/ L= )o<e<1 is unbounded: if
|uf|? is viewed as the intensity of a laser beam, it becomes extremely high
for t &~ 1. This is why the phenomenon is called caustic (from the Greek
kaustikos, after the verb katein=to burn).

Recall that in Chap. 1, the caustic was defined as the set where the
solution to the eikonal equation becomes singular. This is a geometrical
definition, which is equivalent to saying that the caustic is the locus where
rays of geometric optics form an envelope. This may seem different from the
etymological definition, which refers to an analytical phenomenon (growth
of the amplitude). Yet, since in the semi-classical limit, the energy is carried
by the rays of geometric optics, these points of view agree. On the other
hand, we will see in Sec. 9.2 that in some nonlinear cases, it might be
sensible to distinguish these two notions.

It turns out that the result outlined above is fairly general. To study
the high frequency limit of linear equations, the use of oscillatory integrals
has proven very efficient to describe the wave function itself. Working in
the phase space (that is, (¢, z,7,&) € T*R'**") instead of the physical space
((t,x) € R'*™), the singularity corresponding to the caustic disappears. In
other words, the caustic phenomenon appears when projecting from the
phase space to the physical space. In the case of Eq. (6.1), this approach
leads to the following Lagrangian integral:

1 t—1 g2, s ToE
e _ —ige €7+ e
ial7) = G /R et A5 (€)de. (6.3)
Obviously, the Lagrangian symbol A is given by the formula

LT APILPN §
As(f) — me 2 €] ulsin (t7 g) .

Note that the right hand side is indeed independent of time, since uy;,, solves
the free Schréodinger equation. We check that A® converges as € — 0:

A€ _ 1 —i‘gj L e 0 d
(&) = We e Uiy (0, 7)dz
1 _jletel?

= (2ren2 /R e "2 ag(r)dr = e” i ag(—€) + O(e).

Roughly speaking, in general two phenomena occur at leading order in the
high frequency limit for linear equations. First, a phase shift appears after
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the caustic crossing, in the same fashion as for ¢ > 1 in Eq. (6.2). This
phase shift is called the Maslov index, and is related to the geometry of the
caustic; see e.g. [Duistermaat (1974); Maslov and Fedoriuk (1981); Yajima
(1979)]. From a technical point of view, it corresponds to a signature change
of the Hessian of the phase involved in the oscillatory integral approach:
in Eq. (6.3), the Hessian of the phase is also (1 — ¢)I,,, and its signature
changes from +n to —m as t — 1 changes signs, hence a phase shift of
(—n — (+n))7/4 = —nm /2. The second phenomenon, which is not present
in the example of Eq. (6.1), is the creation of new phases. Typically, when
applying a stationary phase argument beyond the caustic, it may happen
that the phase in the oscillatory integral has several non-degenerate critical
points, even if it has only one before the caustic. In that case, we need a
description of the form:

ugy, (t, ) ~ Z a; (t,x)ewj(t’r)/s.
critical points

All the phases ¢; solve the eikonal equation (Eq. (1.10) in the case of
Schrodinger equations). Note that in order to describe the wave function,
it is not sufficient to consider only the viscosity solution to this Hamilton—
Jacobi equation: by selecting only one of the above phases, the error we
make is of the same order as the wave function ufy,, itself, in L°°; see
[Kossioris (1993)]. We refer to [Duistermaat (1974); Maslov and Fedo-
riuk (1981)] and references therein for a more precise description of the
phenomena mentioned above.

Note that if one is interested in quadratic observables rather than in
the wave function itself, the Wigner measures share an important feature
with the Lagrangian integral approach mentioned above: they unfold the
singularities. In other words, the caustic phenomenon does not exist on
Wigner measures; see e.g. [Gérard et al. (1997); Lions and Paul (1993);
Sparber et al. (2003)]. On the other hand, the Maslov index is lost when
working with Wigner measures.

For nonlinear equations, far less is known. As pointed out in Chap. 1, a
new parameter appears for nonlinear problems: the size of the data. More-
over, the nature of the nonlinearity (dissipative, accretive, conservative,
Lipschitzean. . .) is crucial, as discussed below. So potentially, a huge vari-
ety of phenomena is likely to happen. Let us mention the most important
results on the subject, concerning hyperbolic equations: [Joly et al. (1995,
1996a, 2000)] (see also [Joly et al. (1997a)]). As a typical striking result
of this work, consider the following semi-linear wave equation, with highly
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oscillatory initial data:
(97 — A) u + [0 P Opuf = 0.

¢o£9€)> . 9uc(0,2) = Uy <x,

where the functions Uj(z,-) are 2m-periodic for all x € R", and p > 1
(not necessarily an integer). One can check that in a WKB régime, the
above equation is of weakly nonlinear type: the eikonal equation is the

)

us(0,z) = el (x ¢OT(x)> (6.4)

same as in the linear case, and the nonlinearity is present in the leading
order transport equation. Consider the case where the initial phase ¢q is
spherically symmetric, with

do(x) = |z =: 1.

As mentioned in Chap. 1, the eikonal equation associated to the wave equa-
tion is

(0:0)* = |Vg|*.

In the particular case under consideration, we find the two solutions

o+ = ¢i(t,T‘) =r=+tt

We see that the rays associated to ¢_ meet at the origin for positive time:
as in the case of Eq. (6.1), a caustic reduced to a point is formed. Note
that Eq. (6.4) is a dissipative equation: the energy associated to the linear
equation is a non-increasing function of time,

i/ ((&gua(t,x))Q + |Vu5(t,x)|2) dz < 0.
dt Jgn
To give a flavor of the results of J.-L. Joly, G. Métivier and J. Rauch, let us
describe qualitatively the main result of [Joly et al. (1995)], generalized in
[Joly et al. (2000)]. Suppose that p > 2. As the wave focuses at the origin,
its amplitude grows, and the dissipative mechanism becomes very strong.
The part of the wave carrying the most energy is highly dissipated. Since
the highest energy terms are those which are highly oscillatory, the rapid
oscillations of u® are absorbed at the focus: past the focus, u® is no longer
e-oscillatory at leading order.

Of course, the above mechanism is due to the nature of the nonlinearity:
it is dissipative, and the phenomenon sketched here is due to this aspect.
On the other hand, the nonlinear Schrédinger equations which we consider
here, of the form

2

) 5

iediu + —Auf = |uf|*7uf
2 b)
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are conservative and Hamiltonian: the L2-norm of u? is conserved, and the
L2-norm of eVu® is bounded; see Eq. (1.24) and Eq. (1.25). So the above
dissipation mechanism is less likely to occur. Before describing some caustic
phenomena for this nonlinear Schrodinger equation, we present an idea due
to J. Hunter and J. Keller, which suggests that the discussion presented in
§1.2 for relevant phenomena in a WKB régime, should be repeated, with
some differences though, near a caustic.

6.2 The idea of J. Hunter and J. Keller

The idea presented in [Hunter and Keller (1987)] for conservation laws is
essentially the following. In a WKB régime, according to the amplitude
of a wave, the nonlinearity can influence the geometry of the propagation
(supercritical case, where the nonlinearity is present in the eikonal equa-
tion), or simply the leading order amplitude (weakly nonlinear régime), or
can even be negligible at leading order. In the linear case, near a caustic,
the amplitude of the wave is altered, as we have seen on the example of
Eq. (6.1). The amplification factor depends on the geometry of the caustic,
and the maximal amplification corresponds to a focal point: the energy
concentrates on a single point rather than on, say, a curve or a surface.
Therefore, we can resume a similar discussion: according to the amplitude
of the wave near the caustic, the nonlinearity should have several possible
effects at leading order. Note that the amplification is localized near the
caustic, in some boundary layer. The idea in [Hunter and Keller (1987)]
consists in saying that the important quantity to consider is the average
nonlinear effect near the caustic.

For instance, in the case of Eq. (6.1), Eq. (6.2) shows that the ampli-
fication near the caustic is of order e~™/2, and that the boundary layer
associated to the focal point is of order &.

Before describing more precisely this idea for solutions to the nonlinear
Schrodinger equation, resume the case of the semi-linear wave equation
mentioned in the previous paragraph, and consider spherically symmetric
initial data:

(02 — A)uf + |0 P ouE =0, (t,x) € [0,T] x R®,
_ 6.5
(0 33 _ €J+1U0 < 0) : 8151&6(0,33) _ 5JU1 (’l", r 7"()) . ( )

3

The new parameter J > 0 measures the size of the initial data. For ro = 0,
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and functions U;(r,-) which are 2m-periodic for all r > 0, we recover the
framework of [Joly et al. (1995)]. We consider rather the case ro > 0 and
supp U;(r,.) C [—=20, 2z0] for some zy > 0 independent of r > 0 (the initial
data are short pulses, as opposed to the previous wave trains). In the linear
case, the solution to

(97 — A)v® =0, (t,r) € [0,T] x R,

v°(0,2) = e, <7“, r ;TO> ;o Ot (0,z) = U, (r, r —57‘0) ,

is given by, since we consider a three-dimensional setting:
J+19€(t +r)—g°(t—r)
€
v (t,r) = 2r
e’ (g% (1) for r =0,

for r > 0,

T™—To

where ¢°(r) is essentially 7 (Up+ V4) (r, ), where V; is an anti-
derivative of U; with respect to its second variable. We see that 0,v° is
of order €/ outside the origin, and of order £/ ~1
acteristic boundary layer about the origin is of order €, since the pulses
are supported on a domain of thickness of order ¢, and propagate along the

characteristic directions, r+¢ = Const., see Fig. 6.1. Plugging this estimate

near the origin. The char-

t

To

Fig. 6.1 Propagation of short pulses.

in the nonlinear potential, we have, for r ~ 0:

100° [P~ A elP~ D),
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Integrated on the focusing region, we find:
/ 0[P A DI+,
Ir|<e

This suggests that if (p—1)(J—1)+1 > 0, then in the nonlinear case (6.5),
nonlinear effects are negligible at the focus, while they become relevant for
(p—1)(J —1)+1=0. To resume the terminology of [Hunter and Keller
(1987)], the former case is referred to as “linear caustic” while the latter
is called “nonlinear caustic”. We can also check that the WKB régime is
linear if J > 0 (“linear geometric optics”, or “linear propagation”), weakly
nonlinear if J = 0, as in the previous paragraph (“nonlinear propagation”).
This leads to the following distinctions:

J>0 J=0
J > g%% linear propagation | nonlinear propagation
linear caustic linear caustic

J = g;% linear propagation | nonlinear propagation
nonlinear caustic nonlinear caustic

J < g;% linear propagation | nonlinear propagation

supercritical caustic | supercritical caustic

The above line of reasoning is slightly different from that of [Hunter
and Keller (1987)]: we have not considered the whole nonlinear term
0,07 [P~ 8,0°, but only the “potential” [;v°|"". The reason is that energy
estimates are available for the equation

(02 — A) uf + Voo =0,

and if V* is small in L LS for instance, then u® and v are close to each
other in the energy space. We give more details on this approach in the
case of nonlinear Schrédinger equations below.

For short pulses, the above table has been justified in a series of three
articles, [Carles and Rauch (2002, 2004a,b)]. In the case of a slowly varying
envelopes (when the profile U; are periodic with respect to their second
variable, and not compactly supported), the same distinctions are expected,
but a justification for all the cases is not available so far.

Notice that assuming that the above table remains valid for slowly vary-
ing envelopes, the result of [Joly et al. (1995)] corresponds to J =0 < :;%?:
the supercritical effect near the caustic is the absorption of oscillations. On
the other hand, the analogous phenomenon for the pulses is the absorption
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of the pulse at the focal point [Carles and Rauch (2004b)]. Indeed, formally,
a pulse has zero mean value:

1 M
Vi / f(z)dz P 0 if f is compactly supported.
-M —00

So in a way, like for the case of wave trains, only the mean value of the
wave remains past the focus. We leave out the discussion for the semi-linear
wave equation at this stage.

Back to the case of nonlinear Schrédinger equations, consider the initial
value problem

2 .
ie0yu® + %Aua =%l Puf ; wf(0,2) = ag(x)et0@)/E, (6.6)

Recall that the factor € can be viewed as a scaling factor for the size of
the initial data; see the end of §1.1. We have seen in the first part of these
notes that the value o = 1 is critical for the WKB methods: if a > 1,
then the nonlinearity does not affect the transport equation (1.19), while
if @ = 1, then the nonlinearity appears in the right hand side of (1.19). To
resume the terminology of [Hunter and Keller (1987)], we say that o > 1
corresponds to a “linear geometric optics”, or “linear propagation”, while
a = 1 corresponds to a “nonlinear geometric optics”, or “nonlinear propa-
gation”. The idea presented in [Hunter and Keller (1987)] consists in saying
that according to the geometry of the caustic C, different notions of criti-
cality exist, as far as « is concerned, near the caustic. In the linear setting,
the influence of the caustic is relevant only in a neighborhood of this set
(essentially, in a boundary layer whose size depends on € and the geometry
of C). View the nonlinearity in Eq. (6.6) as a potential, and assume that
the nonlinear effects are negligible near the caustic: then u® ~ v° near C,
where v solves the free Schrédinger equation. Consider the term e%|u€|??
as a (nonlinear) potential. The average nonlinear effect near C is expected

to be:
671/ €a|u5|20 Ngfl/ {_:o¢|v€|2tr7
C(e) C(e)

where C(¢) is the region where caustic effects are relevant, and the factor
e~1 is due to the integration in time (recall that there is an ¢ in front of
the time derivative in Eq. (6.6)). The idea of this heuristic argument is
that when the nonlinear effects are negligible near C (in the sense that the
uniform norm of u® —v° is small compared to that of v® near C), the above
approximation should be valid. On the other hand, it is expected that it
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ceases to be valid precisely when nonlinear effects can no longer be neglected
near the caustic: u® —v° is (at least) of the same order of magnitude as v®
in L*°(C(g)). Like for the case of the semi-linear wave equation (6.5), we
have not considered the whole nonlinearity |u°|?**u#, but only the nonlinear
¢|29. Like for the wave equation, this is due to the fact that
energy estimates are available for Schrédinger equations, showing that the

potential |u

norm of [uf|?? in L} L% measures the influence of the whole nonlinear term
in Eq. (6.6). Indeed, write

2
€
(ie@t + ?A> (uf — v%) = e uf[*7uf = e*uf|? (uf — vF) 4 % |uf|*70°.
Lemma 1.2 yields:

[ P L / 1% 2

<ert ||us||iz(1;Loo) ||Us||Loo(1;L2)

< Ce! ”uEHiq(I;LOQ) ;

where C does not depend on ¢, since the L2 norm of v° is conserved, and

independent of €. In the case of a linear caustic, we can replace u® by v¢

in the last term of the above inequality, hence the above discussion.
Practically, assume that in the linear case, v has an amplitude ¢~* in

a boundary layer of size €¥; then the above quantity is
2
6_1/ €a|v5|20N6—160¢‘€—2| ng.
C(e)

The value « is then critical when the above cumulated effects are not neg-
ligible:

oac=1+20c — k.
When o > a, the nonlinear effects are expected to be negligible near the
caustic: “linear caustic”. The case a = a,. corresponds to a “nonlinear
caustic”. We illustrate this discussion in the case of two geometries below:

e When the caustic is reduced to a single point.
e When the caustic is a cusp.

6.3 The case of a focal point

In the case of a focal point, which corresponds to a quadratic initial phase
(e.g. ¢o(x) = —|z|?/2), we have seen that k = 1 and £ = n/2. See Eq. (6.2)
and Fig. 6.2. This leads us to the value: a.(focal point) = no. Therefore,
the following distinctions are expected:
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Fig. 6.2 Rays of geometric optics: focal point.

a>1 a=1
a > no | linear propagation | nonlinear propagation
linear caustic linear caustic

« = no | linear propagation, | nonlinear propagation
nonlinear caustic nonlinear caustic

Note that as in the case of the semi-linear wave equation, the entries for
rows and columns are fairly independent, as suggested in [Hunter and Keller
(1987)]. In Chap. 7, we show that the above distinctions are relevant, and
we describe the asymptotics of the wave functions in each of the four cases.
Unlike for the semi-linear wave equation, we have note mentioned the case
of a “supercritical caustic”. A complete description in that case is not
available yet, and we give a very partial answer in Chap. 9.

6.4 The case of a cusp

It seems that there are no rigorous results concerning nonlinear effects near
a cusped caustic for nonlinear Schrodinger equations. Therefore, the dis-
cussion in this paragraph is only formal.

In space dimension n = 1, a cusped caustic appears for instance if the
initial phase is given by
¢o(x) = cosx.

The rays of geometric optics are given

Owx(t,y) =&(ty) 5 =0,y)=y ;5 0&(ty)=0 ; &£0,y) = —siny.
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Therefore,

z(t,y) =y —tsiny.

A caustic is present for ¢ > 1, since rays form an envelope, see Fig. 6.3.
At t = 1, there is a cusp at the origin. For ¢ > 1, the caustic is a smooth

\ N/ X | X /Y
N\

3.5

o

7
) /) 7
N\
250 \\\\\\\\‘\\‘.‘b“’(’),,////
7

S
AV

A

Fig. 6.3 Rays of geometric optics: cusped caustic.

curve. Moreover, for t > 1, three phases are necessary to describe the wave
function inside the caustic region. To see this, recall that the linear solution
is given by

lz—y|2 Jicosy

2et = ap(y)dy.

i

1
upy (t, ) = W/Re

The critical points y. associated to the phase of this integral are such that

Ye — X

= sinye,

that is * = y. — tsiny.. To compute the number of critical points, we
map y — y — tsiny for various values of ¢t. At time ¢t = 0.5 (Fig. 6.4),
there is only one critical point: the caustic is not formed yet. At time
t =1 (Fig. 6.5), we see that the tangent is vertical at (x,y) = (0,0): this
corresponds to the cusp. At time ¢t = 1.5 (Fig. 6.6), there are three critical
points for —z¢(1.5) < z < 2¢(1.5), for some z(1.5) ~ 0.3. This corresponds
to the three phases inside the caustic region. Note that |x| = x0(1.5)
corresponds to the caustic itself. For ¢t = 4 (Fig. 6.7), the caustic is broader,
and the corresponding xo(4) is larger: z¢(4) > 2.
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To apply the argument of J. Hunter and J. Keller, we must distinguish
two families of points: the cusp (at (¢,x2) = (1,0)), and smooth points of
the caustic (for ¢ > 1 and |z| = z¢(t)).

At smooth points, the wave function is described thanks to the Airy
function: on the caustic, it is not possible to apply the usual stationary
phase formula, because the critical points are degenerate, but the third
order derivative is not zero. This was first noticed in [Ludwig (1966)]. See
also [Duistermaat (1974); Hormander (1994); Hunter and Keller (1987)].
Typically, near the caustic, the linear solution can be approximated by

—1/6 <aAi <¢(§7/3$)> + 661/3Ai/ <¢(§}§)>) eip(t,z)/s,
5 5

where Ai stands for the Airy function, for o, € C and some smooth
functions ¢ and p, with ¢» = 0 on C. This yields £ = 1/6. For the value
of k, it is tempting to take k = 2/3, in view of the argument of the Airy
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function in the above formula. However, it is suggested in [Hunter and
Keller (1987)] that the relevant quantity to consider is the length of a ray
crossing this layer of order £2/3, which is of order £'/3, hence k = 1/3. To
understand this derivation, recall that by definition, rays are tangent to
the caustic. At smooth points of the caustic, approximate the caustic by
a circle. Figure 6.8 shows why the length of a ray lying inside the layer
of order £2/3 is of order £!/3. The approach of [Hunter and Keller (1987)]

sinf =1 — cos2 60
— 1 (14223) 7

~ 2l/3

1 62/3

Fig. 6.8 Length of a ray inside a typical boundary layer.

therefore suggests:

2
a(smooth point in 1D) = U;_ .
At the cusp, the wave function grows like e~/4, in a region of order £'/2

(see [Duistermaat (1974); Hunter and Keller (1987)]), hence

20 1 oc+1
Q.(CU inlD)=1— — — - = .
(C S ) 4 2 2

We see that we have

ac(cusp in 1D) > a(smooth point in 1D) <= o > 1.
Therefore, nonlinear effects might be stronger either at the cusp, or at
smooth points of the caustic, according to the power of the nonlinearity.

This may seem paradoxical, since the cusp is expected to concentrate
more energy than a smooth point on the caustic. However, we invite the
reader to consult [Joly et al. (2000)] (or [Joly et al. (1997b)]): the analytical
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results (to prove estimates in Lebesgue spaces for oscillatory integrals) differ
from the topological results of [Duistermaat (1974)]. In the case studied
by J.-L. Joly, G. Métivier and J. Rauch, the critical index for L? estimates
is given by smooth points of the caustic, and the influence of the cusp is
negligible. However, the approach of [Joly et al. (2000)] does not seem
to yield directly estimates which can be used in the case of Schrodinger
equations. Even in the apparently simple case considered in this paragraph,
the following two questions remain open so far:

e Find a. such that nonlinear effects are negligible near the caustic
for o > ., but not for a < ..

e For a = «, describe the (possible) leading order nonlinear effects
at the caustic.



This page intentionally left blank



Chapter 7

Focal Point without External
Potential

7.1 Presentation

In this chapter, we consider the initial value problem
2

£ .
0 + o Aut = 2w s uf(0,2) = ag(x)e /) (7.1)
To simplify the notations and the discussions, we consider only non-negative

time: ¢ > 0. Recall that we have derived formally the following distinctions
in the previous chapter:

a>1 a=1
« > no | linear propagation | nonlinear propagation

linear caustic linear caustic

a =no | linear propagation, | nonlinear propagation
nonlinear caustic nonlinear caustic

Consider the solution to the free Schrodinger equation which coincides with
uf at some fixed time 7:

2
1edpvs + %Avi =0 ; i(r,x)=u’(r,x). (7.2)

We can then give a more precise interpretation of the above table, where
the expression f©—g° = o(h®) stands for || f¢—g°||z2 = o (||h®]|12) as e — O:

o If @ > max(1,no), then we expect u®(t) — v§(t) = o(v§(t)) for all ¢.

o If & =1 > no, then outside the focal point at t = 1, we already
know that this is a weakly nonlinear régime: the leading order
nonlinear effect consists of a self-phase modulation, and u° is not
comparable to v§. On the other hand, the nonlinearity is negligible
near the focal point: u®(¢)—vj(t) = o(v(t)) for [t—1| < Ce. Recall
that € also measures the influence zone of the focal point.

127
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o If @« = no > 1, then we expect u®(t) — v§(t) = o(v§(t)) for t < 1
and u®(t) — vE(t) = o(vi(t)) for t > 1, for (any) 7 > 1 independent
of €. These two relations express the fact that the nonlinearity in
Eq. (7.1) is negligible off ¢ = 1. On the other hand, it should not
be negligible near ¢ = 1, and therefore,

lim iélf llug(t) —vi ()| 2 > 0,¥Vt >0, Vr > 1, in general.
£E—

We will see that at leading order, vg and vZ differ in terms of a
scattering operator associated to the nonlinear Schrodinger equa-
tion.

e If « = 1 = no, then we don’t expect us(t) — v=(t) = o(ve(t)) for
any t # 7: the solution u® never behaves like a free solution.

These four assertions have been justified in [Carles (2000b)], thus proving
that the previous table is correct.

For technical reasons, we will always assume that the nonlinearity is
H'-subcritical (see Sec. 1.4), and some lower bounds on o

1 2 2
O<o<xifn=1;, —<o<xifn=2; — <o < ifn > 3.
2 n+2 n—2
We also assume that the initial amplitude ag is in X(1), defined in §1.4.2.

For the sake of readability, we drop the index 1, and consider therefore:
ap €X:={f e H'R"); z (z) f(x) € L*(R")}.
The space ¥ is equipped with the norm

1flls = A1z + IVl + 22
Obviously, for fixed e, u®(0,-) € X.

There are at least two ways to present the results. First, we may write
the asymptotics for the function u® itself. Second, we can proceed as in
[Joly et al. (1996a, 2000)], and write the solution as a modified Lagrangian
integral. This approach was followed in [Carles (2000b)]. We will present
the results from both points of view here. In our case, the generalization
of the representation (6.3) is:

wihe) = W /R e I A ) s (7.3)
Note that unlike in the linear case, the Lagrangian symbol A¢ depends on
time. It is still given by

it o (4 &
20,6 = e T (18
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We have the following preliminary result:

Lemma 7.1. Let n > 1 and ag € X. The initial Lagrangian symbol con-
verges in X:

A%(0,€) = e tag(—=€) +0(1) in %, ase — 0.
Moreover, the Lagrangian symbol satisfies the equation:

t

i@tAE(t,é) _ Eafn/Qfleig;elMIQ}- (|u5|20’u5) (t, g) . (74)

Proof. As in the linear case, we have
1 lzte)?
€ _ —i
0.6 = G [ (e
1

= W/Rne 2e ao(ﬂf—f)dﬁﬁ

() = () e,

i
Faen (a0(z =€) (n) = ™ *ao(n),
Parseval formula yields:

AE(Oa 5) =

Recalling that

W/ei”'fe_i“ﬁ/zao(n)dn.
Then

A%(0,€) — em " ag(—€) = —(%;)n 7 [ e (e ) dutn
By Plancherel equality, we infer

o= eomimcs], = (- )

Now since

oI

sin (6 1 ,
the Dominated Convergence Theorem yields:
4°(0,) = e ag ()|

L2’

‘e—ismﬁ/z _1l =9

= 0.
L2

lim
e—0

Noting that

v (Aa(o’é-) _ e*m”/“ao(—f)) _ W /ein-E (eﬂ'alnIQ/z _ 1) o (n)dn,

(40,9 - M an(~9)) =
- W /6“7'5&7 ((eﬂ'aw/z N 1) ao(n)) in

and since ag € 3, the estimate of the lemma follows by the same argument.
The second part of the lemma is straightforward. |
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For ¢t > 0, we check the following identities:

[A=Oll L2 = Il 2 5 VA @2 = [T @)u @] L2
€A% (D) 2 = lleVus (Bl 2,

where the operator J¢ is given by:
JE(t) = f it —1)V.
Note that we have
T = X + TV 1 )~ (-1 jea /o)

We recover the operator X 4 ¢T'V, introduced in [Ginibre and Velo (1979)],
which is classical in the scattering theory for nonlinear Schrédinger equa-
tion; see also e.g. [Tsutsumi and Yajima (1984); Hayashi and Tsutsumi
(1987); Cazenave and Weissler (1992)].

Let us mention another point of view, from which the introduction of
this operator is also very natural. Recall that in Chap. 2 (and also in §4.3),
we have performed H*® estimates not directly on u®, but on ufe~*®<i/¢. The
idea is that the H® norm of the latter is bounded uniformly in ¢ €]0, 1],
while the former is not. In the present case, we have

|22
2(t —1)’

(beik (ta iC) =
So it is natural to consider

ibeik (t,T) /e ( 7i¢>c;k(t7:p)/a.) _ .= '
e Ve Zs(t =) +V

We can be more precise by recalling that the concentration rate for the
approximate solution in the linear case is exactly 1 —t, see (6.2). Therefore,
up to an irrelevant factor ¢, we retrieve

i(t _ l)ei¢cik(t,w)/av (efiqﬁcik(t,w)/a_) — Je (t)

This formula has two interesting consequences from a technical point of
view:

e The operator acts on gauge invariant nonlinearities like a deriva-
tive: if G(z) = F (|2|?) z is C?, then

JE(t)G(u) = 0.G(u)J* (t)u — 0=G(u)Je (t)u.
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o Weighted Gagliardo—Nirenberg inequalities are available:
Cr 1-56(r o(r
lellzr < gy Ielli"" 1 @ullz2

, (7.6)

where 6(r) = n (5 _ 1) 0,1,

r

and C, depends only on r and n. This is a direct consequence of
the standard inequality (without the weight |1 —¢|), where J¢(¢) is
replaced by V.

Example 7.2. Apply the operator J¢(t) to the approximate solution of
the linear case, that is, the right hand side of (6.2). For ¢ < 1, we find:

1 x . |x|? 7 T . |=z|?
(t e | = = )efmam,
J(Ku—mﬂ%C—Je ) u—wwV%Q—Je

When applying the weighted Gagliardo-Nirenberg inequality (7.6) to this
function, we see that both the left hand side and the right hand side are of
order

|1 —¢|7°),

This suggests that for ¢ # 1, in the semi-classical régime, the operator J¢
yields sharp estimates, as far as the parameters ¢ and € are concerned.

For t = 1, the inequality (7.6) becomes singular. Instead, resume the
standard inequality, rescaled by e:

C

1-6 §
lulle < Sy Il NleVullz”

Then again, the power ¢ (") is such that when applide to

e (2)
(Z'E)n/ZaO c)’

both sides of the above estimates are of order £ ~%(").

The conclusion suggested by this example, and which turns out to be useful
in the nonlinear estimates, is that the operator J¢ yields good estimates off
t = 1, while near ¢ = 1, the natural operator is eV.

Before describing more precisely the results, we mention a third impor-
tant property of the operator J¢: it commutes with the linear Schrodinger
operator,

62
iaBt + EA, Ja(t) =0.
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This property, classical in the case e = 1 [Hayashi and Tsutsumi (1987)],
stems from the fact that J¢ can be factorized in a different way. Let

U= (£) = exp (i%A)

denote the group associated to the free semi-classical Schrédinger equation.
We have:

JE(t) = US(t — 1)§U€(1 —1).

This expression implies the above commutation with the linear Schrédinger
operator. We will see in Sec. 8.3 that the existence of such an operator with
nice properties both for nonlinear estimates and for linear commutators
does not seem to be generic, in the presence of an external potential.

7.2 Linear propagation, linear caustic

In view of Lemma 7.1, denote
Ao(§) = =" ao(-¢).
Proposition 7.3. Assume o > max(1,no). Then
A° > Ao in Ly, (R;X).
Equivalently,
I1B° (u — v§)ll o o2y —3 0, for all B € {1d,eV, J°}.

E—

To make the proof more intuitive, we distinguish the special case n = 1
from the general case n > 1.

The case n = 1. In space dimension n = 1, we can use the Sobolev em-
bedding H'(R) < L*(R). More precisely, Gagliardo-Nirenberg inequality
shows that there exists C' independent of £ and ¢ such that for all u € X:
C 1/2 1/2
—————75 lullz (ledeull 2 + [T (R)ull2) " (7.7)
(e+t—1p2 L2 L2

We also note that (for any n > 1)
06 ()l L2 = WG O0)]l > = llaoll 2,
1eVeG (D)l 2 = [leVeG(0)][ L2 = O(1), (7.8)
175 ()5 ()l L2 = 175(0)v5(0)l[ L2 = [IVaoll .- -

[ull oo <
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Consider the error term w® = u® — v. It solves:

. 52 20

iedyw® + EAwE =" u" 5 wh_y=0. (7.9)
Lemma 1.2 yields, for ¢ > 0:

dr
L2

t
o— 20
ol gogzny <™ [ [ w0

t
< e ag| o / uf (7)|2% dr,
0

where we have used the conservation of the L2-norm of u?. Recalling that
u® = w® 4+ 0§, (7.7) and Eq. (7.8) yield:

20 20 20
()22 < Co (Il (DI + [5I1E%)
1
<o (ot + o)
(e ez +
Since w® is expected to be a relatively small error estimate, it should satisfy

at least the same estimates as v§. From Proposition 1.26, u® € C(R;X),
hence w® € C(R;X). Since wf,_, = 0, there exists ¢ > 0 such that

[T (T)w (T)]| 2 < 1 (7.10)
for 7 € [0,t°]. Recall that from the conservation of the energy for uc,

Eq. (1.25),

d (1, _ .
d (— leVus (B2 +

22 e @I = o

Therefore, there exists C independent of € such that

€
oc+1

leVus(t)]| ;. <C, VteR.
So, there exists C’ independent of €, such that
leVw® (t)] ;. <C', VteR.

In view of (7.7), we infer, so long as (7.10) holds,

C
[ (D)l oo € —————773>
T -t
for some constant C' independent of €. We infer, so long as (7.10) holds:

t
dr

Plumgogn <050 [t

llw]l ([0,];L2) o E+r—1)



134 Semi-Classical Analysis for Nonlinear Schrédinger Equations

Fix T > 1. Distinguishing the regions {|7 — 1| > ¢} and {|7 — 1| > ¢}, for
t < T, the latest integral is controlled by:

/t dr - /18 dr N /”8 dr N /T dr
o E+lm=1)7 ~ Jo (1—7)° 1-e &7 1—e (T—1)°

1
<C <max (61_‘7,10g -, 1) + 51_"> ,
3

where we have distinguished the three cases, ¢ > 1,0 =1land 0 < o < 1.
Therefore, if (7.10) holds on [0, T, we infer:

1
W[l poe (0,4, 22) < €' max <8°‘”,50‘1 log g) . (7.11)

The strategy is to obtain similar estimates for eVw® and J°w®. Applying
the operator €V to Eq. (7.9), we find:

2
<i88t + %A) eVu® = ety (|u€|2‘7 ua) = (0 + 1)e® [uf]* eVus
+o0e® (u)H @) eV,
along with the Cauchy data veftZO = 0. From the conservation of the

energy for u®, we can mimic the previous computations, and find, so long
as (7.10) holds:

1
eV || oo (0,4;22) < € max <8°‘”,50‘1 log g) . (7.12)

To complete the argument, apply the operator J¢ to Eq. (7.9). We have seen
that J° behaves like the gradient: it commute with the linear Schrédinger
operator, and acts on gauge invariant nonlinearities like a derivatives.
Therefore, so long as (7.10) holds:

ax—o a— 1
1750 oo p0,11;.2) < €' miax (6 " log E) 175 e g0,11:22)
Since u® = w*® 4 vj, we have:

||J€UE|IL°°([0¢];L2) < ”JEwEHLOO([O,t];L?) + ”JsUs”LOO([O,t];L?) <1+ Vaol g2
so long as (7.10) holds. We infer:

1
||sz€||L°°([07t];L2) < Omax (804—0, 60‘_1 10g g) . (713)

Therefore, for every T' > 1, there exists ¢(T') > 0 such that (7.10) holds
on [0,7T] for 0 < e < &(T). The proposition in the case n = 1 then follows
from (7.11), (7.12) and (7.13).
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The case n > 2. First, notice that since

o> (even for n = 2),

n+
we always have no > 1, so max(1,no) = no.

Since we work at the level of X regularity, we cannot expect L>° esti-
mates when n > 2. To overcome this issue, we do not use the mere energy
estimate provided by Lemma 1.2, but rather Strichartz estimates, which
we now recall.

Definition 7.4. A pair (¢,r) is admissible if 2 < r < fo 2<r<o0if
n=12<r<ooifn=2)and

325(7‘) ::n(%_%).

Notation 7.5. For f¢ = f¢(t,x) and t > 0, we write

t a/r 1/a
1 egry o= 1 zoonirceny) = ( INYRECERY dT) ,
with the usual modification when ¢ or r is infinite.

Strichartz estimates are classically given with ¢ = 1 (see [Ginibre and Velo
(1985b); Kato (1987); Yajima (1987); Ginibre and Velo (1992); Keel and
Tao (1998)]). Using the scaling

1 tx
) = 5 (5F).

we get the following lemma.

Lemma 7.6 (Strichartz estimates). Denote Ug(t) = e®22.
(1) Homogeneous Strichartz estimate. For any admissible pair (q,r), there
exists Cy independent of € such that
e Us ¢l Laesrry < Callellze, Ve € L*(R™).
(2) Inhomogeneous Strichartz estimate. For a time interval I, denote
Di(F)(t,x) = / Us(t — 7)F (7, z)dr.
In{r<t}
For all admissible pairs (q1,71) and (g2,72), and any interval I, there exists

C = Cy, r, independent of € and I such that

cl/a+1/gz ID(F) ) ar (i) < CIIF (7.14)

L% (L%

for all F € L%(I; L").



136 Semi-Classical Analysis for Nonlinear Schrédinger Equations

The proof of Proposition 7.3 highly relies on the technical Proposition 7.8
below, which can be understood as an adaptation of the Gronwall lemma.
Before stating and proving it, we need some preliminaries:

Lemma 7.7. Let n > 2, and assume % <o < % There exists q, r, s
and k satisfying
1 1 20 1 20
i il =4+ = 7.15
i 71 o (7.15)

and the additional conditions:

e The pair (q,r) is admissible,
e 0< 1 <d(s) <1

Proof. With 6(s) = 1, the first part of Eq. (7.15) becomes
n
)= (5-1),

and this expression is less than 1 for o < —25. Still with §(s) = 1, the
second part of Eq. (7.15) yields

2 1 n n 1

ko 2 o’
which lies in ]0, 2[ for %4_2 < ¢ < =25. By continuity, these conditions are
still satisfied for 0(s) close to 1 and d(s) < 1. O

Consider again w® = u® — v§. It solves Eq. (7.9). We now prove a general
estimate for the integral equation,

we (t) = US(t — to)ws — ie™ ™ /t Us (t — 1) F (w®(7))dr

: (7.16)
et / UE (t — 7)he (r)dr.
to
Writing
0 27 uf = [u[*7 w® + [u]*7 o,

the goal is to consider Eq. (7.16) with
Fe(w®) = [P w® ;RS =e®|uf* of.

Proposition 7.8. Let t1 > to, with |t1 — to| < 2. Assume that there exists
a constant C independent of t and € such that for to <t <y,

€ £ C €
IF @) Oller < o (7.17)
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and define

i dt 2o/t
Df(to, t) = / — .
to (e 4|t —1)FE

Then there exist C* independent of €, tg and t1, such that for any admissible
pair (q,7),

[0 || Lo, tr;m) C*e™ 2wl L2 + Caqe™ TR Lar 4001007

+ O*e@—no+20(8(9)—1/k) pe (t07 t1)||w€HLi(to7t1;L1)'

Proof. Apply Strichartz inequalities to Eq. (7.16) with ¢1 = ¢, r1 =r,
and g2 = ¢, 2 = r for the term with F'*(w®), g2 = ¢, r2 = r for the term
with h®, it yields

Hw6||L3(to,t1;L1) <Cgil/g”wg”LQ + nggilil/gil/qHhEHLq/(tO,tl;LT/)

+ Cea_l_ngFs(ws)HLz’(tmtl;Lz’)'

Then estimate the space norm of the last term by (7.17) and apply Holder
inequality in time, thanks to Eq. (7.15). Using Eq. (7.15) and the fact that
(g,r) is admissible, we compute:

2 2 1 20 20 4 20

-z _Z_ e

q q E k g k

The result follows. O

We will rather use the following corollary:

Corollary 7.9. Suppose the assumptions of Proposition 7.8 are satisfied.
Assume moreover that o > no and C*e27CE=Vk) De (4 1) < 1/2. Since
kd(s) > 1, this holds in either of the two cases:

e 0<tg<t1 <1—Acorl+Ae <ty <ty, with A > Ay sufficiently
large, or
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o to,t1 € [1 — Ae, 1+ Ae], with |[t; — to|/e < n sufficiently small.

Note that the parameters Ao and n are independent of €. Then for all
admissible pair (q,r), we have:

%[l 2= 0,01:22) < Cllwfllze + Cge™ Y URE | w12y (718)

Proof. The additional assumption implies that the last term in the es-
timate of Proposition 7.8 can be “absorbed” by the left-hand side, up to
doubling the constants,

[0 || Lt s2e) < Ce™ V4wl 2 + Ce™ MV R oy gy (7:19)

Now apply Strichartz inequalities to Eq. (7.16) again, but with ¢; = oo,
r1 =2, and gz = g, ro = 1 for the term with F*(w®), g2 = ¢, r2 =  for the
term with h®. It yields
W Lo (to,t4;22) SCllwillpe + 05_1_1/q||h6||LQ’(to7t1;L*’)
+ Céaflil/g”Fa(wa)||L5’(t0,tl;Lz’)'
Like before,

gnoflans(wa) < 62/g+20(5(§)71/E)D5(t0’ t1)

||Lg'(t0,tl;L£/) ~ llw [l Lato ta;7)
S EQ/EH@UE”LE(tmtl;LL),

and the corollary follows from (7.19), since « > no. O

We now essentially proceed like in the one-dimensional case. Inequal-

ity (7.7) is now replaced by (see (7.6))

¢ 1-5(p) 5(r)
———y |l (eVaullpe + 75 ()ull )™, (7:20)
(e+]t—1)°® T e e

for all p € [2,2/(n — 2)[. Note that we still have the a priori estimates:
=@l > = llog ()l > = llaoll L2,

eV (@)l L2 + leVes (D)l 2 = O (1),

75 (@)v5 (D)l 2 = [175(0)5(0) | 2 = [[Vaoll 2 -

JullL» <

Since w® € C(R; X)), there exists t° > 0 such that

[ 75 (T)w ()]l 12 < 1 (7.21)

for 7 € [0,t°]. So long as (7.21) holds, (7.20) yields, since s € [2,2/(n — 2)],
c C

Jus (Tl L. < (7.22)

{—mM.
SN CERESTINS
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Let T > 1. Split the time interval
[1 — Aoe, 1+ A()E]

provided by Corollary 7.9 into = 2A/7n intervals of length < 1. Applying
Corollary 7.9 ~ 2+ 2A/n times yields, for t < T and so long as Eq. (7.21)
holds:

—1—-1 2
HwEHL“’(Oxt?LQ) Set /o H|u5| ’ v Le' (0,t:L7)

for all admissible pair (¢, 7). Take (¢,7) = (g,r). Hélder’s inequality yields,
in view of Lemma 7.7:

LY (0.4:L+") < lu ”Lk 0,t;Ls) ||’U8||Li(07t;L£)

T 20/k
dr
s¢ / ey | & Y aollzz,
<0 <s+|¢—1>“<s>>

where we have used (7.22) and the homogeneous Strichartz estimate for v§.
Dlstlngulshmg the regions {|7 — 1| = ¢} and {|7 — 1] < &}, we infer, since

kd(s) >
||w6||Loo(0,t;L2) < Ceo172/a-203(s)+20/k
Again, notice that
—1—-2/q—206(s) +20/k = —no
Therefore, so long as (7.21) holds:
||ws||L°°(O,t;L2) < Ce*™m. (7.23)
For B¢ € {eV, J°}, apply B¢ to Eq. (7.9):

2
<i88t + %A) Bfw® = e*B* (|u5|2‘7 us) ; Bfwj—o = 0.
Since B°® (|u€|2a u‘f) is a linear combination of terms of the form

(u) (@)* 7 Buf and (u°)" (W)* F Bews,

we mimic the above approach. Write B*u® = B*w® 4+ B°vj. The function
F¢ is now chosen in order to contain all the terms of the form

() (@)* 7 Bw® and (uf)’ (w°)*7 " Bewr,
and h® contains all the terms of the form

e (u) (@°)* 7 Bug and £ (u)" (°)* " Beug.
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Since Bfvg solves the free semi-classical Schrodinger equation, Strichartz
inequalities yield:
1B=0§ || o sy < Cae™ " [laollss
where Cj is independent of e. We can therefore follow the same lines as
above, and conclude: so long as (7.21) holds,
HBEwEHLm(OmLz) < Ce®™ M9, (7.24)

Like in the one-dimensional case, a continuity argument shows that for
any T > 1, there exists ¢(7') > 0 such that (7.21) holds on [0,7] for all
e €]0,&(T")]. The proposition follows. Note that we have the more precise
error estimate:

1B 0 || oo 0,112y < C(T)e*™"7, VB° € {1d, eV, J7}.

7.3 Nonlinear propagation, linear caustic

In this paragraph, we assume o = 1 > no. For technical reasons, we will
treat the case n = 1 only, and we assume in addition o > 1/2. Essentially,
notice that Lemma 7.7 cannot be used when n > 2 and ¢ < 1/n. For
results in the case n > 2 and a = 1 > no, we invite the reader to consult
[Carles (2000b)]. Here, we first explain how to derive suitable approximate
solutions in the general case n > 1, and then we justify the asymptotics for
n=1.

Outside the focal point, we can use the approximate solution studied
in Chap. 2. We first make the expressions given in Sec. 2.3 as explicit as
possible. The rays of geometric optics are now given by

z(t,y) = (1 —1)y.

Therefore, when t < 1, the inverse mapping is given by:

X
ta) = ——.
ylho) =7

In the general case of the space dimension n, the Jacobi’s determinant is
given by

Ji(y) =det Vyx(t,y) = (1 —1t)".
We infer that for ¢ < 1, the leading order approximate solution constructed
in Chap. 2 is given by:

1 lal?
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T 2g/t dr
Qa, I a—— —_—.
"\1-¢ o [L—7[ne

Loosely speaking, since no nonlinear effect is expected near the focal point,

where G is given by:

G(t,z) = —

a natural candidate for an approximate solution past the caustic consists
in continuing ug,, for ¢ > 1 by taking into account linear effects at a focal
point. Since the linear effects at a focal point consist of a phase shift at

leading order (Maslov index), define:

1 T LI .

Uapp (8, 7) = (le_”i’/Q . a2
ao ( ) ' T G iy > 1,
(t—1)n/2 1-t
Note that the phase shift G is defined globally in time: the map
1
T e

is locally integrable, since no < 1.

We now explain how to derive a global in time approximate solution
from the Lagrangian integral point of view. Suppose that A¢(t, &) converges
to some function A(t,£) as € — 0, on some time interval [0,7], T > 0.
Formally, Eq. (7.3) yields

1 st—1 2, ,x-&
(b w) N ———— I TR AL ©)de.
w(tn) ~ s [ e (t€)de
For t # 1, we can apply stationary phase formula to the right hand side,
and find:

1 1p12 s meE einﬂ'/4sgn(17t) T L
- =i €T A ©)dE ~ Alt (PEC=
(2me)n/? /Rn ¢ (t,€)dt [t —1|n/2 t-1)°
We infer

c20 . N einﬂ/4sgn(17t) % T i%(z_l)
|uf|™ u® (¢, z) ~ 1 |A]”” A t’—t—l e'2:G-1

Using stationary phase formula again, we obtain

.7:(|u5|2g uE) <t, é) ~
9
1 einm/4sgn(1-t) L zg 5 T
= e Ve AT A, —— | d
| AP (17 )
n/2
9

~ |t _ 1|no‘

A7 A(t,€) e 5 €7,
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Since the time evolution of A is given by Eq. (7.4), we expect the limiting
equation (o = 1):

DALY = T AGO ALY 5 Apa=Ar (125

|t
where we recall that Ag is defined by

Ag(§) = e ag ().
Notice that the modulus of A is independent of time (since 9;|A|? = 0), so
At,€) = Ag(€)e™ ),

where

t t
dr dr
t, = — A 20/ _ = — — 20/ [— .
91,6 =~ 1@ | s = a0 |
Note that up to a scaling in time, we recover the previous function G:

g9(t, &) =G (t, (t—1)§).
Unlike G, g is defined for all ¢: the Lagrangian integral unfolds the singu-
larity at t = 1.
Proposition 7.10. Assumen =1, and « =1> o > 1/2. Then
A® — Age  in LE.(R; X).

e—0

This implies, for all B¢ € {Id,e0,,J}, all € [0,1] and all T > 0,

||BE (us - Uifa/*) HLOO(1_5L371+5B;L2) 5

BE(t E(t) —ut_ (t 0.
|t71|SZl£7t<T 1B°() (u*(8) = wapp )] 12

ef=e

Remark 7.11. The statement of the proposition suggests that more in-
formation is available in terms of the Lagrangian symbol than in terms of
the wave function directly. This aspect is also present in the analysis of
the case “nonlinear propagation, nonlinear caustic”, see §7.5. Of course, by
construction, the Lagrangian integral unfolds the singularity at the focal
point, which makes it possible to have a uniform in time statement. More-
over, from a technical point of view, Lagrangian integrals make it easier
to consider non-smooth functions (here, z +— |2]?), since they come along
with energy estimates which cost one derivative less than the error esti-
mates outside the focal point presented in Chap. 2. This aspect is also
crucial in §7.5.
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Proof. First, we verify that the first point implies the second assertion.
We use the following lemma.

Lemma 7.12. Letn > 1 and f € C(R; L?). Denote

A%t @) = W /IR e TR p (e,

. n/2
i _l=l? 1 x
Fe(t =% [ —— t,—— | .
o) =7 () f ()

Then there exists h € C(R*;R.) with h(t,0) = 0 such that for all t # 1,

|M@—WWM=th%>

If, in addition, f € C(R; H?), then a little more can be said about h:
3C >0, h(t,\) <COX|[f(t, )|y -

and

Remark 7.13. We do not use the last point of this lemma in this section.
It will be used in Sec. 7.5.

Proof. [Proof of Lemma 7.12] From Parseval’s formula,

a2 . n/2 )
AS(t,z) = e'TD (1it> / L R o

Define, for A € R,
— (i3 Z 1) FL et ‘
h(t,\) H(e )T F&) .

Since f € C(R;L?), h € C(R?;R). The property h(t,0) = 0 then follows
from the Dominated Convergence Theorem.

When f € C(R; H?), we use the general inequality |e? — 1| < |0]. O

Introduce

—1 .
t :,U —it 2e ‘5‘ +17A elg(txg)d .
app( \/ﬁ / 0(5) 5
With f(t,€) = Ag(€)e’9™9) | we check that f € C(R; ). Lemma 7.12 shows
that for any § € [0, 1] and any T > 0,

sup [ () — ugpp(t ||L2 0

[t—1|>eB t<T e—=0
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We check easily that since 9, f, zf € C(R; L?), we have moreover
sup 1B°(¢) (Uspp(t) — ugpp(t)) ||L2 —60, VB¢ € {1d,e0;, J¢}.
£—

|t—1|>eB t<T P P
Notice, on the other hand,
ig(t ~
A = a0 = 3T (1B (" 0) ~ T 1) ]

Bee{ld,ed,,Jc}

Therefore, the first part of the proposition implies: for any 8 € [0, 1] and
any T > 0,

sup Z ||Bs(t) (us(t) — ﬂgpp(t)) HL2 — 0.

=112 ¢<T gec (14,0, ,J¢} =0
For the region the region {|t — 1| < ¢”}, denote
w% =u® —v]__s.
By definition of v{__g, it solves:

2

€

. e 2, € |20 e . e
iediwp + 5 Jywg =clu[u® 5 wh,_y_s =0

For B¢ € {1d,ed,, J°}, apply the operator B¢ to the above equation, and
the energy estimate of Lemma 1.2:

2
sup [|BE(t)uwj(t)]| . < / [ (7)lI7% dr sup B (#)us (1) 2 -
[t—1|<eP [T—1|<eP [t—1|<eP

From the conservations of mass and energy for u®, the L? norms of v® and
€0, uf are bounded independent of €. Gagliardo-Nirenberg inequality yields

sup [|u” ()| . < Ce™/2,
teR

hence

sup ||B(W)wi(t)]|,. S €777 sup [BT()u ()] 2 -
[t—1|<eP [t—1|<eP

Since
> 1B ()u” ()]l 2 = A ()]s »
Bee{ld,ed,,J¢}

the first part of the proposition yields:

B (t)w(t < gfe,
Lo B @ws . s e

Therefore, we just have to prove the first assertion of the proposition.
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Fix T > 0 and 8 €]0, 1[. Again we distinguish the regions {t < 1—¢P},
{|t —1] <’} and 1 +&° <t < T}. We check that by construction, g,
satisfies

+ 82~5 20 U

£
(€0 Uzpy zWapp = ‘ Uapp|  Uapp — T

where the error term r¢ is given by:

2
T‘E(t,x }uapp (t,x)] 7 Uppp (, )

e TIPS A (6)e9(0) x (—dhg(t, €)) dE

_m

20 ~,
(t x)| Uy (, )
1 1

- P EPHEE 4620 A ig(t.8) g
\/%“_tlg/e | 0( )| 0(5)6 {

Note that the two terms involved in the definition of r¢ are of the form F°
and A€ respectively, as in Lemma 7.12, with

£(2,€) = |Ao(E)* Ao(€)e™s®9.

We check that f € C(R;X). Therefore, since 8 < 1, Lemma 7.12 and
Eq. (7.5) yield

|uapp

sup > B ®E®))e —0. (7.26)

_ 5
[t—1|>eP,t<T Bee{1d,ed,,J¢}

Let w® = u® —ug,,. It solves

20 ~¢

te0yw® + %aiws =c (|u5| u® — |, app) +erc. (7.27)
From Lemma 7.1,
S 1B O 0)] 2 —0.
Bee{ld,ed,,J<}

We then proceed as in Sec. 7.2: there exists €9 > 0 such that for every
e €]0,¢eg], there exists t¢ > 0 such that

[ 75 (T)w (T)]| > <1 (7.28)

for 7 € [0,t°]. So long as (7.28) holds, the weighted Gagliardo—Nirenberg
inequality (7.7) yields, along with the conservations of mass and energy for

uc:

C
Et oo < . a1/9\ "
||’LU ( )”L (E+|t—1|1/2)
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for some C' independent of . Since on the other hand Age® € C(R;Y),
Eq. (7.5) shows that there exists C' independent of e such that
> 1B (t)ug,p,(W)]|,. <C, VEeR.
Bee{ld,ed,, e}
Apply B° € {Id,e0,,J°} to Eq. (7.27), and write u® = w® + ug,,. The
energy estimate of Lemma 1.2 shows that so long as (7. 28) holds,

1B i [ 0P B )] tr
[ (e = it Bz 0 i
= [ 10l b+ o)
/ ()25 1BF (P (7).

/H (1w )P + () e ()|, _dr

/ 1B (7)r= () | 2 dr + o(1),

where we have used the assumption o > 1/2 and the uniform boundedness
of B°ug,,, in L?. We infer

t
1
BEw®||; oorn ;. < ——||B° N d
1B | 1) S / e I Ol dr

t
1
4 / — T
0 (e+|r—1)7 12 g

/ 1B (7)r* () o b+ 0(1)

! (m)w (T T
N/Omnz%() ()l d

K 1 £ £
+/0 Crlr=1" Z = (T)w* (7) || o dT

Kee{ld,ed,,J¢}

+ [ 1B ()= ()l g2 dr + o(1).
Summing over B¢ € {Id €0y, J¢}, Gronwall lemma and (7.26) yield, so long
as (7.28) holds:

> I1B=w" Lo 0,152) =3 0
Bee{ld,ed,,J¢}
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provided that t < 1 —¢? and 3 < 1. Therefore, for every 8 € [0, 1], there
exists (3) > 0 such that (7.28) holds on [0, 1 — £7] for ¢ €]0,(3)].

For the region {|t—1| < 7}, assume moreover 3 > o, which is consistent
with the previous assumption 5 € [0,1], since 0 < 1. We go back to the
evolution equation for A%, Eq. (7.4): since o = 1, and in view of Eq. (7.5),

oA Wl <A Bls< Y B0 (v wo)]
Bee{ld,e8,,J<}

S e @)% > 1B (8)u” (#)l L2

Be(t)e{ld,ed,,J¢}
S @I 14705, S e 1475,

where we have used the conservations of mass and energy for u®, and

L2

Gagliardo-Nirenberg inequality. Since we have seen that A° is uniformly
bounded in ¥ at time ¢ = 1 — ¢”, Gronwall lemma yields

sup A1)y ST S 1,
|t—1|<ef

since 8 > o. On the other hand, we have

Jor (e ), = [AveO0uste)
_ 1
-1

where we have used ¥ — L*°(R). Write

‘m@—%w@

s el |
[T—1|<ef |[T—1|<eP
dr

< o(1) +/ a“’d7’+/ —
|T—1|<es |7—1|<eB T —1]

Since t +— |t — 1|79 is locally integrable, we infer, for all 3 €]o, 1],

AS(t) — Age®)

s
c
20
|aol CLOHE < S

sup
lt—1]<e?

!

00 (Aoc) s

— 0.
»e—0

sup
jt—1]<e?

This allows us to mimic the approach used for ¢ < 1 — ¢”, in the region
{1+ &P <t < T}, since in particular,

47 (1+ %) — ageia(+<")

‘ —0.
> e—0

This concludes the proof of the proposition. O
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7.4 Linear propagation, nonlinear caustic

We now resume the framework of arbitrary space dimension, n > 1, and
consider, for no > 1,

. 82 20 ilzl2/(2

ie0pu® + EAuE =" WE 7wt uf(0,2) = ag(x)e /() (7.29)

From the discussion in Sec. 6.3, the nonlinear effects are expected to be
relevant at leading order in the limit € — 0 only near the focal point
(t,z) = (1,0). Moreover, in the linear case, the concentration phenomenon
occurs at scale € about the focal point. We blow up the variables at that
scale about the focal point:

1 t—1 =z

The factor e~"/2 may be viewed as a normalization in L?(R"): for all ¢,

t—1
1 ()l gy = Hw ( )

€

L2(R™) .
We first note that )¢ satisfies an equation where ¢ is absent:
1
iatws + §A1r/)6 — |¢5|201/)6.
However, 1° does depend on ¢, through its Cauchy data:

o (—1 f) _ /2y ()eilel?/(20)

g €

hence

£

-1 ,
¢€ (_7x) — En/2a0(8$)6—15|x|2/2'

Two things must be noticed in the above expression. First, the data are
prescribed at a time which is not fixed: it goes to —oo as € — 0. On the
other hand, these data become flatter and flatter as € — 0, but their L2
norm is fixed: the wave scatters. These two points of view are reminiscent of
scattering theory for dispersive partial differential equations. Before going
further into details in the semi-classical analysis of Eq. (7.29), we recall
more results on the nonlinear Schrodinger equation.
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7.4.1 Elements of scattering theory for the nonlinear
Schriodinger equation

The first result we recall concerns the Cauchy problem for nonlinear
Schrodinger equations with data prescribed near ¢ = —oo. The proof can
be found in [Ginibre (1995, 1997); Ginibre et al. (1994)]. We recall that the
notion of admissible pair was introduced in Definition 7.4.

Theorem 7.14 (Existence and continuity of wave operators). Let
n>1,ty € [—00,0] and p_ € X. Denote Uy(t) = €'z, and consider
the Cauchy problem

0+ SAG= PG Do), =y (7:30)

If niz <o < %5 (0>1ifn=1), then Eq. (7.30) has a unique solution

veYi={pe CRD) ;5 ¢,V (@+itV)p € LU(] - 00,0} L")
for all admissible pair (q,r)}.

The solution v is strongly continuous fronl (to,—) € [—00,0] x ¥ to Y,
and if we denote (t) = Up(—t)9(t), then b € C([—00,0]; ). If to = —o0,
then

[Uo(~£0(8) — V-5, — 0,
and the map W_ 19—+ tb;—q is called wave operator.

Remark 7.15. The above result is false as soon as o < 1/n: for instance,
if n =0 =1and if ¢ € C(R; L?) solves Eq. (7.30) with tg = —oo, then nec-
essarily ¥_ = 1) = 0. See [Barab (1984); Strauss (1974, 1981)] or [Ginibre
(1997)].

The above result shows that it is possible to construct a solution to the non-
linear Schrédinger equation in prescribing an asymptotically free behavior
as t — —oo. This is the first step in the nonlinear scattering theory: prov-
ing the existence of wave operators. Now that ¢ € C(R;X), the converse
question is the following: does 1 behave asymptotically like a solution to
the free Schréodinger equation as t — 4+00? One can give a positive answer
to this question, up to making an extra assumption on the power o. See
for instance [Cazenave and Weissler (1992); Nakanishi and Ozawa (2002)]
or [Cazenave (2003)].
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Theorem 7.16 (Asymptotic completeness in X). Letn > 1, ¢ € X.
Consider the Cauchy problem

. 1 -
0+ 580 =[5 W= (731)
Assume

2—n+vVn2+12n+4
4dn ’

oz op(n) =

and in addition, o < 2/(n — 2) when n > 3. Then there exists a unique
Y1 € X such that the solution ¥ € C(R;X) to Eq. (7.81) satisfies

1To(=8)9(t) = P+lls;, 7 O
Moreover, the map W;l D Yy is continuous from X to itself.

Remark 7.17. We check that 1/n < o¢(n) < 2/n, and gg(n) > 2/(n + 2)
when n > 2.

Recall that the existence of such a solution ¥ € C(R;X) to Eq. (7.31)
follows from Proposition 1.26.

Definition 7.18. The map S : ¥)_ — 1 given by Theorems 7.14 and 7.16
is the (nonlinear) scattering operator associated to Eq. (7.30).

The scattering operator can be understood as follows. Since the operator
Uo(t) is well-known, one first tries to construct a solution to the nonlin-
ear Schrodinger equation that behaves like Ug(t)y— as t — —oo for some
prescribed ¢_. This yields ¢ = 1(0). Conversely, can we neglect the non-
linearity for ¢ — 400 as well? If yes, then 1(¢) behaves like Up(t)y4 for
some function 4. See Fig. 7.1. Note that the group Up(t) is unitary on
H(R"), but not on :

2+ itV = Up(t)aUs(—t) = zUp(t) = Up(t) (z — itV).

This explains why the error estimate is ||Ug(—t)¥(t) — ¢+||s;, and not
[¥(t) — Uo(t) b |-

There is no reason to expect Sv¥_ = 1_. However, besides the existence
of the scattering operator S, very few of its properties are known. We can
check, however, that at least for small data, it is not trivial; see Sec. 7.4.3.
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W, Uo(t)

g /¥ P(t)

Fig. 7.1 Scattering operator.

7.4.2 Main result

Proposition 7.19. Let n > 1 and ag € X. In addition to the condition
o <2/(n—2) forn >3, assume that 0 > oo(n), given in Theorem 7.16.
Then the following limits hold:

limsup sup ||B°(t) (u®(t) — ug (t))HL2 T 0, VB®e{ldeV,J%},

app
e—=0  |t—1|>Ae —+oo

where the (discontinuous) function u  is given by:

app
1 x|
TETRE (1 - t) e e
. efinﬂ'/4 T .
Uapp(ta {E) = W (W* Ofa’o) (g) th - 1’
—inm/2 i _lzl?
o (e ($5) e

where W_ and S denote the wave and scattering operators respectively. For
t =1, we have

Yo A @) —ug, ()] 0
Ace{ld,eV,z/e}
This implies, in terms of the Lagrangian symbol:

limsup ~sup [[A%() = A(t)[ly — 0,
€0 [t—1|>Ae A—+too
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where
Ag(&) = em ™ Aag (=€) ift <1,

A(hf):{ (FoSoF14) (€) ift > 1.

Before proving this result, a few comments are in order. First, the statement
of the convergence outside the focal point may seem intricate. The meaning
is that outside a boundary layer in time of order €, nonlinear effects are
negligible at leading order. On the other hand, since the definition of the
approximate solution is different whether ¢ < 1 or ¢t > 1, nonlinear effects
affect the wave function at leading order inside this boundary layer of order
€. These effects are measured, in average, by the scattering operator S; see
Fig. 7.2. More precisely, compare with the linear asymptotics (6.2). For

t
\\ \ \ Lo, . . .
N A linear geometric optics
/
\\ N \ ,/ s
\\ \\ \ / ///
NN //’/
\\\\ ////
N\/ig .
Ae, A>1 A1 S: nonlinear effects
//// \\\§
7/ \ N
////// \ \\\\
e \ N
a // / \ \ \\
4 / \ \ . . .
R (NN linear geometric optics
/ \ \
e // / \ N N
// / !/ \ \\ A
7 / \ N
e / / \ \\ AN
A
T

Fig. 7.2 Nonlinear caustic crossing.

t < 1, we recover the same asymptotic behavior. For t = 1, we still have the
phase shift e=**7/4 (which corresponds to half a Maslov index), but Fay is
replaced by W_ o Fap: nonlinear effects are not negligible any more. For
t > 1, we retrieve the linear phenomenon measured by the Maslov index,
plus a modification of the amplitude, in terms of S.

Concerning the Lagrangian symbol A%, we see that, unless F~ 14 is a
fixed point for S, its limit is discontinuous: this is a typical nonlinear effect,
since by construction, the limit of A€ is continuous in the linear case.

Such a description of caustic crossing in terms of a nonlinear scattering
operator first appears in [Bahouri and Gérard (1999)], for the energy-critical
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wave equation
(07 —A)u+u®=0, (t,z) e RxR (7.32)

For a sequence of initial data (u®(0), 9u®(0)) bounded in the energy space
H'(R?) x L?(R?), H. Bahouri and P. Gérard prove that if the weak limit of
u® is zero, then the only leading order nonlinear effects correspond precisely
to the existence of caustics reduced to one point (in general, an infinite
number of focal points). In that case, the caustic crossing is described
by the scattering operator associated to the nonlinear wave equation. See
also [Gallagher and Gérard (2001)] for the case of a wave equation outside
a convex obstacle. The proof uses the notion of profile decomposition,
introduced in [Gérard (1998)]. See Sec. 7.6 for a presentation of this notion
in the context of nonlinear Schrédinger equations.

In the case of the semi-linear wave equation (6.5), the case “linear prop-
agation, nonlinear caustic” is studied in [Carles and Rauch (2004a)]. The
main result asserts that the caustic crossing is described in terms of a
nonlinear scattering operator, and most of the work in [Carles and Rauch
(2004a)] is dedicated to constructing this nonlinear scattering operator.

Proof. Resume the change of unknown function introduced in the begin-
ning of this paragraph:

1 t—1=x
ut(t,x) = 5”/2¢€ ( 7—) .

9 9

Recall that ¢ satisfies
1 -1 .
i8t¢€ + §A§/J€ _ |w5|20 d]a : wa (?7x) _ En/2a0(8$)6718|w|2/2.

As suggested by the previous paragraph, we compute

1 -1 n/2 . .
o (M) e (Low) = ()" [ et e sagtepye sy
€ € 24 n

—inm/4

€ L 2 —ix-

= (27T)n/26“3‘””‘ /2/ e "“Yay(y)dy
= e

7inw/4eia\w\2/2a\o($).

By the Dominated Convergence Theorem, we infer:
1 -1 ; .
Uy <—> ° <—> — e /4G, in 3.
9 S e—0

o= Gy €%,

Define
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and introduce the function 1, solving

1 o
1000+ 5 A0 = [0 5 Up(=0)p(t)] ., =¥~
Theorems 7.14 and 7.16 then imply:
sup [|Uo (=) (¢°(t) — 9 (8))]ls — 0.
teR €

—0

Back to the function u¢, this yields

1 t—1 -
sup || B5(t) (us(t, )= n—/21/) (—7—)) —0>0.
Bee{ld,ev, e} R € £ 27
From the scattering for ¢, we infer, for all 5° € {Id, eV, J¢}:
limsup sup ||B°(¢) (us(t, )= LUo (t — 1) W (—)) — 0,
e—0 t<1-Ae en/2 £ 5 L2 A—+oo
1 )
. 5 € N - _
g (s~ o )] .
limsup sup ||B°(t) <u5(t, ) - LUO <g) o (—)) — 0,
0 t>1+Ae en/2 € € 12 A—too

where ¢, = Sv_. The proposition then stems from the following lemma:

Lemma 7.20. Let ¢ € L2. Then the following asymptotics hold in L?(R™),
ast — Foo:

—inm/4sgnt
e /x
Uo(t)p(z) = MT‘P (?

If in addition ¢ € %, then for all A € {Id,V,z + itV},

) o120 4 o(1).

e

A (U TR S (2 il ren
o (w0 S )

H ()(0()90 ez e\g)e )
This lemma can be proved in the same way as Lemma 7.1, by writing

1 I
Uo(t)p(r) = Qirt)? /Rn el /@ o (y)dy

1

_ ile|?/(20) iy /t ilyl?/(21)
= @int)n2° / ¢ ¢ (y)dy

— 0.
t—+too

L2

1 i|z|? —ix-
~ We\ \/(m)/ ==/t oy dy.

The proof is omitted.
With this lemma, the proposition follows easily. (Il
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7.4.3 On the propagation of Wigner measures

Since Proposition 7.19 provides a strong convergence of the wave function
u®, we can infer the expression of the (unique) Wigner measure associated
to u®. The definition of a Wigner measure was given in Sec. 3.4: it is the
limit, up to a subsequence, of the Wigner transform of u°,

we(t, 2, §) = (277)%/ u® (t,x — Eg) u® (t,x + sg) e dn.

Proposition 7.19 implies:

w(t, 2, 6) — {“(’%d%dé) if <1,

=0 | pug(t,de,d) if ¢t > 1,
where
1 x 2
,U_(t,dﬂf,dg) = (1 _t)n ao 1—¢ dx@agzw/(tfl)v
2
u+(t’dx7d§) = W (fflosofao) (T) dm®5§:m/(t71)-

In addition,
Jim i (¢, da, d€) = Gomo @ |an (&) Pde,
Jim (1, de, d€) = 850 @ | (F 7 0 S 0 Fao) (€] de.

We see that, in general, the Wigner measure has a jump at t = 1. We can go
even further in the analysis, and prove that the propagation of the Wigner
measures past the focal point is an ill-posed Cauchy problem: we can find
two initial amplitudes ag and by such that the corresponding measures p_
coincide, while the measures y1 are different. Consider bg(z) = ag(x)e®),
where h is a smooth, real-valued, function: the two measures p_ coincide.
We must then compare

‘f*IOSOfaO‘Q and |]—"1oSo}'(aoeih)‘2.

Note that if A is constant, then the above two functions coincide. The same
holds if A is linear in z, since the Fourier transform maps the multiplica-
tion by e™€0 to a translation, and the nonlinear Schrédinger equation is
invariant by translation. However, it seems very unlikely that

|F'oSoF (aoeih)|2

does not depend on h, for any smooth, real-valued, function h. To prove
this vague intuition, we can compute the first two terms of the asymptotic
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expansion of the scattering operator S near the origin. To simplify the
computations, we consider the L2-critical case o = 2/n:

Proposition 7.21. Letn > 1, 0 = 2/n, and¢_ € L?(R™). Then for § >0
sufficiently small, S(6¢_) is well defined in L*(R™), and, as 6 — 0:

+oo
$(60-) = v —is 0 [ Ua(r) ({Ualr)o [ a(r)o-) dr

+ Ope ((51+8/n) .

Proof. The proof follows the same perturbative analysis as in [Gérard
(1996)] (see also [Carles (2001Db)] for the nonlinear Schrédinger equation).
First, it follows from [Cazenave and Weissler (1989)] that S(dy_) is well
defined in L?(R") for § > 0 sufficiently small. We could also assume that
1_ € X, and invoke Theorems 7.14 and 7.16.

Let § €]0,1], and consider 1° solving:
. 1 4 n
0" + 5807 = [0 Uo(=0wt (), = v

Plugging an expansion of the form 1% = §(¢g + 6%y + §*/"r%) into the
above equation, and ordering in powers of §, it is natural to impose the
following conditions:

o Leading order: O(9).
. 1
i0po + 5000 =0 5 Uo(=t)po(t)],__ =¥~

o First corrector O(s1+4/m),

™0

iOp1 + A‘Pl o ; Uo(—t)er(t)],___ =0.

The first equation yields
po(t) = Uo(t)y-.

From the second equation, we have:

¢
prlt) =i [ alt =) (Ja( g0 (r)) .
Let v = 2 + 4/n. Remark that the pair (v,7) is admissible (see Defini-
tion 7.4), and denote Ly, = L"(] — oo,—t] x R™). Strichartz estimates
(¢ =1 in Lemma 7.6) yield:
||<)OO||L’Y(]R><]R" < COlY-|lpe,

/n 1+4/n
lalls ey < € lgol" o] s < Clloolz e

1+4/n
<C |t
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where we have used Holder’s inequality, and the relation 1/9" = (1+4/n)/~.
We also have:

0"+ 307 = g (m + 64y + 6% ré) — (o) ; Us(—=t)r°(1)],_
where g(z) = |z|*/"z. Strichartz and Holder inequalities yield

4/n
e R e e S R L (SR
’ L.
< 4/n 4/n 4/n
~ ||SOO||L?1+ 4 $1

4/n
5 <1_|_ H54/n,r§ . )54/71 (1_|_ ”TSHLZT)

ta
H 1+4/n

:07

— 00

4/n
Yo (el + 17l )

+ H(Sél/n 5‘

< g/ g gi/n Hrsz + H54/n 5

The second term on the right hand 81de is absorbed by the left hand side,
provided that ¢ is sufficiently small (up to doubling the constants). For the
last term, we use a standard result:

Lemma 7.22 (Bootstrap argument). Let M = M(t) be a nonnegative
continuous function on [0,T] such that, for everyt € [0,T],

M(t) < a+bM(t)?,
where a,b > 0 and 0 > 1 are constants such that

1 1 1
Then, for every t € [0,T], we have

0
M(t) < .
O<g—ga
This argument shows that for 0 < § < 1, r® € L7(R x R"), and
7| v (xemy S 6%
Using Strichartz estimates again, we infer:
1+4/n
HT(SHLOQ(R;L2(R")) 5 54/n 54/71 ||7,6|| _|_ H54/n 6H N 54/n.
Therefore, ’
Up(=£)°(t) = 6Us(~t)po(t) + 6"/ Up(~t ) 1 (1) + 0T Uy (—)r° (1)
— gt/ / Us(=7) (oI 00 (r)) dr

L O (51+8/ ”) ,
where the last term is uniform with respect to ¢ € R. Letting t — 400, the
result follows. O
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We proceed as in [Carles (2001b)]. Denote
“+o0

P(y-)=—i | Un(-7) (|U0(T)¢,|4/"UO(T)¢,)dT.

Obviously,

=

~ 2 —_—
IF o8 (6y_)|* = 62 ‘@b,‘ +25%+H4/7 Re (@b, w,) +O (52+8/") ,
and we have to prove that we can find ¢_ € ¥, and h smooth and real-
valued, such that
Re (FU_F (Py-)) # Re (F(Un)F (P (¥n))) = R(-,h),

where vy, is defined by

Dn() = M OD_(©).
If this was not true, then for every v¥_ € X, the differential of the map
h — R(1—_,h) would be zero at every smooth, real-valued function h. An
elementary but tedious computation shows that

DpR(1p-,0)(h) # 0,
with h(z) = |2|2/2 and 1_(z) = e~ |#I’/2. Indeed with this choice, compu-
tations are explicit:

bo(z) = P_(z) = e TV
With h,(z) = a|z|?/2, a € R, we introduce 9, such that Vg = etherp_. Tt
is given by
Ya(z) = (14 ia)—n/Qe—\zP/(Z(Hia)).

The evolution of Gaussian functions under the action of the free Schrédinger
group can be computed explicitly, and we find:

Un(tpba(z) = (1 + i(a+ 1)) /2 oI/ COiGa+0),

Therefore,
_ —(1+ia) 22
R(¢_,he) =Im (e 2 X
y /+°° (1+i(a+1))
oo 1 (att)?

where ((a) = 4/n1—:_1(;_i(f);_ 2

—n/2 (2

(1~ it(a)) 2 =S ),
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To prove the above claim, we differentiate this quantity with respect to
a, and assess the result at a = 0. Considering for simplicity x = 0, we
check that Dy R(t—,0)(h) £ 0. This shows that the caustic crossing is an
ill-posed Cauchy problem as far as Wigner measures are concerned:

Proposition 7.23. Letn > 1 and 0 = 2/n.
(1) There ezists ap € ¥ such that the Wigner measure associated to u®, the
solution of Eq. (7.29), is discontinuous at t = 1:

lim p_(t, dz,df) # lim py(t, dx,dE).
t—1-— t—1+

(2) There exist ag and ap in X, such that if u® and u® denote the solutions
to Eq. (7.29) with these data, we have:

p—(t,dz,d€) = p_(t,dz,df), t<1,
H+(t,d$,d§) 7& /7+(t,d$,d§), t> 17

where puy and pir denote the Wigner measures associated to u® and u®,
respectively.

Remark 7.24. This result is not specific to the value ¢ = 2/n. It is
stated in this case because we have studied the asymptotic expansion of
the scattering operator near the origin for ¢ = 2/n: Proposition 7.21 could
be extended to other values of o, with a slightly longer proof, allowing the
extension of Proposition 7.23 to other values of o.

This reveals a difference between WKB régime and caustic crossing for
the propagation of Wigner measures. We have seen in Chap. 2 that in
the critical case of the WKB régime, the Wigner measures are propagated
like in the linear case; the leading order nonlinear effect does not affect
the Wigner measure. On the other hand, the above discussion shows that
as soon as nonlinear effects affect the wave function u® at leading order
(a = no > 1), the propagation of the Wigner measure undergoes nonlinear
phenomena.

7.5 Nonlinear propagation, nonlinear caustic

In the previous paragraph, we have seen that when o = no > 1, the caustic
crossing is described in terms of a nonlinear scattering operator. Suppose
that this aspect remains when o = no = 1. Then because o = 1, we know
that also outside the focal point, the nonlinearity cannot be neglected at
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leading order (see Chap. 2). This suggests that it is not possible to com-
pare the dynamics of the nonlinear Schrédinger equation to such a simple
dynamics as that of the free Schrodinger equation; see also Remark 7.15.
To compare the nonlinear dynamics with a simpler one (but necessarily not
“to0” simple), we need the notion of long range scattering.

We suppose n = 1. Note that removing this assumption is everything
but easy [Ginibre and Ozawa (1993)]. The existence of modified wave oper-
ators (wave operators adapted to the long range scattering framework) was
first established in [Ozawa (1991)]. A notion of asymptotic completeness
appears in [Hayashi and Naumkin (1998)]. The most advanced results (so
far) on the long range scattering for the one-dimensional, cubic, nonlinear
Schrédinger equation, can be found in [Hayashi and Naumkin (2006)].

We present the main result of [Carles (2001a)] without giving all the
details. The main technical idea is to work with oscillatory integrals, like
we did in Sec. 7.3. When n = ¢ = 1, we modify the initial data, and
consider:

ie0wu® + fa%f =cufu
K 9 T T ’ (7.33)
UE(O’ (E) — efiac2/(2a)7i|ao(w)\2 logaao(x).

The new term in the phase is closely related to the fact that we need
long range scattering to describe the caustic crossing. It is also suggested
by a formal computation. Recall that the expected limiting equation for
the Lagrangian amplitude A® is given by Eq. (7.25). In the current case
n = o = 1, this equation is:
. 1 2

For some general initial data Ay (not necessarily equal to Ag derived in
Lemma 7.1), we find, for ¢ < 1:

A(ta 5) = g0(§)€i|go(f)‘2 log(l_t).

Applying stationary phase formula like in §7.3, we get, for ¢ < 1, on a
formal level:

o)~ A (r T e
u ,arm\/m To1) ¢
i /4 ~ 4
o T (B iAo/ -1 los1-) ity
vt o\r=1
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Motivated by the approach of Sec. 7.4, change the unknown function u® to

1%, where
o (512).

In the present case, 1° is given by:

Ve (t, @) = %go (%) eilgo(r/t)\zlog(s\tl)eis\z\Q/(Qt)’ t<0.
Passing to the strong limit in L2, the last exponential becomes negligible
as € — 0. On the other hand, the term log(el|t|) causes a weak convergence
to zero, if Ay is independent of e. Since the L2-norm of the wave functions
u® and ¢ is independent of time, this convergence cannot be strong. If,
instead of considering ﬁo independent of €, we choose

20(5) = Ao(f)efﬂAO(g)F loga’

where Ag is given by Lemma 7.1, then we have:
eiTr/4

Ve (t, 7)) = Ao (%) cil Ao/ loglt| ile|?/ (2¢)

It]

This function converges strongly in L2, to
/4
witr) = Z A (E) il Ao(a/0)[? logt]
LA

This formal approach explains why it is convenient to modify the initial
data, like we did in Eq. (7.33). Note that the above phase term in log |¢|
is exactly the modification which is needed in long range scattering; see
also ST below. With this preliminary explanation, we can state our main
result:

Proposition 7.25 ([Carles (2001a)]). Assumen=a =0 =1.
1. We can define a modified scattering operator for

00 + 3020 = WPy, (734
and data in F(H), where:
H={fecHR); =f € H*(R)}.

More precisely, there exists 6 > 0 such that if _ € F(H) with ||¢Y—-||s <4,
we can find unique ¢ € C(Ry, X)) solving (7.34), and 1y € L?, such that

(OO

N 0
L2 t—+oo

)
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where ST are defined by:

SE(t,x) = ‘@ (%) ‘Qlog [t].

Denote S : _ +— 4.

2. Let ag € H, with ||ag||s sufficiently small. Let u® be the solution of (7.33)
(which is in C(R; L?)). Define ¢ = e~ "/*Gy. The following asymptotics
hold in L?:

o Ift <1, then:

ez71'/4

ut(t,z) ~

e—0 /1 — T\t—1

~+

ity [ () hos 224 ( v ) .
o Ift>1, then:

—im/4 22 P NT L
wi(tz) ~ \e/t — 1elmﬂ|m(ﬁ)| log =5 <tf 1) ,

where ¥y = S_.

The —7/2 phase shift between the two asymptotics (before and after fo-
cusing) is the Maslov index. The change in the amplitude, measured by
a scattering operator, is like in Proposition 7.19. The new phenomenon is

the phase shift

2
— x t—1 — T

— || 1 — |

5 (=) - ()
which appears when comparing the asymptotics for the wave function u®
before and after the focal point. It is “highly nonlinear”, and depends on
€. Following an idea due to Guy Métivier, we called it a “random” phase
shift: it depends on the subsequence € going to zero which is considered.

2

t—1
log ;
g

In [Carles (2001a)], this result is proved by revisiting the approach of
[Ozawa (1991)] for the asymptotics on ¢t € [0, 1], so that we can use the
result of [Hayashi and Naumkin (1998)] to describe the asymptotic behavior
of u® on |1,T] for any T' > 1. In view of the improvement of [Hayashi
and Naumkin (2006)] (the domain and range of the above operator S are
improved), it should be possible to relax the assumption ag € H, and
require less regularity for ag. We shall not pursue this issue.

We shall merely outline the proof of Proposition 7.25. We leave out
the proof of the first point, which is now a consequence of [Hayashi and
Naumkin (2006)], and we focus our attention on the second point. We have
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already seen that a natural candidate as an approximate solution for ¢ < 1
is given by:

—1 2
G (t, ) 262+ il Ao (€)] Ao(ﬁ)dﬁ.
The last point of Lemma 7. 12 shows that since ag € H,
iedyus,, + = 83 ug,, =€ |uapp‘ ug,, — ere,
with
2
€ 1—t
5 < 1
IOl % e (10s =)
3
€ 1—t
S IOl S s (los )
Bee{ed,,Je}
Introduce w® = u® — Lemma 7.12 also yields

app

2
1
@)l < = (1og3 )

3
> IBFOw(0)] 2 Se <10g§> '

Bee{ed,, e}

Let 0 > 0. Lemma 7.12 and weighted Gagliardo—Nirenberg inequality (7.6)
show that there exists C, depending on ||ag||7 and ¢ such that for 1 —¢ >
Cie,

laollpo +6
||u’§,pp(t)||Loo ST Ao
C
[ Uapp( )HLOo < Vi-t
C 1—t
€ g
HJ (t)uapp(t)HLoo < ﬁlog c )
where C' depends on ||ag||#. The error term w® solves:
. € e 2, € €12, ¢ e |2 ¢ e
iedyw® + ?amw =cuf|"u —a|uapp‘ Ugpp + ET

=€ (|u6| w® + (|w +uapp‘ = [uzpp| ) app) +ert.
From the above estimates and (7.6), there exists eg > 0 such that for
e €]0,eo],

|

[0 (0)]] oo <
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By continuity, there exists ¢t > 0 such that
[0l €~
V-1
for ¢ € [0,t°]. So long as (7.35) holds, Lemma 1.2 yields:

(7.35)

[w @)l 2 < [lw(0)]| 2 +/0 [ ()|l 2 dT
+/0 (2 Huapp )Hioo + Huapp )HLoo ”ws(T)HLOO) |w® ()| 2 dT

¢ € 1-7\?
< JJw®(0)|| ;2 + C 1 d
O e C =
b dr
+Co [ (Dl 72

Co =2 ([laollze + 8)* + 8 (|lacl| L= + 3) .

where

Gronwall lemma yields, so long as (7.35) holds:

@l < Oz 40 [* 2 (1 1:)26:;)@0%

Rewrite the last term as

t 1_ 2 1_ Co Co pl/e 1 2
/ = (log—= ) ar= (= / log7)”
0 (1 —T)Q £ 1—1t 1-—t¢ (1—t)/e 72-Co

For Cy < 1, an integration by parts shows that

/ab %dr =0 ((iciggf) as b > a — +oo.

Therefore, if Ch <1l and 1 —¢ >

Ol < e (o) +op 5 (s (1))
(log (=)

With this first estimate, we can infer

S ou s <op (s (1)

Bee{ed,,J}

C,e with C, sufficiently large,
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Using the weighted Gagliardo—Nirenberg inequality (7.6), we deduce

1_ 5/2
lof Ol < e (10g (221))
V1—tl—t €

Therefore, if we choose C, sufficiently large, there exists £, > 0 such that
for all € €]0,¢.], (7.35) holds on [0,1 — Cie]. Applying Lemma 7.12 to ug,,
yields the asymptotic behavior of u® for t < 1 in Proposition 7.25. Note
that the smallness condition that we have used so far is Cy < 1. Since § > 0

is arbitrarily small, this assumption boils down to
1
|Mhm<ﬁ-
For the asymptotics when ¢ > 1, the smallness condition ceases to be ex-

plicit, since we have to use the results of [Hayashi and Naumkin (1998)] or
[Hayashi and Naumkin (2006)]. Introduce ¢ given by

1 t—1

It is easy to deduce from the above analysis that

Sup 1Uo(=1) #°(t) = v (®))lls 0,

£—

X *

where 1) is the unique solution to Eq. (7.34) with
vt — &5~ vty |
The local well-posedness for Eq. (7.34) shows that for all T > 0,

sup [[Uo(—t) (¥°(t) = (6) 5 —; 0-
t<T

£—

— 0.
L2t——0o0

Theorem 7.26 ([Hayashi and Naumkin (1998)]). Let ¢ € %, with
lells = 0" < 6, where § is sufficiently small. Let ¢ € C(Ry,X) be the
solution of the initial value problem

. 1
10y + 585 =[Py 5 Ym0 =

There exists a unique pair (W, ¢) € (L2 N L°°) x L such that fort > 1,

< CaltfoH»C(ts/)Q’
L2NLe°

|7 @0 @e (<1 [ 100FL) - w

< Céltforkc(ts/)Q ,
[oo

t
o d
| [ 150R — wogt — o
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where C§' < a < 1/4, and ¢ is a real valued function. Furthermore we

have the asymptotic formula for large time,

2 x\ |2 T
— || logt+1 (—)
(t )‘ gt +ioly )

1 T T
Y(t, ) _—(it)1/2W (?) exp <Z2—t +i
+ 0, (5/t71/27a+C(6) ) ’
and the estimate
| F (Uo(—=t)3(t)) — W exp(i| W [*1logt + id)|| oy < O§'t=atCE)?,

Finally, the map ¢ — (W, ¢) is continuous on the above spaces.

First, note that in view of Lemma 7.20, the above result yields the first
part of Proposition 7.25 with

Y =F 1 (We'?).
We now briefly explain how to conclude the proof of Proposition 7.25.
Inspired by the linear long range scattering theory (see e.g. [Derezinski
and Gérard (1997)]), introduce

(t-1)/= 1
.= [ T Pdr+ lao(-€)log -

—1/e
Write

AS(t,6) = e O BE(1, €),
so that

/e—l S EP iz £l (¢ f)BE(t €)de.
(0, 1[; L=(R)),

ut(t,z) =
2me
The asymptotics for ¢ < 1 and Lemma 7. 20 imply, in L

loc
#(£,€) = lao(=©)[* log " + o(1),

hence
1B¥(t,") — Aoll» —0,

with Ag(€) = e™"/*ag(—¢). For t > 1, Theorem 7.26 yields W € L? N L™
and H € L™ such that, in L{2 (]1, +oo[; L (R)),
t—1
¢ (£, €) = [W(§)|*log + H(&) + o(1).

By construction,

B(t,€) = e O F (U0< )w( _1>>-

Since the map ¢ — (W, ¢) of Theorem 7.26 is continuous, we conclude:
BE(1,§) — e MO (¢) = e HOF () in Lis.(1, +o0[; L2(R)).
£—
Using Lemma 7.12, we infer Proposition 7.25. Note that the function H is
not present in the limit, due to some cancellations.
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7.6 Why initial quadratic oscillations?

In this chapter, except in the case “nonlinear propagation, nonlinear caus-
tic”, we have considered initial data with quadratic oscillations, exactly of
the form

ue(0,2) = ag(z)ei1*17/(29), (7.36)
We have seen that in order to observe nonlinear effects at leading order near
the focal point, we have to impose o < no. In this section, we consider the

critical case
2

ie0u® + %Aus =" |uf)*7 u, (7.37)
with no > 1 (linear propagation). The formal computations of Chap. 6
suggest that since a focal point is expected to concentrate the maximum of
energy when a caustic is formed, any other caustic should be “linear”. All
in all, this means that we expect nonlinear effects to be visible at leading
order only when a focal point is present. In this paragraph, we show that
this intuition can be made rigorous at least when o > 2/n. The complete
proofs appear in [Carles et al. (2003)] for the case o > 2/n, and in [Carles
and Keraani (2007)] for the case 0 = 2/n. Since the papers are rather
technical, we only give a flavor of their content, and invite the reader to
consult the articles for details. Throughout this section, we assume that if
n >3, 0 < 2/(n—2) (the nonlinearity is H!-subcritical).

7.6.1 Notion of linearizability

The notion of linearizability that we shall use is the analogue for nonlin-
ear Schrodinger equations of the concept introduced by P. Gérard [Gérard
(1996)] in the case of the semi-linear wave equation (7.32). Consider the
linear evolution of the initial data for u®:

2
€0 + %A’UE =0 ; Voo = U= (7.38)
Roughly speaking, the nonlinearity in Eq. (7.37) is relevant at leading order
if and only if the relation u®(t) — v*(t) = o(v°(t)) ceases to hold for some
t > 0 (we consider only forward in time propagation here, since backward

propagation is similar). To make this vague statement precise, we clarify
our assumptions on the initial data.

Assumption 7.27. The initial data uf,_, = uj belong to HY(R™), uni-
formly in the following sense: if we denote

1Ny = 15N + 1V F2] 2,
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then

sup |Jugl g < oo.

£x

This assumption is satisfied for data of the form (7.36), provided that we
assume ag € 3. More generally, if uj is of the form considered in WKB
régime,

ug(z) = ao(x)e“b"(r)/s,

where ¢g is smooth and subquadratic, and ag € X, then Assumption 7.27
is satisfied.

Definition 7.28 (Linearizability). Let I¢ be an interval of R, possibly
depending on €, containing the origin; u® is linearizable on I¢ if

limsup sup [[u®(t) = v° ()| 2 = 0.
tel €

e—0

Recall the conservations of mass and energy in this case:

d o2 _d oo
@ [ (®)132 = 5 0" (Ol17 = 0,

- L levor @2 =0, (7.39)
d (1 en? e/ 12042
4 (BT + S eI ) =0

We have the first result:

Lemma 7.29. Let uj satisfying Assumption 7.27. Assume in addition that
initially, the potential energy goes to zero:

no e(|20+2
"7 [lugl z20+2 Ejo’o'

Let T > 0. If u® is linearizable on [0,T], then

limsup sup &"7|v° ()||i(£j+22 =

e—0 0<t<

Proof. The proof follows the same lines as for the energy-critical wave
equation [Gérard (1996)]. Let

o
R :=limsup sup —||6Vu (t )||Lz + [lw®(t)] i‘;jfz
e—0  0<t<T|2 oc+1

1 en .
- §||€V11€(t)||2L2 - U—_HHUE(f)Hizjfz :
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On the one hand, linearizability implies that

no / ||us(t,33)|20+2 _ |’Us(t,$)|20+2} der.
]Rn

R <limsup sup
e—0 o<i<T 0+ 1

Writing
[ (6, )27+ = o (8, 0)27+2]
S (Ju (@t 2) P+ o (8 2) P77 Jut (8, 2) — o° (8, 2),

Holder’s inequality yields

20+1

R Slimsup sup €™ ||u(t)—v°(t)| p20+2 (||u5 ()| 2o+2+||v° (t)||L2g+2) .
e—0  0<t<T

Assumption 7.27, and the conservation of linear and nonlinear energy for v¢

and u® respectively, yield, along with Gagliardo—Nirenberg inequality (for

ve):

luf (O)1I7557 + [l (O35 S e

Using Gagliardo—Nirenberg inequality, this implies
R <limsup sup €"||u®(t) — v°(¢)| p2o+26" "7 2543
e—0 0<t<T

<limsup sup e’@7FD|uf(t) — v (8)|| 202
e—0 O0<t<T

Slimsup sup JJu®(t) —v° (t)||1L§5(20+2) leVus(t) — eVo© (t)||6L(220+2).
e—0 0<t<T
We conclude from the linearizability assumption that R = 0. On the other
hand, the conservation of energy (7.39) yields

. 6”0
R=limsup sup ——— ug 752 — o (01752 -
XX

By assumption, the first term of the right hand side goes to zero, and the
lemma, follows. U

The above lemma announces an important idea in the linearizability cri-
terion, first introduced in [Gérard (1996)]: to assess the nonlinear effects
affecting u®, we consider the evolution of a quantity involving the solution
v® to the companion linear equation only.

It turns out that this necessary condition for linearizability is sufficient
when o > 2/n. It is not so when o = 2/n. We present here a general
sufficient condition for linearizability, which yields the result when o > 2/n,
and which is also a necessary condition when o = 2/n. This condition,
and its proof, may be viewed as a simplification of the approach presented
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in [Carles et al. (2003)]. Instead of the usual inhomogeneous Strichartz
estimates (7.14), we use similar estimates for pairs (g;,7;) not necessarily
admissible. Such estimates were derived in [Cazenave and Weissler (1992)],
and generalized in [Foschi (2005)]:

Lemma 7.30. Let (g,7) be an admissible pair with r > 2. Let k > q/2,
and define k by

11 2
Eok o
There exists C depending only on n, r and k such that for all interval I,
£2/4 / Us(t — 7)F(7)dr <C ||F||L’5’(I;L“) ,
INn{r<t} LE(I;L7)

for all F € LF (I, L").
Proof. In view of the dispersive estimate
—&(r
TS @) g e S et

we have

t
5/64“@—Trwwwvmywr
0

/ U (t — ) F(r)dr
INn{r<t}

Lr
By assumption, 6(r) = 2/¢q. The lemma then follows from Riesz potential
inequalities (see e.g. [Stein (1993)]). O

Proposition 7.31. Let Assumption 7.27 be satisfied. Assume that

_2—n+vn?4+12n44

o> op(n) = ™

where og(n) appeared in Theorem 7.16. Let

4o +4 4o(o +1)
=% +2 ; q= =20
r=doté s oq no 2 —o(n—2)
If
/TR || w®]| L gespry — 0, (7.40)
! e—0

then u® is linearizable on I€.
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Proof. We first note that (¢,r) is admissible, and that & > ¢/2 if and
only if o > o¢p(n). Define w® = u® — v°. It solves

2
5
iedyw® + 3Aws =" U uf Wi = 0.
Writing [uf]*” uf = |uf|* u — [v°*7 v + [v°]*° v, Lemma 7.30 yields:

el T R s

S Lk L
+eno 1=l el
Lr' L7
where L7 L*® stands for L7(I¢; L*®). Note that
1 20+ 1 1 20+1
P ; ? Tk

From Taylor formula, Holder’s inequality and the relation u® = w® +v¢, we
infer:

—1— 2 2
L P Al ([ P e[ g P

Ul 1y g

Again, note that

to deduce:

20
g2/a1/k lwllpepr S (52/1}71/]C ||w€||LkLr) g?/am1/k lwll s e
20
(T N ) T s

20+1
(S )

By assumption, the second term on the right hand side can be absorbed by
the left hand side, provided that ¢ is sufficiently small:

20
2/ | iy S (62/"‘1/'“ ||w5||LkLr) e K | e

20+1
+ (62/f1—1/k ||’Us||LkLr) .

Using the bootstrap argument of Lemma 7.22, we infer, for ¢ sufficiently
small:

20+1
g2/a—1/k | e pr S (62/f1—1/k ”UE”L’CLT) < 1.

~
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Note that this implies, along with (7.40),
EQ/q—l/k ||us||Lk‘Lr < 1.

This estimate allows us to conclude, by applying Strichartz estimates. In-
deed, we first find

—1— 2 2
||ws||LQLT § gho 1-2/q H|us| Uus _ |’UE| U,Us e
+€na—1—2/q H|v5|20 Ve
L
Noticing that
1 2041 1 1 2
T g q¢ Kk’

Taylor formula and Holder’s inequality yield

—1— 2 2
e Al ([ [ o [ I P

+ " o T 0

Again, since

1 2 1 1
no—l——:2a<———)+—a
q q k

we infer
1/q || 2/a=1/k |48 Y
c q ||w ||Lqu S (E q ||w ||LkL7) £ q||w ||L‘1L7,
20
(A g )
20
(N pags) M g
20
< (Y ) M
20
(2 o g, )
20
(N ) e

where we have used the homogeneous Strichartz inequality for v*. There-
fore, the first two terms of the right hand side can be absorbed by the left
hand side for ¢ sufficiently small, and

e oy < 1.
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Applying Strichartz inequality again, we have

< Eno—l—l/q ‘|us|20 us — |Us|20 e

[0l o2 S

La' L’

+ 5n07172/q |’U€|2U Ve

Lq/ LW

20
S (52/(171/}7C ||w6||LkLr) gl/q ||w€||LQLT
20
() 0 s

(2 o ) gl e
SO
[ oo 2 <1,
which is exactly the first part of the definition of linearizability. Differenti-
ating the equation for w® and applying Strichartz inequalities, we find

A P e ] [ 2

La L'
e | 7 eVl |

T | 3 € eV

+ Ml |3, €Y eVOT || Lo

20
S (2 e ) € eV e

S
S

(2 g ) eV
where we have used the homogeneous Strichartz estimate for eVv®. Thus,
VeV Lopr < 1.
Using Strichartz inequality again, we conclude
JeVae g < 1.
which completes the proof of the proposition. O

We now distinguish the cases o > 2/n and o = 2/n.

7.6.2 The L2-supercritical case: o > 2/n
From Lemma 7.29 and Proposition 7.31, we infer:

Corollary 7.32. Let 0 > 2/n and u§ satisfying Assumption 7.27. Assume
in addition that initially, the potential energy goes to zero:

" ||u|| 3252, 0 (7.41)
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Let T > 0. Then u® is linearizable on [0,T], if and only if

limsup sup £"7[[v°(¢)||3%52, = 0. (7.42)
e—0 0<t<T
Proof. In view of Lemma 7.29, we need only prove that the above con-
dition is sufficient for linearizability. Since o > 2/n, we have k > ¢. Using
Strichartz inequality, we obtain

1—q/k q/k
g?/a=1/k vl e < (82/(1 ””EHL""LT) (El/q HUEHLQU)
17
k
5 (62/q ||U€||L°°LT) H OHq/

1-q/k
< (82/¢1 ”UEHLooLr) .
Recalling that r = 20 + 2 and 2/q = no /(20 + 2), (7.42) implies
e R || Lo pr < 1,
which in turn yields linearizability, from Proposition 7.31. (]

The next step in the analysis consists in answering the following question:
when is (7.42) violated? As pointed out before, it must be noticed that
Corollary 7.32 turns the analysis of a nonlinear problem into the analysis
of the behavior of v¢, solving a linear Schréodinger equation.

To study the negation of (7.42), our approach relies on the notion of
profile decomposition, introduced by P. Gérard [Gérard (1998)] to measure
the lack of compactness of critical Sobolev embeddings, inspired by the
approach of [Métivier and Schochet (1998)]. For the linear Schrodinger
equation, we use more precisely the decomposition in the homogeneous
Sobolev space H', due to S. Keraani in the case n = 3 [Keraani (2001)].
It can easily be generalized to any spatial dimension. For simplicity, we
assume n = 3.

Theorem 7.33 ([Keraani (2001)], Theorem 1.6). Assumen = 3. Let
Ve =Ve(s,y) solve

i0,VE + %Ave =0, (7.43)

with Vii_ = Vi, where the family (Vi )o<e<i is bounded in HY(R3). Up to
extracting a subsequence we have:

Zw,—a <_y y]>+wg<s ), (7.44)

;
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where 05 € Ry \ {0} are the scales of concentration, satisfying the following
orthogonality condition:

Vj #k, either limsup 77— + = U3 = 400,

e—0 nk 77J
|5 — sl + |5 — vl

or n;=mn; and limsup - =400
e—0 1
The remainder W; satisfies
lim sup IWellLae,ry =2 0, (7.45)
£— —00

2 1 .
for —+ 3_ 3’ with r < +00. Such (g,7) are said to be H'-admissible (as
q T

opposed to the L?-admissible pairs of Definition 7.4). .
Finally the V;’s and W§ are solutions to Eq. (7.43) in L>=(R, H').
We define the rescaled function (recall that n = 3)
VE(s,y) = %20 (es, ey),
which satisfies the linear equation (7.43) with data
VE() = e/ ug(ey).

Clearly, (V5 )o<e<1 is bounded in Hl(R3). Applying Theorem 7.33, we
prove that up to a subsequence, the scales 7 all have a non-zero, finite
limit. For that, we use the notion of &,—oscillatory sequences. For more
details on the subject, we refer to [Bahouri and Gérard (1999); Gérard et al.
(1997)].

Definition 7.34. Let (£, )nen be a given sequence in R4\ {0}, and let (V™)
be a bounded sequence in H'. The sequence (V") is &,-oscillatory if the
following property holds:

imowp [ PIEOVIOP e [ V@ e o

n—00 enl€|>R Tt

Remark 7.35. For a time—dependent sequence (V") uniformly bounded
in L (R, H'), the definition holds taking the limit uniformly in time.

It is easy to see (see [Gérard (1998)] or [Keraani (2001)]) that V*© is n5-
oscillatory for every sequence 75 appearing in the decomposition (7.44).

Lemma 7.36. Suppose the sequence (V) is n°—oscillatory for some se-
quence n°. Then up to a subsequence, n° = X\ for some A > 0.
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Proof. We can write, uniformly in time,

IVVE(s)ll72 < / [EP|IF(VE)? dE + (e, R)
R-1<nf|€|<R

R ? £ 2
S pr IVE(s)llzz + (e, R),

where limsup d(e, R) — 0 as R — oo. The conservation of the energy yields
e—0

IVVE)IZe = IVVEO)IZ2 = lleVuglZ--

Up to a subsequence, we can suppose that this quantity is bounded from
below by some ¢ > 0 independent of € €]0,1] (otherwise, Condition (7.42)
would not be violated, from Gagliardo-Nirenberg inequality). Fixing R
such that

limsupd(e, R) < <<,
e—0 2

yields, up to an extraction,

0o > limsupn® = A > 0.

e—0

Now suppose that A = 0. Write, for all time,
VE=VE+Wg, with FVi(t,€) = 1p-1<pe1e<rF V(1 6),
and for all § > 0, if R is large enough uniformly in € and 7°, we have
Wl Lo (R, 1) < 0
Gagliardo-Nirenberg inequality implies that ||[W3|| e (r,12-+2) can be cho-
sen arbitrarily small if R is large enough, uniformly in € and n®. Thus,

||V5||iij‘2[0 T] L2<7+2 < ||VR||iUoo+(20 T] L2cr+2) + 0(1) (746)

20+42)(1-6(20+2
SIVRICZ o) + o(1),

where the second inequality is due again to Gagliardo—Nirenberg inequality
and the boundedness of V¢ in H'.
Frequency localization implies that for all s € [0, T7,

V()22 < (F)? / o Vi O dE
FINEES

So the result follows, since by assumption the left hand side in (7.46) does
not go to zero and (20 +2)(1—-0(20+2))=2—0c >0whenn=3. O
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Lemma 7.36 has several important consequences. First, the V;’s and Wy
are bounded in L>°(R, H'). Indeed, by the orthogonality properties, one
has

V(s +s5,y+y5) = Vi(s,y) in D'(RxR).

But V¢ is bounded in L>®(R, L?), so it follows that for all j € N, the
profiles V; are bounded in L>°(R, L?). This implies also that

(W§)o<e<: is bounded in  L*°(R, L?), uniformly in ¢ € N. (7.47)
Second,

hmsup [Well e (RiL20+2) 0

e—0

This follows from (7.45) with ¢ = +o00, (7.47) and Hélder’s inequality.
Note also that the family (V});en is not trivial. Indeed,

J4
IVEl oo oy, 22042y < D IVill oo (o7y,z2042) + IWE | oo (0,77, £20+2)
j=1

so since (7.42) is not satisfied, the above limit implies that all of the V;’s
cannot be zero.

Back to the definition of v%, it follows that one can write

¢
1 t& x—at
@) = =5V <——J’ J>+w2(3¢),
j:0€ e

€
where we have set

1 :
t;=esj, xj:=ey; and wj:= E?)TW; (0, g) .

Note that wyj is such that
. 2042
limsup "7 ||Jw§ || 55412 P 0.
—00

e—0

Using the assumption (7.41), one can prove

£
limsup £ = +o0.

e—0

Finally, quadratic oscillations appear like in Lemma 7.20, up to a rescaling,
and we obtain (see [Carles et al. (2003)] for details):

Theorem 7.37. Let 0 > 2/n. Let Assumption 7.27 be satisfied, and as-
sume that (7.41) holds. Assume that (7.42) is not satisfied for some T > 0.
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Then up to the extraction of a subsequence, there exist an orthogonal fam-
ily (t5,75)jen in Ry x R™, that is

te —tf € —af
11ms(1)1p<|j5 k|+|mjsxk|>:oo Vi # k,
£—>

a family (¥$)een, bounded in HX(R™), and a (non-trivial) family (p;)jen,
bounded in F(H?'), such that:
ug(z) = ¥5(z) + rf(z), with limsupe™” ||U§(t)7"§||i‘;+(%+,pg+z) P 0,
e—0 —00

and for every { € N, the following asymptotics holds in L*(R™), as ¢ — 0,
¢

1 T — x5 —ilz—z5|? s
Ve (x) = Z Rk ] ( - J) e~ile=a5I?/2et) 4 (7).
J

j=0 \"J

Moreover, we have
€

limsup 2 = +o00 and limsupt; € [0,7], Vje€N.
e—0 €& e—0
In view of Corollary 7.32, the condition on 7 means that in the limit £ — oo,
the evolution of 7§ is essentially linear. Therefore, the only obstruction to
linearizability stems from W§. The asymptotic behavior of ¥§ then shows
that linearizability fails to hold because of the presence of quadratic oscil-
lations in the initial data.

7.6.3 The L2-critical case: 0 = 2/n

When o = 2/n, it is easy to see that not only initial data of Theorem 7.37
have a truly nonlinear evolution. Let U solve

1
i0,U + S AU = \U*mu, (7.48)

with Ujy—g = ¢. If ¢ € X, then U is defined globally in time, U € C(R¢; X).
Let (to,xz0) € R x R™. Then the function

1 —
W () = U (t —to, x—\/;o> (7.49)

solves
2
iedyus + %Aua =2 uf Y. (7.50)
Moreover, uf(0,-) and eVus(0,-) are bounded in L?(R"). This peculiar
solution is such that the nonlinearity in (7.50) has a leading order influence
for any (finite) time, near x = xo.
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We check that the solutions (7.49) are deduced from those of Theo-
rem 7.37 by the scaling

U(t, ) = A\"2U (A2, \x)

with A = /. This scaling leaves Eq. (7.48) invariant (for any positive
A). We saw above that one of the key steps in the proof of Theorem 7.37
consists in singling out the scale n; = 1 by showing that scales going to
zero or to infinity yield a linearizable evolution. This step must be modified
when o = 2/n.

As a matter of fact, we have to resume the study from the very start. It
is easy to check that in the above example, (7.42) is verified, even though the
solution u® is obviously not linearizable. The conclusion of Corollary 7.32
is no longer true in the case o = 2/n, and the limitation o > 2/n in the
proof of Corollary 7.32 was not a technical artifice. We have the following
new linearizability criterion:

Theorem 7.38 ([Carles and Keraani (2007)]). Suppose ¢ = 2/n,
with n =1 or 2, and that Assumption 7.27 is satisfied. Let I¢ be a time
interval containing the origin. Then u® is linearizable on I¢ if and only if

limsup e[| 72347, -y = 0 (7.51)
The proof that (7.51) implies linearizability is a direct consequence of
Proposition 7.31, since when o = 2/n, we have

r=q=k= é + 2.

n

It is in the proof of the converse that the assumption n = 1 or 2 appears in
[Carles and Keraani (2007)]. This assumption could be removed, in view of
the results in [Bégout and Vargas (2007)]. This part of the proof relies on a
profile decomposition, in L#(R™), as opposed to the profile decomposition
in H L(R™) which was used in the case ¢ > 2/n. Moreover, we apply this
technique not only to solutions to the linear Schrodinger equation, but also
to solutions of the nonlinear equation, like in [Bahouri and Gérard (1999);
Keraani (2001)]. This part therefore relies on the existence of these two
decompositions, which are established after improved Strichartz estimates.
In the case n = 2, such estimates were proved after the work of J. Bourgain
[Bourgain (1995)], in [Bourgain (1998); Moyua et al. (1999)], and profile
decomposition were given by F. Merle and L. Vega [Merle and Vega (1998)].
The case n = 1 was established by S. Keraani in his PhD thesis, and appears
in [Carles and Keraani (2007)]. For n > 3, improved Strichartz estimates
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are proved in [Bégout and Vargas (2007)]; as noted in [Carles and Keraani
(2007)], once such estimates are available, a general technique to prove
profile decompositions yields the result.

Since the proof of the two profile decompositions and the proof of The-
orem 7.38 are rather technical, we leave them out here, and invite the in-
terested reader to consult directly [Carles and Keraani (2007)] and [Bégout
and Vargas (2007)]. To make the comparison with the L? supercritical
case complete, we conclude this paragraph by stating the analogue of The-
orem 7.37 in the L2-critical case.

Definition 7.39. If (h5,15, 5, &5) jen is a family of sequences in R4\ {0} x
R x R™ x R"™, then we say that (h5,t5,5,£5) en is an orthogonal family if

(hs 65—l |25 ek | 656 - 68

PO
hi o~ hS o (h5)? hs h;

lim sup
e—0

)zoo, V) # k.

Theorem 7.40. Assume n = 1 or 2, and let Assumption 7.27 be satis-
fied. Let T > 0 and assume that (7.51) is not satisfied with I¢ = [0,T].
Then up to the extraction of a subsequence, there exist an orthogonal family
(h5,t5,25,&5) jen, a family (¢;)jen, bounded in L?(R™), such that:

Y 5 (6,)(0) + i o)

Tre ) _ sz/\/g _152 1 4 {,C—{,EE
where H3(¢;)(x) = e ((hix/a”/z% (hj\/§j>>’

and limsupe |U§ (t)w; H2+4/n

e—0

L2+4/n(]R><]Rn) It o0 0

We have liminfta/( €)2 # —oo, liminf(T — tj)/(h§)2 # —oo (ase — 0),
and /e < hs < 1 for every j € N.
Ift5/(h 5) — 400 as € — 0, then we also have, in L*(R"):

H ix-£5 inm/4—ilz—25|? €
H;(¢j)(x):elzgj/ﬁ+ /4—i|z—a5|?/(2et5)

n/2
X " N " (x—25) | +0(1) ase — 0
t5\/e T\ tsyE J '

A few comments are in order. First, wj plays the same role as 77 in Theo-

rem 7.37: for large ¢, it does not see nonlinear effects at leading order, since
it satisfies the linearizability condition (now Eq. (7.51)) with /¢ = R. In the
last case of the theorem, we recover the quadratic oscillations. However,
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there are other obstructions to linearizability, since we may have t5 = T/2
and hj = 1: this is the case in the example given in the beginning of this
paragraph, Eq. (7.49). Roughly speaking, the above result shows that this
is the other borderline case: the scales of concentration, h5 Vg, lie between
¢ and /. Therefore, (7.49) and (7.36) are essentially the two extreme cases
when o = 2/n. Finally, almost all the conclusions of the above theorem re-
main true, if instead of Assumption 7.27, we simply suppose that (uf)o<e<1
is bounded in L?(R™). The only difference in the conclusions is that we lose
the lower bound for the scales h§ : we cannot say more than 0 < h§ < 1.

7.6.4 Nonlinear superposition

When Theorems 7.37 and 7.40 are available, one can ask: how does an initial
sum of data with quadratic oscillations evolve under the nonlinear dynamics
of Eq. (7.37)? The answer, both when ¢ > 2/n and when o = 2/n, is that
each part of the initial data evolves independently of the others at leading
order, when € — 0. In other words, there exists a superposition principle,
even though we consider nonlinear equations.

Heuristically, the explanation is rather simple. We know that in the
linear case, each part of the data with the form

) N —ilz—ax;|?/(2¢et;)
aj (v —z;)e ! !

focuses at the point (¢t,x) = (¢j, ;). It is of order O(1) away from the
focus, and of order e~™/2 at the focal point, in a neighborhood of order .
In the nonlinear case, since no > 1, the nonlinearity is negligible in WKB
régime. Therefore, outside the focal points, the nonlinear superposition
principle is simply the usual linear superposition principle. Near the focal
points, nonlinear effects become relevant at leading order. The decoupling
of nonlinear interactions is due to the orthogonality of the cores, denoted
(tj ,xj) Roughly speaking, concentration at focal points occurs in balls
which do not intersect. From this point of view, the nonlinear superposition
is a consequence of precise geometric properties.

In the L2-supercritical case, the rigorous justification of this statement
relies on a precise use of the linearizability criterion (7.42). In the L*-
critical case, the nonlinear superposition principle is a direct consequence
of the nonlinear profile decomposition, which is at the heart of the proof of
Theorem 7.38.
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7.7 Focusing on a line

To conclude this long chapter, we mention a result where focusing at one
point is replaced by focusing on a line. Consider the Cauchy problem, in

space dimension n = 2,
2
(7.52)

€
ieOus + ?Aus — @ |u5|20 us : UE(O,JI) _ ao(m)e—zf/@s),
with 2 = (71, 22) € R?. The rays of geometric optics are given by
&opt=0 = 0.

t=§ ;5 £€=0 5 Tp=0=Y ; &i=0=-"Y1 ;

Therefore, we have
T (t) = yl(l - t) ; xg(t) = Y2.

Rays meet on the line {1 = 0} at time ¢ = 1, see Fig. 7.3. Heuristically, z2

/ 1
I ! I
/7 IQ

T ,

Fig. 7.3 Focusing on a line in R2.

plays the role of a parameter, and the geometric information is carried in the
x1 variable. Roughly speaking, there is focusing at a point (z; = 0) along
a continuous range of a parameter (zo € R). This suggests the following

distinctions for Eq. (7.52):
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a>1 a=1
a > o | linear propagation | nonlinear propagation

linear caustic linear caustic

« = o | linear propagation, | nonlinear propagation
nonlinear caustic nonlinear caustic

This is exactly the general table considered in the beginning of this chapter,
in the case n = 1. This table is justified in [Carles (2000a)], where the case
“nonlinear propagation, nonlinear caustic”, is not studied. In particular,
in the case “linear propagation, nonlinear caustic”, the caustic crossing is
described by a nonlinear scattering operator, associated to the equation:

1 o
i0p1) + 53317/) =[*y ; e 28’”/)(157331,332)‘,5:00 =Y_(x1,22).

By working in suitable spaces, the usual scattering theory for the nonlinear
Schrédinger equation, recalled in Theorems 7.14 and 7.16, is adapted for
o > o¢(1), the critical power for scattering in space dimension one. Like in
the case of a single focal point, the crossing of the line caustic is described
in terms of this operator, in the limit ¢ — 0. We invite the interested reader
to consult [Carles (2000a)] for technical issues.
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Chapter 8

Focal Point in the Presence of an
External Potential

In this chapter, we continue the analysis of the previous one, in the presence
of a non-trivial external potential:

2
. 13 2
iedyu® + EAUE = Vu® +e u]"7 ut.
We consider two cases:

e When the initial data are independent of €, and the external po-
tential is harmonic.

e When the initial data are concentrated at scale €, and the external
potential is more general.

We will see that in the first case, it is easy to include rapid plane oscillations
in the initial data (Remark 8.3). In the second case, we present a rather
complete picture when the external potential is exactly a polynomial of
degree at most two. On the other hand, for general subquadratic potentials,
we give partial results only.

8.1 Isotropic harmonic potential

First we consider the case of an isotropic harmonic potential, with e-
independent initial data:

2 2
iedu® + %Aus = %us + e W7 ut s uf(0,2) = ag(z).  (8.1)

Rays of geometric optics are given by the Hamiltonian system
g=¢ 5 E=—x ; 20,y)=y ; &0,9)=0 (8:2)

We find: & + = = 0, along with the initial conditions z(0,y) = y and
#(0,y) = 0. Therefore, z(t,y) = ycost: rays are sinusoids, which meet at

185



186 Semi-Classical Analysis for Nonlinear Schrédinger Equations

31

512r

21

3m2r

v2r

Fig. 8.1 Rays of geometric optics: sinusoids.

the origin for ¢ € /2 + 7nZ, see Fig. 8.1. Geometrically, this is quite the
same thing as in the previous paragraph (no external potential, but initial
quadratic oscillations), repeated indefinitely many times. The parallel is
even analytical. Consider the linear analogue of Eq. (8.1):

9 ;
Because the potential is exactly quadratic, this solution is known explicitly

2
ie0° + %Auf - v5(0,2) = ao(z). (8.3)

in terms of an oscillatory integral, given by the Mehler’s formula (see e.g.
[Feynman and Hibbs (1965); Hérmander (1995)]): for |¢| < m,

1 1(% cost—z-y)/(ssint)
(¢ e TSR YY) dy. 8.4
(1) = s | e wl)dy.  (84)

For t € m+27Z, the fundamental solution is singular, and some extra phase
shifts must be included in the above formula when [t| > 7; see e.g. [Yajima
(1996)] and references therein. For 0 < ¢ < 7/2, we can apply stationary
phase formula in (8.4). We find:

1 x 12
€ ~ —i|z|” tant/(2¢)
vie) e—0 (cost)™/? o (cost) ¢ ' (8:5)




Focal Point with a Potential 187

Note that we retrieve the solutions to the eikonal equation and to the
transport equation of WKB analysis, derived in Examples 1.12 and 1.18
respectively. For ¢t = /2, we find directly:

. z B 1 imy)e B efinfr/él/\ f
v (2,;10)  (2ime)/2 /Rn ‘ ao(y)dy = enjz 0 (5) ' (86)

The general picture we obtain for the solution of the linear equation is
therefore closely akin to what we got in the case of a single focal point,
with no external potential, see (6.2). Thus, the parallel is not only geomet-
rical, it is also analytical. As a consequence, the same table as in Chap. 7
is expected. We shall consider only the critical case “linear propagation,
nonlinear caustic”, that is

l2I*
2
with mo > 1. This case was studied in [Carles (2003b)]. As mentioned

there, the proof in the case @ = no > 1 would make it possible to show
that when o > max(no, 1), the nonlinear term is indeed negligible on any

2
iedu® + %Aus = ut " WP uE ; u(0,2) = ao(a),  (8.7)

(finite) time interval, in the limit ¢ — 0. Since we have given a rather
detailed proof of this fact in the case of a focal point without external
potential, we do not pursue this issue here.

To introduce two useful operators, resume one of the points of view that
led us to the introduction of the operator z/e + i(t — 1)V in the previous
chapter. Using stationary phase argument on Mehler’s formula (8.4), or
solving directly the eikonal equation, we see that outside the focal point,
the rapid oscillations of the linear solution are given by

|z[?
Oeik(t,x) = Y tant.

To recover the fact that the LP norm of the approximation of v¢ is indepen-
dent of ¢ by using Gagliardo—Nirenberg inequalities, we replace the usual
operator V by

eiden(t.a)/exy (e—iqbeik(t,z)/s.) — milzfftant/(2) g (euzmant/(zs)_) .
Also, to compensate the scaling factor cost in the approximation of v®,

multiply the above operator by cost. Up to an irrelevant factor ¢, we
therefore consider

1 . )
JE(t) = = cost eilzl” tant/(2) (ellwl%ant/(%)-) = gsint—icostv. (8.8)
i
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Like in the case of Chap. 7 with = + itV, we note that this operator has
been known for quite a long time (Heisenberg derivative, see e.g. [Robert
(1987); Thirring (1981)]). Denote

t
Us(t) = exp (—12—8 (—e*A+ |x|2)>
the propagator associated to (8.3). Then we also have
1
JE(t) = U(t) <;V) Us(—t). (8.9)
Therefore, it commutes with the linear part of the equation:
2
|x| LIt )] = 0.
Similarly, another important Heisenberg derivative can be computed:
He(t) = U*(t)xU®(—t) = x cost + icsintV
— jesint eilel’/@etant) g (efi\z\2/(2atant)_) .

2
X e
|:188t + EA

(8.10)

By the first relation, H¢ also commutes with the linear part of the equation.
The phase ¢(t,z) = |as|2 /(2tant) solves the eikonal equation
x 0
0+ = |v¢| + |2| =0 5 ¢(F2)=0.

Note that, as Heisenberg derivatives or as linear combinations of x and
V with time dependent coefficients, J¢ and H€¢ are well-defined for all
time. On the other hand, the factorization with a phase solving the eikonal
equation is valid for almost all time only. Finally, note that the operators
J¢ and H¢ make it possible to rewrite the (conserved) energy associated to
Eq. (8.3) (which is the kinetic part of the energy associated to Eq. (8.1)):

1 1
Fa(0) = Bia(0) = 5 90Ol + 5 [ 1ol o7 () o

1 1
=5 e/ O Ollze + 5 I1H v (D)7 -

In view of the nonlinear analysis, we list the most interesting properties of
these operators below.

Lemma 8.1. The operators J¢ and H® defined by (8.8) and (8.10) respec-
tively satisfy the following properties.
(1) They commute with the linear part of the equation, since

JE(@) =U=() <%V> Us(—t) ; HE(t) = U (t)zU"(—1).
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(2) There are two real-valued functions ¢1(t,z) and ¢2(t, z) such that we
can write

JE(t) = —icoster(br)/ey (e‘“’l(t’r)/s-) ; tg g + 7Z,

HE(t) = iesinte’2(b2)/ey (e‘im(t’z)/s-) , t & 7.
(3) Weighted Gagliardo—Nirenberg estimates are available: for 0 < 6(p) < 1,
there ezists C, such that for allu e X,

F) s
ol < 1ot tlé Sl @l b Sz (81D)

-4 5
leller < gy Nl I @uIZE s ¢ ¢ w2 (8.12)

(4) They act on gauge invariant nonlinearities like derivatives. If G(z) =
F (|z?) z is C*, then
JE(t)G(u) = 0.G(u)J® (t)u — 0=G(u)Je (t)u,

HE(t)F(u) = 0,G(uw) H (t)u — -G (u)HE (t)u.

The last two points are direct consequences of the second. Remark that
the third point implies that J¢ yields good LP estimates away from focuses,
while H*® is better suited near focal points. This lemma shows that these
operators enjoy similar properties to that of Killing vector-fields, whose
use has proven efficient in the study of the nonlinear wave equation; see

g. [Klainerman (1985)]. Before stating our main result, we point out the
following formal approximation, which turns out to be not so formal during
the proof:

JE(t) ~ f+i@—5)v . H(1) ~ eV,
t—7w/2 € 2 t—m/2

Up to replacing the focusing time ¢ = 1 by ¢ = 7/2, we retrieve the two
operators used in Chap. 7. The geometrical interpretation is that near the
focuses, sinusoids can be approximated by straight lines. The analytical
interpretation is that near the focuses, the harmonic potential becomes
negligible.

Theorem 8.2. Let 1 <n <5, a9 € X and o > 1/2 with oo(n) <o < = 2,

where ao(n) is defined in Theorem 7.16. Let k € N. Then the following

asymptotics holds for u® when w/2+ (k—1)m <a <b<w/2+kn: for all
< e {Id, J°, He},

sup ’Ba(t)(ue(t)—

a<t<b
e inkT/2 FoSkoF1 ) —i|-|? tant/(2¢) 0
_|c0st|"/2( oo e )ao(cost)e )‘m:) ’
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where S* stands for the k™ iterate of the scattering operator S associated
to the nonlinear Schrédinger equation

) 1 -
10 + §A¢ = [$|*7%. (8.13)
At focal points, for all A* € {Id, 2,6V, },

(v G vim) - st er ()

where W_ is the wave operator associated to (8.13) (see Theorem 7.14).

—0,
L2 e—0

Remark 8.3. We can infer a similar result for u® solving

2 2
e ET - 20 ~ _ ;
ie0u® + 5Au5 = —|$2| W4 @)U (0, x) = ag(x)ei /e,

for £ € R™. Indeed, we check that
(L, @) = T (t, 3 + Eosint) e (7 sint) o cost/e
solves Eq. (8.7).

We now comment on Theorem 8.2. First, we assume o > 1/2 so that the
nonlinearity z ~— |z|??z is twice differentiable. Since on the other hand, we
have to assume o < 2/(n — 2), we suppose n < 5. If we consider the case
k = 0in Theorem 8.2, we see that the asymptotic behavior of u¢ is described
by the right hand side of (8.5), which is exactly the approximate solution
provided by WKB analysis for the linear equation (8.3). This shows that
for |t| < m/2, the nonlinearity is negligible at leading order in Eq. (8.7),
and the geometry of the propagation is dictated by the harmonic oscillator.
The same is true for any k& € N: outside the focal points, nonlinear effects
are negligible. On the other hand, nonlinear effects are relevant at leading
order at every focus. Each caustic crossing is described by the Maslov
index, plus a change in the amplitude, measured by the scattering operator
associated to Eq. (8.13). From this respect, the result is quite similar to
Proposition 7.19. It should be noticed though, that the harmonic oscillator
is absent from the description of the caustic crossing. The explanation is
the following: because of the influence of the harmonic potential, u® focuses
at the origin as t — 7/2. For ¢t &~ 7/2, u® is concentrated at scale e, in the
same fashion as in Eq. (8.6) (but with a different profile). Therefore, the
“right” space variable is /¢, and not x. Writing

2 } z ‘2 UE,

|z|2us = ¢
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this explains why the harmonic potential becomes negligible near the focus.
Note finally that under our assumptions on ag and o, (F o 5% o F~1) ag is
well defined as a function of X, for all & € N. Therefore, two dynamics
dominate alternatingly in the behavior of u®: the linear dynamics of the
harmonic oscillator outside the focal points, and the nonlinear dynamics of
Eq. (8.13) near the focal points. It is remarkable that these dynamics act
in a rather decoupled way.

Remark 8.4. A similar result was established by S. Ibrahim in the case of
a nonlinear wave equation [Ibrahim (2004)]. In this case, the geometry of
the propagation is not dictated by an external potential but by the fact that
the space variable lies on a sphere. This causes several focusing phenomena,
like in the present case, and for suitable scalings, each caustic crossing is
described by a scattering operator.

In view of the next section, we restate Theorem 8.2 by considering ¢ = /2
as the initial time: after the change of variable ¢t — t — 7/2, we have

Corollary 8.5. Suppose that 1 < n < 5 and 0 > 1/2. Let ¢ € X, and

ao(n) <o < 2.

Assume that u® solves
2 2
. I € £ |x|
AU = 2
iedu® + 5 U 5
1 x 1 x
15 _ - e
w(0,2) = 8"/2@(5) + o2’ (5) ’

with ||r¥||s — 0 as € — 0. Denote 1+ = Wiy, where Wy are the wave
operators associated to Eq. (8.13). Then if 0 < §(r) < 1, the following
asymptotics hold in L?> N L":

us +en° |ua|20 u57

einﬂ/4

e for —m<t<0, u®(t, x) b (_x ) eilzl?/(2¢ tant)

~N Y _
£—0 |sin t|/2 sint

/4 /\( € )ei|r|2/(25tant).

For0 <t <m, ) ~ —— :
s i u( m)s—>0 (sint)"/2 " \sint

Remark 8.6. In [Nier (1996)], the author considers equations which can
be compared to Eq. (8.7), that is
2
icon® + %AUE = V(@9 +U (g) o5 5 07 (0,2) = Eﬂ%@ (g) . (8.15)
where U is a short range potential. The potential V' in that case cannot be
the harmonic potential, for it has to be bounded as well as all its deriva-
tives. In that paper, the author proves that under suitable assumptions,
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the influence of U occurs near t = 0 and is localized near the origin, while
only the value V(0) of V' at the origin is relevant in this régime. For times
€ < [t| < Tk, the situation is different: the potential U becomes negligible,
while V' dictates the propagation. As in our paper, the transition between
these two régimes is measured by the scattering operator associated to U.

Our assumption o > og(n) > 1/n makes the nonlinear term short range.
With our scaling for the nonlinearity, this perturbation is relevant only near
the focus, where the harmonic potential is negligible, while the opposite
occurs for € < ¢ < 7.

Remark 8.7. Since near the focal point, the description of the wave func-
tion u® does not involve the external potential at leading order, the phe-
nomenon is the same as in Sec. 7.4. In particular, the discussion of Sec. 7.4.3
can be repeated: the conclusions of Proposition 7.23 remain valid in the
present case, up to replacing the focusing time. So, the Cauchy problem
for the propagation of Wigner measures is ill-posed.

To simplify the presentation, we sketch the argument of the proof of
Theorem 8.2 at a formal level only. To justify these computations, the key
point in [Carles (2003b)] consists in introducing the analogues of Proposi-
tion 7.8 and Corollary 7.9 (in space dimension n > 1), in two cases:

e With the same operator U§(t) = e*©22. This is because near the focal
points, the harmonic potential can be neglected in Eq. (8.7).

e When Uj is replaced by U¢. Indeed, Eq. (8.4) shows that U¢ enjoys the
same dispersive properties as U§, locally in time (and only locally in time,
because —e2A +|z|? has eigenvalues). Therefore, Strichartz inequalities are
available for U¢. The only difference is that in the homogeneous Strichartz
estimate, the time interval R must be replaced by a finite time interval, and
in this case as well as in the inhomogeneous estimate (7.14), the constants
C depend on the finite time interval I.

The organization of the proof of Theorem 8.2 is the following:

e Justify WKB analysis until ¢ is as close as possible to 7/2: this
allows t < /2 — Ae, in the limit A — +oo.

e Show that there exists a transition régime for ¢ = 7/2 — Ae, when
A — +o00: the harmonic potential becomes negligible. We then
approximate u® by essentially the same approximate solution as
the one studied in the proof of Proposition 7.19.
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e For |t — 7/2| < Ae, we proceed as in the proof of Proposition 7.19.
However, some extra source terms appear because of the harmonic
potential. This forces us to consider smoother initial data and
use a density argument relying on the global well-posedness for
Eq. (8.13). This is where we need to assume that z — [2]|?72 is
twice differentiable.

e For t > w/2 4+ Ae, we can repeat the analysis of the second, then
of the first point.

Before the first focus

For ¢t € [0,7/2[, our natural candidate as an approximate solution is v®,
solution of Eq. (8.3). We can also approximate v¢, by

€ _ z ) —i|z|? tant/(2¢)
Vapp(t 2) = (cost)n/2 a0 (cost ¢ '

€ — o — v satisfies
The error term wi;, = v® — vy, satisfies

2 e—i\zP tant/(2e)

2(cost)n/2 (Aao) (é) ’

2
. € x €
1€ 0w, + ?Awﬁ“ - wam + (cost)

along with the initial condition w§, (0,-) = 0. Assume that a¢ is relatively
smooth:

ap € H=1{fec H}R"); azf c H*(R™)}.

The basic energy estimate of Lemma 1.2 then yields:
- < I 5 A d
[whn ()22 < 5 | Tcos ) [Aaoll 2 dr.
Apply J® to the equation satisfied by wy,,:

; € ,,,E 82 € ,,,E |:'U|2 €,,,€
ie0sJ Wiy, + ) AJwy, = N Jwp,
2 67i|:p|2tant/(2e)

—jcost (cogst) 2(cos £)7/2 V (Aag) (é) )

by the definition of J¢ given in Eq. (8.8). We infer

1/t e
17Oz < 5 | oy ool
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Finally, apply H¢ to the equation satisfied by wy;,

2 2
icd Howf,, + %AHEwE =B e

lin ) lin

+xcost( i )
cost

c 2 e—i|x|2tant/(25) T
esint (——) V| S (Aa0) (=) | -
L ey < 2(cost)n/2 (Aao) cost

We deduce:
te2sinT

t
9
10Ol S [ oy ool dr+ | T ol dr.

Therefore, if ag € H, we have:

t c IS 2
e € < —_— Py
Z ||B (t)wlln(t)||L2 ~ A (COS T)QdT + (Cost)

Bee{ld,Je,He}
€ € 2
< .
~Mr/2—t + (77/2—t>

2 efi\ac\2 tant/(2¢)

2(cost)n/2 (Aao) (é)

Cos T)

A density argument yields:

Lemma 8.8. Let ag € . We have
Z limsup  sup  ||B°(t) (v°(t) — V5p (1))

,. — o.
e—0  0<t<n/2—Ae L2 Ao
Bee{ld, e, He} Sts

We now have to compare u® and v°. Let w® = u® — v®. It solves

. 62 |l’|2 20

ie0yw® + EAw‘S = TU’E + ™ uf|" ut.
The initial datum for w*® is zero. In view of the analysis for ¢ > 7/2, notice
that it suffices to assume

S B 0w 0)]: —0.
Bee{ld,Je,He}

It is this assumption which is needed when we iterate the argument, from
t € [0,7] to t € [m,27], and so on (finitely many times). Proceeding the
same way as in Sec. 7.4, thanks to the operator J¢ which provides sharp
L? estimates before the focus (sharp in term of the dependence upon ¢t and
€), we can prove:

Lemma 8.9. Letap € &, and 0 > max(1/n,2/(n+2)), with o < 2/(n—2)
ifn > 3. We have

Z limsup  sup  [|B(¢) (u®(t) — v°(t))|| .2 — 0.
Becilage. ey S0 OSt<m/2-Ac e
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Matching linear and nonlinear régimes

Lemmas 8.8 and 8.9 show that up to t = 7/2 — Ae, u® can be approximated

by vg,, as € — 0, in the limit A — oco. In this régime, we have:

€ _ x ) —i|z|? tant/(2¢)
Vapp(t: %) = (cost)n/2 o (cost ‘

1 T o2
~ —ila|?/(2(n/2-1))
S w2 — 2 <7r/2—t) N '

Up to replacing 7/2 by 1, we retrieve the same approximation as in Sec. 7.4,
before the focus: this is a hint that the harmonic potential is becoming
negligible at the approach of the focal point. Resume the notation

wi — 67inﬂ'/4ao.

We can then prove:
Proposition 8.10. Let ag € X, and o as in Lemma 8.9. We have
lim sup

e[ (T 1 .
nsup || A (“ (5 8¢) = oo Wo(-A)e-) (;))
for all Ay € {Id, eV, £ —iAeV}.

— 0,
L2 A——+o0

Two things must be said about this proposition. First, we match the evo-
lution of u® with a large time asymptotics for the free Schréodinger equation
(without potential), after some rescaling, as in Sec. 7.4. This indicates that
the harmonic potential loses its influence at leading order. In addition, we
do not measure the error in terms of the operators J¢ and H¢, but in terms
of their counterparts used in Sec. 7.4. The two measurements are actually
equivalent at leading order, and computations show that we can approx-
imate the rays of geometric optics by lines, near t = w/2. See Fig. 8.2.

Inside the boundary layer

Inside the boundary layer in time about ¢ = /2, of width Ae, we neglect
the harmonic potential. As in Sec. 7.4, introduce v solution to

00+ 580 = [P0 Uo(—00(0)|__, = - = "G,

It scatters like Up(t)y+ as t — 400, for some 14 € X, provided that
o = 0o(n) (Theorems 7.14 and 7.16). Rescale this function as follows:

1 t—7m/2 x
uzpp(tﬂx) = 571/2’@[} ( 7—> .

9 9
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ol

Fig. 8.2 Rays of geometric optics are straightened near ¢t =

ISE]

In [Carles (2003Db)], the proof proceeds in two steps: first, it is shown that
the exact solution u® can be truncated in a neighborhood of the origin of
size €7, for any 0 < v < 1. Then, this truncated solution is shown to be
close to ug,,. More precisely, let x € C§°(R™;R,), with x = 1 on B(0,1)
and supp x C B(0,2). For A €]0, 1], let

ui(t,x) = x (g) u®(t, ).

Introduce the error w§ = u®—u5. It has small initial data at time 7/2— Ae,
in the sense of Proposition 8.10, and solves
2 | |2 2—A

iedws + %Awi = L + e )27 ws - & —Vx (g) Ve

2
— 2P Ay (%) u®.
€

If a9 € 'H, we can establish extra bounds on u® that make it possible to
show that wf, J*w§ and H w5 are small in L2. Tt is in proving that such a
regularity is well propagated that we need to assume that the nonlinearity
2+ |2|?2 is C?, hence o > 1/2. The last two terms of the right hand side
are then treated like small source terms. Here, we use Strichartz estimates
associated to the group U*.
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The second step consists in considering w§ = u§ — ug,,- In view of the
identity

T
it solves:
. ~c e ~e T |3:|2 € no e|20 ¢ e |29 ¢
0wy + 5Aw>\ =X (g) o Ux +e (|U ™l - ‘“app‘ “app)
£2-X

+ Vx (g) SVt + 27 Ay (g) u®.

2
Here, we use Strichartz estimates associated to U§, and view the first term
of the right hand side as a small source term:

T |z e (m)‘m2 QAN(JJ) -

— ) ——=—=x==) || =¢ — ), where ¥ € C§°(R™; R).
X(zgk) 2~ 2 X\ |2 g X € Gy (R R)
Then it is possible to factor out w5 in the difference of the two nonlinear
terms, up to an extra, small, source term, which appears when replacing u*®
with u5. The approximation ag € H is removed by a density argument for
o > og(n), since (8.13) is globally well-posed in ¥. We can prove finally:

Proposition 8.11. Under the assumptions of Theorem 8.2,

Z limsup sup ||Bs(t) (us (t) — ugpp(t))

HL2 Ao+
Bee{ld,Js,He} =0 |m/2—t|<Ae °

The proof of this result, barely sketched above, is fairly technical, and is
not reproduced here for the sake of readability.

Past the first boundary layer

For t = 7/2 + Ae, we can then prove the analogue of Proposition 8.10,
with —A replaced by +A, and ¥_ replaced by 9. Then, we can mimic
the proofs and results of Lemmas 8.8 and 8.9, by using the remark that u®
and the solution of the linear equation don’t have to match exactly at the
initial time, but only up to a small error in L2, when any of the operators
Id, J¢ or H¢ acts on the difference. Using this remark again, we see that
on [m, 27], we can repeat what was done on [0, 7]. Hence Theorem 8.2.
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8.2 General quadratic potentials

When the external potential V' = V(z) is time-independent and is exactly a
polynomial of degree at most two, we can extend Corollary 8.5. We consider

2
. g 2
iedyu® + EAUE = Vu® +&" |u®|™ uf,

s (8.16)
0.0) = e (T ) e,

€
for some g, &y € R™. In this paragraph, we make the following assumptions:
Assumption 8.12. We suppose that og(n) < 0 < 2/(n—2), 0 > 1/2, and
therefore 1 < n < 5.
The initial profile ¢ is in .
The potential V is time-independent, and is exactly a polynomial of degree
at most two:

V=0, Vjkte{l,..  n}

Introduce the Hamiltonian system with initial data (z, &o):
B(t)=£(t) 5 ) =-VV(2(t) ; w@(0)==z0 ; &0)=¢&. (8.17)

Note that under our assumption on V, x(t) and £(t) can be computed
exactly (see Eq. (8.20) below). Introduce the solution 1 to

) 1 -
0 + A =[P 5 Yo =, (8.18)
Assumption 8.12 and Theorem 7.16 show that there exist ¢+ € ¥ such that
100(~0)2(t) s, — 0.

To state our main result, introduce the quantity

1

O(t,x) =a-£(t) — 5 (z(t) - &(t) —xo - &) -

Proposition 8.13. Under Assumption 8.12, suppose in addition that V is
of the form

1 n n
V(x) = 5 Z5ij2$? + ijxj,
j=1 j=1
for some real constants b;, where w; > 0, 6; € {—1,0,4+1}, and 0;b; = 0

for all j. There exists T > 0 independent of € €]0,1] and £(T) > 0 such
that for 0 < e < e(T), Eq. (8.16) has a unique solution u® € C([-T,T];X).
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In addition, its behavior on [—T,T] is given by the following régimes:
(1) For any A > 0,
limsup sup (Hua(t) - u‘;pp(t)HLz + ||leVus(t) — 5Vu§pp(t)HL2
e—=0 [t|<Ae

-0

1 t .
where ug,, (t, ) = m¢ (gf%) e 2/ and 1 solves Eq. (8.18).

(2) Beyond this boundary layer, we have:

limsup sup (Hus(t) - Uft(t)”m + ||5Vu5(t) — eVl (t)||L2
e—0 Ae<%t<T

x —z(t)

(" (1) = ugpp(t)

o = al0) (50 = o202 ) =50

where vy solve the linear equations
2

iedws + %Avi =Vl ; vi(0,2) = 871%1/& (?) elwto/e,
Like in the case of the isotropic harmonic potential, we obtain a nonlinear
extension of the result of [Nier (1996)] (see Remark 8.6). We compare
this result with yet another problem at the end of this section, when the
nonlinearity is focusing instead of defocusing. Proposition 8.13 is proved
in [Carles and Miller (2004)]. We present the main steps of the proof only.
Before doing so, we point out that in some cases, more can be said on
the time T in Proposition 8.13. Essentially, if there is no refocusing at
one point, then T' can be taken arbitrarily large: the nonlinearity remains
negligible off {¢ = 0}. On the other hand, if the potential V causes at least
one of the solutions v to refocus at one point for £¢ > 0, then so does u°.
Nonlinear effects then affect u® at leading order again, like in Sec. 8.1. Note
that the refocusing phenomenon has to occur at one point: for any other
caustic, the nonlinearity is subcritical. Only a focal point can ignite the
nonlinearity £"7|uf|?>°u® at leading order. More precisely, such refocusing
can occur only if §; = +1 for all j and the w;’s are pairwise rationally
dependent; see below.

We now explain why the assumption on the form of the potential made
in Proposition 8.13 is not really one. Up to an orthonormal change of basis
in R™ (which leaves the Laplacian invariant), we can assume that V' is of
the form

1 n n
Viz) = 5 Z@w?:c? + ijxj +ec, (8.19)
j=1 j=1
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for some real constants b; and ¢, where w; > 0, and §; € {—1,0,+1}. This
form is obtained by diagonalizing the quadratic part of V. Up to completing
the square and changing the origin, we may even assume ¢,;b; = 0 for all j.
By changing the origin, we may modify the form of the initial data, by a
multiplicative factor e**/¢ for some constant a € R. Finally, we may assume
that @ = ¢ = 0 by considering u(t, z)e* T/ instead of u®(t, z).

Note that the real numbers 6jwj2 /2 are the eigenvalues of the quadratic
part of V. Then refocusing at one point can happen only if §; = +1 for all
j and the w;’s are pairwise rationally dependent:

YeQ Vjkell,...,n}
WEk

This case is very similar to that described in Sec. 8.1. Note that before refo-
cusing at one point, there may be focusing on an affine space of dimension
at least one.

Example 8.14. Assume n = 2 and x¢g = &y = 0. If w; = 2w for instance,
then at time ¢ = mw/w1, u® focuses on the line {x; = 0}, and at time
t = 2w/w1 = 7/wa, u® refocuses at the origin. We have seen in Sec. 7.7
that the critical indexes for focusing on a line correspond to focusing at one
point in space dimension one, & = o. Since we consider the case a = 20,
the nonlinearity is negligible when the wave focuses on the line.

When u® focuses on a set which is not reduced to a point, the only effect
at leading order is linear, and is measured by the Maslov index. When u°®
focuses at one point, nonlinear effects are described in terms of scattering
operator.

The first step in the proof of Proposition 8.13 consists in reducing the
analysis to the case zg = £ = 0. This can be achieved because V is a
polynomial of degree at most two, and time-independent. Indeed, solve the
above Hamiltonian system when V has the form (8.19). Introduce

sin(w;t) )
— fo; =1
Wy ’ 0o ’ cos(wjt), if 5j = 1,
gj(t) = t, if 5j = O7 3 hj(t) = 1, if 5j = O7
sin}:fwjt)’ 6, = 1. cosh(w;t), if §; = —1.
J

Then the solution of Eq. (8.17) is given by
1
z;(t) = h;(t)wo; + g;(t)€0; — gbija
&(t) = hy(t)éo; — ;w7 ()zo; — byt

(8.20)
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Assume that u® solves Eq. (8.16). Introduce
U (t, @) = u (t,z + x(t)) o—i®(ta+a()) /e

We check that u® solves Eq. (8.16) with zy = & = 0. Without loss of
generality, we therefore assume that u® solves Eq. (8.16) with z¢ = &, = 0.

A second consequence of the fact that V' is polynomial is the existence of
“nice” operators. In the case of a focal point at (¢,2) = (1,0), we have used
the operators x /e +i(t —1)V and eV. In the case of the isotropic harmonic
potential, we have used the operators J¢ and H€, defined in Eq. (8.8)
and Eq. (8.10) respectively. The definition of “nice” operators is somehow
summarized in Lemma 8.1. Essentially, they commute with the linear part
of the equation, they act on gauge invariant nonlinearities like derivatives,
and they provide sharp (for the limit ¢ — 0) weighted Gagliardo—Nirenberg
inequalities. We recall that the second point of Lemma 8.1 is just stated
in order to infer the last two points without computations. In the present
case, we introduce:

JE(t) == Us(t)gUE(—t) ;o He(t) :=US(t)ieV, U (1),

US(t) = exp <—z£ (—i;A 4 V)) .

By computing commutators, we check:

where we denote

1
O J(t) = U (1)iVU(—t) = gHs(t) ;o O HE(t) = —U()VV U (—t).
Therefore,
1
HOES — U ()9, VU (~t)
ey Ligre b; = b;
= —§;wiU (t)?jU (—t) — ?J = —0;wiJs(t) — ;J

We thus have explicitly,

e i h ) a8 — Dig?
i (8) == hy(t) +ig;(8)9; — 217, (8.21)

Hj(t) = — 5jw]2-xjgj(t) + ihj (t){faj - bjt.

Remark 8.15. In view of the definition via the group U¢, the notations J¢
and H® may not seem consistent with Eqgs. (8.9) and (8.10) (first expression)
in the case where V' is an isotropic harmonic potential. However, it is easily
checked that Eq. (8.21) agrees with the expressions (8.8) and (8.10) (second
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expression). The explanation lies in the fact that we have changed the origin
of time, from 0 to /2, if we compare with Sec. 8.1. More precisely, we check
we following identities:

i) (39) V-0 =i (1~ 5) 20 (5 1),

5 (0aUf, (<) = Up, (1= F) (V) U5, (5 — 1)

where Uf, is the group associated to the semi-classical isotropic harmonic
potential

Ulsh(t) = exp <_22i5 (_EQA + |:U|2)) .

These identities are consequences of the fact that the harmonic oscillator
rotates the phase space at angular velocity one (see Eq. (8.2)), so after 7/2
time units,  has become —¢, and ¢ has become x.

These operators inherit interesting properties which we list below.

Lemma 8.16. The operators J¢ and H® satisfy the following properties.
(1) They commute with the linear part of (8.16).

(2) Denote
LG (ha(t) 3,
o1(t, ) := 5 Z <gk(t) T — bty 12bk ;

Then ¢1 and @2 are well-deﬁned and smooth for almost all t, and
T3 () = gy (1)’ )/, (emiontle ),
HS (1) = iehy (e 10/, (emioat)/e )

(3) Let r > 2 such that §(r) < 1. Define P=(t) by

n 1/n
Pe(t) =TT (1os(6)] + elns (0)])
j=1
There exists C, such that, for any u € X,

(8.22)

67‘ S(r
ullzr < [l 320 (T2 (#yull = + [|HE (Bl 2)°T) . (8.23)

- Pa( )6(r
(4) The operators J¢ and H® act on gauge invariant nonlinearities like
derivatives (see the last point of Lemma 8.1).
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The first point stems from the definition of the operators J¢ and H®. The
second point can easily be checked, and the last two points are direct con-
sequences of the second.

Remark 8.17 (Avron—Herbst formula). In the form (8.19), we could
have assumed b; = 0 for all j. As noticed in [Carles and Nakamura (2004)],
since the nonlinearity is gauge invariant, Avron—Herbst formula reduces the
case §;b; = 0 to the case bj = 0. For b = (b1,...,by), we check that u®
solves Eq. (8.16) with b; =0 for all j in Eq. (8.19), where u® is given by:

¢ t3
us(t,x) = u® (t,x — 5()) exp (z <tb cx— §|b|2> /s) .

We can now explain why, unless all the w;’s are pairwise rationally depen-
dent, there is no refocusing at one point off {¢ = 0}. Since no > 1, the
geometry of the propagation is the same as in the linear case: nonlinear ef-
fects become relevant only near focal points. We can then use the estimate
provided by Eq. (8.23). Let v¢ solve

2
. £ 8_ £ _ g . € — 1 (f)
1e00° + 5 Av =V 5 0°(0,2) = 2 Yo -

From the first point of Lemma 8.16, we infer that not only the L? norm of
v¢ is time independent, but also the L2 norms of J¢v¢ and H¢v®. Therefore,
if 0 < 0(r) < 1, the following estimate holds uniformly in time:

[ ()]l S P(8)7°C).
The case of a focal point corresponds to the situation where
-5
[ ()] 2 00

In view of the definition of the weight P¢, this shows that there is focusing
at one point (¢,2) = (to, xo) if and only if g;(to) = 0 for all j. Notice that
whenever g;(t) =0, h;(t) = 1. Of course, Eq. (8.20) shows that g;(t9) =0
for all j and to # 0 is possible only if 6; = +1 for all j: the quadratic part
of V is positive definite. Finally, g;(to) = 0 for all j and ¢ # 0 if and only
if wjty € wZ for all j, which in turn is equivalent to the property announced
above.

After these preliminary reductions and properties, the proof of Proposi-
tion 8.13 becomes very similar to the proof of Theorem 8.2. We first show
that for |¢t| < Ae, we can neglect the external potential (recall that up to a
phase shift of the form ¢°*/¢ in u®, we have assumed V' (0) = 0). To do this,
we can assume that ¢ is in the Schwartz class, rather than just ¢ € ¥ (this
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is where we assume that z — [2|272 is C?). Then, the global well-posedness
for Eq. (8.18) makes it possible to use a density argument. This yields

limsup sup (Hus(t) - uzpp(t)HL2 + HJE(t) (us(t) - ugpp(t)) HL2
=0 Jt[<Ae

([ HE ) (w5 0) = wipp ()] 2 ) = O
Note also that it is equivalent to use the operators J° and H® or the op-
erators x/e + itV and €V, as we have seen in the case of the isotropic
harmonic potential; see Fig. 8.2. To see that this implies the first point of
Proposition 8.13, recall that we have assumed z(t) = 0, and that if we also
suppose b = 0, then

S5\ _ hj  gi/e\ (wi/e
I{j5 —65]‘&}]2-9]‘ hj iaaj '

The determinant of the above matrix is h3 + ;w797 = 1, and we have

z; g;(t) :

= =05 () = S H () 5 ied; = 26507, (1) 7 (8) + by (O HS (1),
Since g;(t) = O(t) as t goes to zero, the first point of Proposition 8.13
follows.

Suppose t > 0, since the case t < 0 is similar. For the matching region
{t = Ae}, we can show that v5 can be approximated by 7%, solutions to
the free equation (recall that we now assume xg = & = 0):

g2 ~ 1 T
Zf‘:at'l)_;’_ + A’U+ = N ’U_E,'_(O,ir) = m’@[q, (g) .
We can prove that for all A > 0,
Z limsup sup HBE ) (v5.(2) —Efr(t))HLz =0.
Bee{ld,Je,H*} e—0 0<t<Ae

This means that on the linear level, V is negligible for 0 < ¢t < Ae.
Lemma 7.20 shows that ug,, and v5 match at time ¢ = Ae in the limit
e — 0 for large A:

Z hmsupHBs Ag) (u Ugpp(Ag) — 5))HL2 At
Bee{id,se,He} 0 h

P

Gathering all the informations together, we infer
limsup (| B%(Ae) (u®(Ae) — v (Ae — 0.
Bse{gs,m msup [|B°(A<) (u”(Ae) — o5 (Ae)) |2, —
Past this boundary layer, we can show that the nonlinearity remains neg-
ligible in the limit ¢ — 0, essentially thanks to the operator J¢, like in
the case of the isotropic harmonic potential. The details can be found in
[Carles and Miller (2004)].
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To conclude this paragraph, and to prepare the next one, we compare
the results of Proposition 8.13 with some others, concerning the case of a
focusing nonlinearity:

2
_ €
iedu + 5Au€ =Vu® — " uf|*uf,

1 — )
00 = Lo (E22) e

(8.24)

Now, V = V(z) is not supposed to be exactly a polynomial. Here, @ is the
unique positive, radially symmetric ([Kwong (1989)]), solution of:

~5AQ+Q=1QP"Q.

The problem (8.24) was introduced in [Bronski and Jerrard (2000)]. This
first result was then refined in [Keraani (2002, 2006)]. The focusing non-
linearity is an obstruction to dispersive phenomena, which were measured
by the presence of the scattering operator in the previous defocusing case.
The solution u® is expected to keep the ground state @) as a leading order
profile. Nevertheless, the point where it is centered in the phase space,
initially (xo,&p), should evolve according to the Hamiltonian flow. In the
absence of external potential, V = 0, we have explicitly:

1 —x(t . .
ut(t,z) = gn/zQ <x :( )> em'g(t)/EJrz@(t)/g,

where (2(t),£(t)) = (o +1t&o, o) solves the Hamiltonian system with initial
data (z9,&), and 0(t) =t — t|&|>/2. When V is not trivial, seek u® of the
form of a rescaled WKB expansion:

ut(t,x) ~ 1 ZEjU‘ E,Lgc(t) pid(t.x)/e.
e—0 gn/2 J c c
J=0

Plugging this expansion into Eq. (8.24) and canceling the O(e°) term, we
get:

1 1
i@tUO+§AUO+U0 (—8,5(;5 - 5|v¢>|2 -V + |U0|2”> —i (&(t) — V)-VUp = 0.
Impose the leading order profile to be the standing wave given by

Uo(t, ) = e"Q(x).

Then the above equation becomes:

Uy (—éw - Lvep - V) i (#(t) - V) - VU = 0.
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Since Upe™ %

yields:

is real-valued, and since we seek a real-valued phase ¢, this

Ao + %|V¢|2 V=0 ; ¢0,2) =2 &.
x(t) = Vo(t, x).
The first equation is the eikonal equation. We infer that we have exactly
Vo (t,x(t) = ().

See Lemma 1.5. The form of Uy and the exponential decay of @) show that
we can formally assume that © = z(t) + O(e). In this case,

Vo(t,x) = Vo (t,z(t) + O(e) = £(t) + O(e) = i(t) + O(e).
Thus, we have canceled the O(°) term, up to adding extra terms of order
€, that would be considered in the next step of the analysis, which we stop
here. Back to u®, this formal computation yields

W (b ) ~ — (33 - x(t)> dotta) o L (33 - ’I(t)) ci€(D)/e+i0(0) /=
g

6n/2Q c en/2

where 0(t) = ¢ (1 — |60[2/2 — V(x0)) + /O 2(5) - VV (2(s))ds.

To give the above formal analysis a rigorous justification, the following
assumptions are made in [Keraani (2006)]:

Assumption 8.18. The nonlinearity is L2-subcritical: o < 2/n.
The potential V' = V() is real-valued, and can be written as V' = V; 4 V5,
where

o V) € WH(R").
o 9%V, € W2°°(R") for every multi-index a with |a| = 2.

For instance, V' can be a polynomial of degree at most two (V3 = 0).

Theorem 8.19 ([Keraani (2006)]). Let xo,& € R™. Under Assump-
tion 8.18, the solution u® to Eq. (8.24) can be approzimated as follows:

]- - t : SNE
zf(t,x):gn/zQ(x :())em'“””” /2L 0() in LS (Re HY),

where (x(t),£(t)) is given by the Hamiltonian flow, the real-valued function
¢ depends on t only, and H! is defined in Assumption 7.27.
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Remark 8.20. The assumption o < 2/n is crucial for the above result to
hold. Indeed, if o = 2/n, V(x) = |z|?/2 is an isotropic harmonic potential,
and xg = & = 0, then (see [Carles (2002); Keraani (2006)]):

1 T jtant _;la|? s

€ t, — ( ) 1T—z?tant7 0<t<—
wito) (cos t)”/2Q ccost/) € 2

The proof of the above result heavily relies on the orbital stability of the
ground state, which holds when ¢ < 2/n. For v € HY(R"), denote

1 9 1 2042
Ew) = IVl = 7 vl
The ground state @ is the unique solution, up to translation and rotation,
to the minimization problem:

E(Q) =inf{&(v) ; v € HYR") and ||v||z> = ||Ql|z2}-
The orbital stability is given by the following result:

Proposition 8.21 ([Weinstein (1985)]). Let 0 < 2/n. There exist
C,h > 0 such that if ¢ € HY(R"™) is such that ||| = ||Q|lr> and
E(¢p) —E(Q) < h, then:
. i0 2
- - < - .

yeﬂé{}f%THaﬁ Q- — )| < C(E(P) —E(Q))
The strategy in [Keraani (2006)] consists in applying the above result to
the function

V5 (t,x) = uf (t,ex + (t)) e HErta®) €D/,

The proof eventually relies on Gronwall lemma and a continuity argument.
In order to invoke these arguments, S. Keraani uses Proposition 8.21 and
the scheme of the proof of [Bronski and Jerrard (2000)], based on duality
arguments and estimates on measures. This yields the result on a time
interval [—Tp,Tp]. Since this T depends only on constants of the motion,

the argument can be repeated, to get the L{S, estimate of Theorem 7.33.

In the particular case where the external potential V' is an harmonic
potential (isotropic or anisotropic), the proof can be simplified. We invite
the reader to pay attention to the short note [Keraani (2005)], where this
simplification is available.

There are several differences between Proposition 8.13 and Theo-
rem 8.19. First, the profile is very particular in Theorem 8.19: it has to be
the ground state. Moreover, in order for the orbital stability property to
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hold, the assumption o < 2/n is necessary. The assumption is not inconsis-
tent with the requirement og(n) < o < 2/(n —2) in Proposition 8.13, since
oo(n) < 2/n. On the other hand, the external potential V' does not have
to be exactly a polynomial in Theorem 8.19. In the next paragraph, we
discuss the validity of Proposition 8.13 when V is a subquadratic potential.

8.3 About general subquadratic potentials

Consider the case of a more general external potential, with initial data
concentrated at the origin in the phase space:

2 o 1
te0pu® + %Aua =V +e™ [uf)* w5 uf(0,2) = YPh4 (g) . (8.25)

where V' = V(¢,2) may depend on time. We have seen that for several
issues, it is convenient to work with subquadratic potentials. Such a prop-
erty was more than useful to solve the eikonal equation globally in space
(see Proposition 1.9). Moreover, this assumption is fairly natural to study
the nonlinear Cauchy problem (fix € > 0 in Eq. (8.25)), to construct strong
solutions (see Sec. 1.4.2), as well as to construct mild solutions thanks to
local in time Strichartz estimates, in view of the results in [Fujiwara (1979)]
(see Sec. 1.4.3). Suppose that V' is smooth and subquadratic:

VeC®RxR"), 92V e C(R; L=(R")), V]a| > 2

The first point in Proposition 8.13 can be adapted to this more general
framework. Up to considering u® (¢, z)e’ Jo V(m:0)d7/< instead of us(t, ), we
may assume that V(¢,0) = 0. Since for |t| < Ag, the curvature of rays of
geometric optics is negligible, we can prove that for all A > 0,

Z limsup sup HAE ) (us(t) —u‘.fmp(t))HL2 =0,
Ace{ld,z/etitv,ev) 0 OSisA

for the same wug,, as in Proposition 8.13 (with & = 0). By assuming
first that ¢ € S(R™), we conclude as in Proposition 8.13. Moreover, the

transition as A — oo occurs in the same way.

Problems arise when trying to prove the analogue of the second régime
in Proposition 8.13. Assume for simplicity that V is time-independent,
V = V(z). In all the previous cases, the proof that the nonlinearity is
negligible for ¢ < |t| < T relies on the Heisenberg derivative

JH(t) = U0 ZU(—1),  where U(t) = exp (—zé <—%A n V)) .
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We start with the good news:

Lemma 8.22. Suppose that V is time-independent, and subquadratic. The
operator J¢ defined above satisfies the following properties:

(1) It commutes with the linear part of Eq. (8.25).

(2) Weighted Gagliardo—Nirenberg inequalities are available: there exists
d > 0 independent of e, such that the following holds. If 0 < §(r) < 1, then
there exists C, such that for all u € X3,

Cr 1-6(r S(r
lull . < T [full 32 17 @OullfS), ] < .
[¢[30)

Proof. The first point stems from the definition of J¢. For the second
point, we use the local dispersive estimate established in [Fujiwara (1979)]:
there exist C' and 6 > 0 independent of € such that as soon as |t| < 4,

I
(elt)""*
Since U#(t) is unitary on L?, interpolation yields, if 0 < §(r) < 1:
T=(O)fller S et DN fllr, 18] < 6, Vf € L7
Let ¢°(t,x) = Us(—t)u(x). We have
U= (0)g" (@)l < letl = lg" ()]l -

Let A > 0, and write

@l = [l e [ g

[z >

Ul 1o <

Estimate the first term by Hélder’s inequality, by writing |¢%|”" = 1 x [¢|",

1/p
/ g% (t,2)|" da S AP ( / |g€<t,x>|“ﬁdx> :
Jz|<XA [z|<A

and choose p = 2/r'(> 1). Estimate the second term by the same Holder’s
inequality, after inserting the factor = as follows,

/| = / 2|~ |2 g% ¢, )| da
x>

|| >

1/p’ 1/p
< / 2|~ da / g (¢, 2)Pde
[z|>X |z|>A

SN gl (8 ) |2
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In summary, we have the following estimate, for any A > 0:

IOl S A E g (B2 + AT g (8,2) | 2.
Notice that n/(p'r’) = §(r), and equalize both terms of the right hand side:
()12

lg= ()]l
This yields [|g*()]| . < lg°(®)l1z2"" wg® (£, 2)[1 %7, Therefore,

—(r o(r o(r
U= () g ()] < et] =2 g= ()13 |lwg® (¢, 2) 3

)\:

&(r)
< 14]—8(r) 1-8(r) ’ ‘
ST g (Ol e o),
Back to u, write g°(t) = U¢(—¢)u. This completes the proof of the lemma,
since U#(t) is unitary on L2 O

Recall that in applying Lemma 8.16, we have invoked the first point and the
last two points only. The second point was used to infer the last two points.
From the above lemma, the operator J¢ that we now consider also satisfies
the first point and an analogue of the third point of Lemma 8.16. To be
able to prove the analogue of Proposition 8.13 when the external potential
is a general subquadratic potential, we would need to know how J¢ acts
on gauge invariant nonlinearities. Unfortunately, this question seems to be
open. Note that we may not need exactly the fourth point of Lemma 8.16:
J¢ may act on gauge invariant nonlinearities “approximately” like a deriva-
tive. The goal would be to find what an acceptable definition of “approx-
imately” could be, and to show that it is satisfied by J¢. What can be
proved, at least, is that the first two points in Lemma 8.16 hold only when
the external potential is exactly a polynomial:

Proposition 8.23. Let V € C*°(R™;R) be a smooth, subquadratic poten-
tial. Let ¢ € C*(]0, T]xR™R) and f € C1(]0,T)) for some T > 0. Assume
that f has no zero on the interval ]0,T|. Define the operator A° by:

A% (t) = if (t)et2)/ey (e—“ﬁ(“)/s-) = @W(mm) +if(H)V

Then A® commutes with the linear part of Eq. (8.25) if and only if V is
exactly a polynomial of degree at most two.

Remark 8.24. In Lemma 8.16, the phases ¢; and ¢2 solve the eikonal
equation

1
od + 5|V¢|2 +V=0. (8.26)
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In the above statement, we do not assume that ¢ solves the eikonal equation.
However, we will see in the proof that it is essentially necessary (up to a
phase shift which depends only on time, and thereby does not affect the
definition of A°).

Proof. In view of Lemma 8.16, we only have to prove the “only if” part.
Computations yield

2
20+ G A = VLA0)| = (0030 + 70080 + (00,Y
) (8.27)
(= 100 + FOV(0;0) -V + S F(DAD;9))-
This bracket is zero if and only if the terms in €° and €' are zero. The term
in ¢ is the sum of an operator of order one and of an operator of order zero.

It is zero if and only if both operators are zero. The operator of order one
is zero if and only if

F)050 = f'(t), Oho=0 ifj#k.
¢ is a function of time only, independent of z, and we have
1
OGO

From the above computations, the first two terms in €% also write

In particular, 8%

P00+ 050 = Y- [0060 041006 = 1005 (910+ 116l )
k=1

Canceling the term in £° in (8.27) therefore yields, since f is never zero on
10,77,

9; (@qﬁ + %|V¢|Z + V) = 0. (8.28)

Differentiating the above equation with respect to zy and z,, all the terms
with ¢ vanish, since we noticed that the derivatives of order at least three
of ¢ are zero. We deduce that for any triplet (4, k, ¢), 85-’MV =0, that is, V
is a polynomial of degree at most two.

Notice that since (8.28) holds for any j € {1,...,n}, there exists a
function Z of time only such that

1
O+ 3IVOl* +V = (1),

This means that ¢ is almost a solution to the eikonal equation (8.26).
Replacing ¢ by ¢(t,x) == ¢(t,x) — fot E(7)dr does not affect the definition
of A%, and ¢ solves (8.26). O
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Remark 8.25. In view of Eq. (8.27), if not zero, the commutator could
be at best of order O(g). Unfortunately, a term of this size cannot be
considered as a small source term, because of the factor € in front of the
time derivative of the semi-classical Schrédinger operator; see Lemma 1.2.

We leave out the discussion on general subquadratic potentials at this
stage. Recall that for instance, we have no complete picture when V is as
in Assumption 8.18 and Theorem 8.19. Finding tools to study this more
general case would be of course the key to extend Proposition 8.13. It might
also open new possibilities for similar problems.

In a similar spirit, we invite the reader to consult the very interesting
reference [Sacchetti (2005)]. There, a global in time analysis is obtained for
a problem which is slightly different from Eq. (8.25). The external potential
V is particular (double well), and the initial data are concentrated on the
two eigenfunctions associated to the semi-classical Hamiltonian (this implies
that the concentration of the initial data is not at scale € as in Eq. (8.25),
but at scale \/g). Also, the order of magnitude of the coupling constant is
much weaker than in Eq. (8.25) (it is exponentially decreasing as € — 0).
However, it is critical as far as leading order nonlinear effects are concerned.
A global in time analysis is then established (in the same fashion as in
Theorem 8.2), which yields a precise description of the interaction between
the linear effects due to the double well, and the nonlinear effects. The main
typically nonlinear effect is the following: if the initial data are concentrated
on a single well, and if the coupling factor is sufficiently large, then the
solution remains localized on the same well, while the linear solution would
oscillate between the two wells (beating motion). See also the more recent
work [Bambusi and Sacchetti (2007)] on this subject.



Chapter 9

Some Ideas for Supercritical Cases

To conclude these notes, we present partial results for a focal point in the
supercritical case a < no, without external potential:
2
iedu + %Aua =7 u ; u(0,z) = ao(a:)efil"EIQ/(%).

Using a semi-classical lens transform (which amounts to adapting Eq. (9.6)
in view of the approach of [Carles (2002)], see Remark 9.5), we could also
consider the case with an isotropic harmonic potential. To observe non-
linear effects which are due to focusing phenomenon, we assume a > 1:
the nonlinearity is negligible in a WKB régime. Also, we suppose that the
nonlinearity is exactly cubic: ¢ = 1. All in all, we assume 1 < a < n. Note
that in particular, this assumption excludes the one-dimensional case. This
point appears several times in the proof. We therefore consider:

2 .
ie0yu® + %Aua = [uffus 5 wf(0,3) = ap(z)e 17/ (9.1)

In [Carles (2007a)], preliminary results are shown concerning the asymp-
totic behavior of u®. Besides these results, which we state and prove below,
the computations in [Carles (2007a)] yield an interesting example. Indeed,
a formal computation yields a function that solves Eq. (9.1), up to a source
term which can be taken very small as ¢ — 0. However, the usual stability
analysis does not make it possible to conclude that it is close to the exact
solution, since the exponential factor in the Gronwall lemma counterbal-
ances the smallness of the source term. This problem is similar to the one
encountered in the supercritical régime for WKB analysis (Chap. 4). More-
over, we can prove that this function is not a good approximation of the
exact solution, when Gronwall lemma ceases to be interesting. The reason
is more subtle than a spectral instability: it is related to the notion of good
unknown functions, in order to observe the right oscillations.

213
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First, qualitative arguments yield relevant scalings for Eq. (9.1). Recall
that the mass and energy associated to Eq. (9.1) do not depend on time:

lu(®)ll > = llaoll 2,
leTu(@)]12: + el (1)1 = const. = O(1) ~_[Jzaoll3.
E—

Intuitively, the nonlinear term is relevant at a focal point if the potential
energy is of order O(1) exactly, while the modulus of u* is described by a
concentrating profile,

1 x
€ _— —_—
(o)~ e () 9.2)

for some v > 0. The power of ¢ in front of ¢ is to ensure the L2-norm
conservation. We consider only the modulus of u®, because the forthcoming
discussion will show that phenomena affecting the phase are crucial, and
not completely understood. We then compute:

el (Oe ~ el

We check that the “linear” value v = 1 is forbidden, because in that case,
the potential energy is unbounded (o < m). Note also that the value v =1
was the one encountered in the critical case @ = no (see Proposition 7.19).
For the potential energy to be of order O(1) exactly, we have to choose:

a
= — ]_. .
= < (9.3)

We will not prove that the above argument is correct, but we will show
that the scale €7 is an important feature of this problem. We show that
there is a time at which u® behaves like in Eq. (9.2), but our analysis
stops before ¢ = 1. Notice also that the above argument suggests that the
amplification of the solution u® as time goes to 1 is less important than in
the linear case; supercritical phenomena may occur in the phase, and also
affect the amplitude. We also point out that estimates agreeing with these
heuristic arguments were established by S. Masaki [Masaki (2007)] in the
analogous case, where the cubic nonlinearity is replaced by a Hartree type
nonlinearity.

Definition 9.1. If T' > 0, (k;);>1 is an increasing sequence of real numbers,
(¢j)j>1 is a sequence in H*(R™), and ¢ € C([0,T]; H*), the asymptotic
relation

Bt ) ~ Y thigi(x) ast—0

j=z1
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means that for every integer J > 1 and every s > 0,

J
¢(L‘,')—Ztkj¢j zo(th) ast — 0.
=t He (R™)

Theorem 9.2. Let ay € S(R™). Assume n > a > 1. Then there
exist T > 0 independent of € €]0,1], a sequence (¢;)j>1 in H>, and
¢ € C([0,T); H*®), such that:
L@t @) ~ 3 s tin=1g;(x) ast — 0.
2. For 1—t>¢e" (v =a/n < 1), the asymptotic behavior of u® is given by:
limsup ~ sup  [u(t) = v°(t)[| 2 (rn) P 0,
e—0 0<t<1l—AeY —+o0

. |z
e'2e (-1 T eY T
h “(tyx) = T ; :
where v°(t, ) (l_t)n/2a0<l_t)exp<za qb(l_t 1—t>>

Some comments are in order. In the linear case as well as in the critical
case a = n > 1, the above result holds with v = 1 and ¢ = 0. The case
«a < n is supercritical as far as nonlinear effects near ¢ = 1 are concerned.
We emphasize two important features in the above result: the analysis
stops sooner than 1 —t > ¢, and nonlinear effects cause the presence of the
(non-trivial) phase ¢. For 1 — ¢ > €7, we have

0% ja—1
N1 e = N € 4 T
© ¢<1—t 1—t> ;(1—15)@1%(1—75)'

The above phase shift starts being relevant for 1 — ¢ ~ en=t (recall that
n > « > 1); this is the first boundary layer where nonlinear effects appear
at leading order, measured by ¢;. We will check that this phase shift is
relevant: ¢; is not zero (unless u® = 0, see (9.11) below). We then have a
countable number of boundary layers in time, of size

1—-t= 553—:1 ,
which reach the layer 1—¢ & £7 in the limit j — +00. At each new boundary
layer, a new phase ¢; becomes relevant at leading order. In general, none
of the ¢;’s is zero: see e.g. (9.13) for ¢2. The result of a cascade of phases
can be compared to the one discovered by C. Cheverry [Cheverry (2006)] in
the case of fluid dynamics, although the phenomenon seems to be different.
Yet, our result shares another property with [Cheverry (2006)], which does
not appear in the above statement. Theorem 9.2 shows perturbations of
the phase (the ¢;’s), but not of the amplitude: the main profile is the same
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as in the linear case, that is, a rescaling of ag. However, to compute the
first N phase shifts, (¢;)1<j<n, one has to compute N — 1 corrector terms
of the main profile ag. This is due to the fact that the above result can be
connected rather explicitly to the supercritical WKB analysis of Sec. 4.2.1,
via a semi-classical conformal transform.

Each phase shift oscillates at a rate between O(1) (when it starts being
relevant) and O(g7~!) (when it reaches the layer of size £7). Since v > 0,
this means that each phase shift is rapidly oscillating at the scale of the
amplitude, but oscillating strictly more slowly than the geometric phase
%ﬁl), for 1 —¢ > 7. We will see that for 1 —¢ = O(¢7), all the terms in
¢, plus the geometric phase, have the same order: all these phases become
comparable, see (9.16).

If we transpose the results of [Masaki (2007)] to the case of the cubic
nonlinearity, we should have the uniform estimate:

1T u ()| 2 S e/t =7

~

Recalling that
JE(t) = i(t — 1)ellel/ ety (e—uwﬁ/(za(t—l)).) ’

the above estimate suggests that besides the oscillations carried by the
solution of the eikonal equation, u® oscillates at scale ' =7, which is between
¢ and 1. This estimate is in perfect agreement with the previous discussions,
and with Theorem 9.2. One of the aspects in [Masaki (2007)] is that the
above estimate is proved to be valid for all time, and not only for ¢t < 1. An
interesting question would be to know if this estimate is sharp (as e — 0) for
t > 1. In other words, do intermediary scales of oscillations have appeared
near t = 1, persisting for ¢t > 17

9.1 Cascade of phase shifts

In this paragraph, we prove Theorem 9.2. We start by some formal com-
putations, whose conclusion is in good agreement with the statement of
Theorem 9.2. Then, we prove Theorem 9.2, and notice that the two ap-
proaches disagree, past the first boundary layer. This aspect is explained
in Sec. 9.1.3.
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9.1.1 A formal computation

For simplicity, we assume ag € S(R™). Resume the approach via Lagrangian
integral (see Sec. 7.1),

1 _it=lig2q il
Ua(f,x):W/Rne o € A2 (1, €)de.

From Lemma 7.1, we know that the Lagrangian symbol A® converges at
time ¢t = 0, as € — 0. For ¢t # 1, we apply stationary phase formula at a
very formal level, as in Sec. 7.3 (with now o = 1):

F(luPw) (’“‘ 5) |t€ o AP A% (L e I
Using the second part of Lemma 7.1, we infer that the evolution of A®
should be described by
€

To be consistent, we should say that the right hand side is negligible, since
a > 1. We keep it though. Like several times before, we notice that the
modulus of A¢ is independent of time, and we compute explicitly:

A%(1,€) = A°(0,€) exp <—i6a1|A€(0,f)|2 /Ot (1?77)

7-)77,

e todr
~ ao(€)ewp (A [ )
o (1—71)
where Ag(€) = e~ "/*a9(—€). Back to uf, this yields, for ¢ < 1:

a—1

|A%|% A% (t,€).

177,71'/4 w2
€ 2e(t—1)
ut(t,z) = l—t”/2 (t,t_1>e
x i z|ao( )|2€a 1{ —T'n.
ag e 25(t 1)6 T o T-17
(1-1) n/2 <1 )
Since n > 2,

/ todr N 1

o =77 S =D

we see that the last phase in the approximation of u¢ becomes relevant for
et (1-t)" —ta R,

This is exactly the first boundary layer appearing in Theorem 9.2. To go

further into this formal analysis, we adopt another point of view, which
may appear as more explicit. Using a generalized WKB expansion, seek

u(t,x) ~ vi(t,o) = be(t, x)et?B2)/e,
E—
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and change the usual hierarchy to force the contribution of the nonlinear
term to appear in the transport equation:

1 2
o0 51908 =0 - s0.0=-1
Ob° 4+ Vo - Vb° + bEAqS BP0 b5(0,2) = ao(w).

The eikonal equation is the same as the linear case, as well as its solution.
The transport equation is an ordinary differential equation along the rays
of geometric optics 1% = const., of the form

g = —ie*"yl?y.
The modulus of b° is constant along rays, and
! v e o) g
€ = e jaolis T
b (t, x) (l—t)”/2a0<1—t)e )l Jo
We retrieve the same approximation as with the Lagrangian integral ap-

proach. By construction,
2
. € .
iedp] + 5 Avf = of uf £ 1] 3 0§(0,2) = ap(w)e T3,

where

2
rit @) =< elel*/ =D Ap (1, ).
2
Denote ¢5(t, ) = —e*~! ‘ao (%)‘ fot uil—:)n. We compute:

R eigi(t,w) €T
AV 2) = Tgyzmr A (1 —t>

2iet91(t:) N w1 [P dr
D Eeh (1 t) Viaol ( t)g T
ie91 (t:x) w1 [t dr
24+n/2 ao ( > | 0|2 ( >8 1/ 1— n
(1) —t o (1—7)
€191 (t.2) o [fodr
N R ( )‘V' o ( t) ( | <1—r>"> '

We infer
g2 gatl gatl g2«
5 t <
”Tl( )HL2 ~ (1 — t)2 + (1 _t)n+1 + (1 _t)n+1 + (1 —t)2”
Therefore,
/H [ L S -
T T .
L A—t"  (1—pr  ([@d—te2n1
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Following the energy estimates of Lemma 1.2, this quantity might be the
one that dictates the size of the error u® —vi. The first term is the “linear”
one: it is small for 1—¢ >> €. The second and third ones (which are the same,
but which we keep to keep track of the corresponding terms in Ab®) are
small for 1 — ¢ > ¢%/™_ and the last one is small for 1 — ¢ > ¢(2e—1)/@n=1),
Since

the last term in Ab® is the first to cease to be negligible. We note that in
the equation for vi, the corresponding term has the same argument as vf.
This suggests that the last term in r{ might be eliminated by adding an
extra phase term in the approximate solution, in view of the identity

. -ne -ne ‘ne
1€0y (aeze ) = —00° x ae'? + "% icha.

Seek an approximate solution of the form:

a(t )_ 1 z 19 (t,x) (ba(t )_ |{E|2 + E(t )
B E A Ty 1) ¢ ’ T ey T

We find

o) € iA g __ a_QA g _ o 5_6_2v £12 L _vs £
0"+ S AT = i AT = eOig” — |V - VT v

62

. € . z i¢°
+17(1 _t)1+n/2v9 Vag (1 —t) e

+1 e \> e A T
o \1=t) @—p2=\1-¢)"

As suggested by the previous computations, write

g (t,x) = 1/0 h (ﬁv&) dr, with h(z,§) ~ szgj(g). (9.4)

g
i>1

In the equation verified by v, the last term is the “same” as in the linear
case: it becomes relevant only in a boundary layer of size €. Since our
approach will lead us to the boundary layer of size €7 (v < 1), we ignore
that term. The remaining terms with a factor i are of order, in L2,

@ a+1

3 3
ar< ——
S RN F R T

2 e? £ '
AgE(B)l| i~ + —— IV (B)]| = S
e*|Ag*(t)l| +1—tva B~ < (1—t)2/0 (

and their contribution is also left out in this computation, since they become
of order one only for 1 — ¢t~ ¢&7.
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Now we require that v¢ be an approximate solution to (9.1):

x 9
(0= 1259+ 590 P == (e )

Using (9.4), we get:
91(§) = —|a0( )Ia

for j > 2, =3 —v Vg,
orJ Z (pn—1)(gn—1) Ip " Viq
p+q =J

(9.5)

with the convention go = 0. This algorithm produces smooth solutions,
since ap € S(R™). Define

z/ (55) o (50),

vi(t,x) = ao [ ) ettt ton i)
(1— /270 \1—¢ :

Proposition 9.3 (Formal approximation to (9.1)). Let n > o > 1,
ap € SR™), and fir N € N*. The function vy, solves

2
ie0uy + 5 Ak = iy Pk + 7R 5 0R(0,2) = ag(a)e ),

For1—t>¢eY =™, the source term satisfies:
1t c(N+1)a—1 co
_ <
= [ It £ e+ e

For 1 < j < N, the j* term of the series defining g% becomes relevant in

Ja—1

a boundary layer of size g1 , since

1t o \Y 1 et
_/ dr ~ - —
eJo \1—7 t—1jn —1 (1 —t)in-1

In the limit N — 400, a countable family of boundary layers appear.
Qualitatively, this agrees with Theorem 9.2.

Remark 9.4. In the critical case « = n > 1, we have 8 = v = 1: the above
boundary layers “collapse” one on another. There are no such phase shifts
as above.
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The sole estimate of the source term does not prove much. In a stan-
dard (semi-linear) stability argument, the nonlinearity |u|?u® — [v%|?v% is
usually treated by a Gronwall type argument. If the nonlinearity is “too
strong”, then the above estimate, which is completely relevant in the linear
case, does not necessarily account for the size of the error. Since we are in a
supercritical case, it is not surprising that Proposition 9.3 is only a formal
result. To see what information could be hoped from Proposition 9.3, set
wy = u® — vy It solves

. € e? e a e|2, € e |2,¢ e €

iedwy + EAMN =c (|u |“u® — vy ] ’UN) —TN 5 Wyp=o = 0.

Applying Lemma 1.2, we find, for ¢ > 0:

t t
1
il 5o [ el ook L+ 2 sl dr
0 L €Jo

t
a— 2 2
St [ (IOl + 1) e (0l d
c(N+1)a—1
+ (1—t)(N+Dn-1"
Assume that for 1 —¢ > €7, u® is of the same order of magnitude as v,
that is
1
(1 —t)n/2’

(This estimate will actually be proved in Sec. 9.1.2, see Remark 9.8.)
Gronwall lemma then yields, for ¢t < 1:

[ ()l L~ S

(N+1)a—1

a—1/(1_4pn—1
||w?\/(t)||L2 S Weca /(=)™

Formally, take N = oo: in L2, the error w® is controlled by

6.(1

(1=tm

For 1 —t > e(@=D/("=1) the exponential is bounded. Moreover, if

a—1 n—1
SO a=n

Eafl

1_fn1 %8
we still infer
[wiy @)L <1,

provided that ¢ (independent of ¢) is sufficiently small. This shows that the
first phase shift, also derived with the Lagrangian integral approach, is the
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right one, since the approximation is good past the first boundary layer.
On the other hand, the second boundary layer corresponds to

2c0—1

1l —t=e2n-1,

We check that
8a ecsafl/(l_t)nfl‘
(1—1)"
Therefore, we cannot conclude anything by this approach, as soon as the
second boundary layer is reached (and even before). We will see in Sec. 9.1.3
that this approximation ceases indeed to be good between the first two
boundary layers. We will also explain why.

t=1_ca-1/n-1) > L.

9.1.2 A rigorous computation

Introduce the new unknown function v given by:

1 eY T PL
us(t,x) = TEDRE Y° (1 —'7= t) €' (9.6)
Recalling that v = a/n < 1, denote
h=¢e"7—0. (9.7)

e—0

Changing the notation v°(7,&) into "(t,x), we check that for ¢t < 1,
Eq. (9.1) is equivalent to:

hQ
i + - A" = 2t gt (b ) = aol@). (98)
Except for two aspects, this equation is the same as in Sec. 4.2.1:

o There is a factor t"~2 in front of the nonlinearity.
e The data are prescribed at ¢ = hﬁ, instead of ¢t = 0.

Note that the factor t"~2 is not present if n = 2, and would be singular at
t = 0 if we wanted to treat the case n = 1.

Remark 9.5. It is easy to adapt this analysis to the case of a supercritical
focal point, in an isotropic harmonic potential:
|z[?

2
iedyu® + %Aue = Tua +eufPuf ; uf(0,2) = ag(x).

Indeed, resuming the reduction of the end of Sec. 5.3, we can set

wh(t,x) =U*® <5i'v - 1,;E> ,
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where U¥¢ is given by

c _ 1 e _r
U = e T arctant, 1+2)
We find:
h2 n/2—1
" + A" = ()" + (¢ —18)") " [ o

’lr/)h (tg7x) = U;O(ﬂj),

with ¢} = h?/(=7). This reduced problem is closely akin to Eq. (9.8). In
particular, it is easy to adapt Theorem 9.2 to this case.

To study Eq. (9.8), we naturally adapt the approach of [Grenier (1998)],
presented in Sec. 4.2.1. We want to write

wh(ta z) = ah(t, $)ei¢h(t7w)/h’
where
P h 1 v h12 n—21 _h|2 _ . 4h —
i+ 5 [V 42 fa T =0 P Vet =0
X , (9.9)
Ol + V" Va' + ga"AGT =iz Bat gy =an,

and t} = RY/(1=7) " We introduce the velocity v = V¢", and force the
initial time to be zero by a shift in time:

T)h(t,;v):vh(t—i—tg,x) ; 5h(t,x):ah(t+tg,x).

We now have to study a quasi-linear equation:

- h
atuh + Z AJ (uh)ajuh = §Luh y

Rea" al
Ima" as 0-A0 ... 0
with "= | o |=|2|, L=[A 00 .. 0], and
: : 0 0  Onxn
o o
n v ¢ 0 ate
A, €) =) Aj(w)g; = 0 ¢ Lt

n—2

i=1 2(t4+t8)" Ca e 2(t+th)" Caxe v <,
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The matrix A(u, ) can be symmetrized by

gh I 0
= 1 N

which depends only on ¢ and h, since the nonlinearity that we consider is
exactly cubic. In estimating 0;S, the assumption n > 2 is again helpful.
Indeed, we can mimic the computations of Sec. 4.2.1. For s > n/2+ 2, we
bound

<ShASuh, Asuh> ,
(scalar product in L?(R"*?)) by computing its time derivative:
% <ShAsuh, Asuh> = <8tShASuh,ASuh> +2 <Sh8tASuh,ASuh> ,
since S" is symmetric. Because n > 2,
<8tShAsuh,Asuh> <0.
Therefore, we can easily infer the analogue of Theorem 4.1:

Proposition 9.6. Let n > a > 1 and ay € S(R™). There exist T* > 0
independent of h €]0,1] and a unique pair (", a") € C([th, T* +th]; H*)?,
solution to (9.9). Moreover, a" and ¢" are bounded in L>=([th, T*+t]; H®),
uniformly in h €]0,1], for all s.

Remark 9.7. In [Carles (2007a)], the homogeneous nonlinearity £|u|?u®
is replaced with f (50‘|u5|2) u®, where f/ > 0. Computations are not more
difficult, just a little lengthier to write. We point out that in estimating
the time derivative of the symmetrizer S, the “new” term (compared to
Sec. 4.2.1) is non-positive, as above, and therefore can be left out in the
energy estimates leading to the analogue of the above proposition.

Remark 9.8. We infer that 4" is bounded in L>([th, T + t4] x R™). In
view of Eq. (9.6), this shows that for 1 —¢ > &7/T*,

1
W)~ S ———.
WOl £ g

We have a similar result for the expected limit of (¢",a"):

Proposition 9.9. Let n > 2 and ag € S(R™). There exists T > 0 such
that the system
1
Ohp+ 5 Vo + "2 |l =0 3 g0 =0,
. (9.10)
6ta+V¢-Va+§aA¢:0 ; Q=0 = Qg
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has a unique the solution (a,¢) € C([0,T]; H*®). In addition, there exist
sequences (¢;)j>1 and (a;);>1 in H*(R"), such that

o(t, ) ~ Zt"j_lqu(a:), and a(t,z) ~ Zt"jaj () ast—0.

Jj=z1 Jj=0

The last part of the proposition is easily verified, by induction: plugging
such asymptotic series into Eq. (9.10), a formal computation yields a source
term which is O(t*°) as t — 0. We can now measure the error:

Proposition 9.10. Let s € N. We have T* > T, and there exists C
independent of h such that for every th <t < T,

la"(t) = a(®)ls + 16" () = 6(t) |- < Cy (ht+R7F57)

Proof. We keep the same notations as above. Define (a,v) from (a,v)
by the same shift in time. Denote by u the analogue of u” corresponding
to (a,v). We have

(Aj(uh) — Aj(u)) Oju= gLuh.
1

0 (u" —u) + iAj(uh)aj (u" —u) + 3

j=1 J

We know that u” and u are bounded in L°°([0, min(T*,T) — th]; H®). De-

noting w = u" — u, we get, for s > 2 4+ n/2:

% (S" A", A'w") <C ([ullgese, [P o) (S"ATW", A*wh)
T Chlull gresa %" 7

S QShAS“m,A&Wﬁ)ﬁ-ha
where S is the previous symmetrizer, which depends only on t and h.
Using Gronwall lemma, we infer:

I Ollie < bt + ]| (@), g~ @0,
1

n—1 n—
Sht+(t5)" 10w 0l e opimey S hE+ ()"
where we have used Proposition 9.9. Along with a continuity argument,
this proves that we also have T* > T, since T* does not depend on h. This
completes the proof of Proposition 9.10. (]
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Note that since o > 1, 7( ) > 1. Back to 9", we infer:

[ = coc'e"] ettt —acen]

Lo ([t THL?) Lo ([t TiL?)

+ Haew/h a e“b/hH
Lo ([th,7];L2)

S H“h - a‘|L°°([tg7T];L2) + I3 ||¢h - ¢HLw([t§,T]an)

+lla = aoll oo (et 71,22

<h4T+hi> 417

Letting 7 — 0, Theorem 9.2 follows, by using Eq. (9.6), and the last point
of Proposition 9.9. Note that the cascade of phase shifts proceeds along
the same spirit as in Sec. 5.3, since it stems from the Taylor expansion, as
time goes to zero, of the rapidly oscillatory phase.

Remark 9.11. The cascade of phase shifts can be understood as the cre-
ation of a new phase, appearing discretely in time. With the transform
(9.6) in mind, the asymptotic expansion of the phase shift ¢ stems from
the last part of Proposition 9.9. The coupling in (9.10) shows that even if
Ple=0 = 0, #(d, ) is not identically zero, for 6 > 0 arbitrarily small. The
phase of " is given asymptotically by

t]n 1

o(t, )
n Z

jz1

().

With the same line of reasoning as above, a phase shift appears for ¢ of order
hY(=1 then a second for ¢ of order h'/(?»=1) and so on. The superpo-
sition of these phase shifts, which are oscillating faster and faster, finally
leads to a continuous phase, corresponding to an oscillation associated to
the wavelength h.

9.1.3 Why do the results disagree?

The construction of Section 9.1.1 and the results of the previous paragraph
do not agree. To see this, we come back to Proposition 9.9. Plugging the
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Taylor expansions in time for ¢ and a into Eq. (9.10), we find:

O (tn—Q) . (n _ 1)¢1 + |CL0|2 =0, (9.11)
O(t"): nay+ V61 Vao + 3a0Aéy = 0, (9.12)
o (th—Q) (20— 1)¢s + %|V¢1|2 +2Re(agar) = 0. (9.13)

The function ¢; is the same as the one obtained by the approach of
Sec. 9.1.1: the two approximate solutions are close to each other up to the
first boundary layer, when the first phase shift appears. This also stems
from the computations at the end of Sec. 9.1.1, in view of Remark 9.8. On
the other hand, we see that to get ¢2, the modulation of the amplitude
(a1) must be taken into account (note that we consider approximations as
t — 0 here, not as ¢ — 0: a; does not denote the same quantity as in
Chap. 4); in Eq. (9.5), g2 is computed without evaluating Aag, unlike ¢o,
S0 go # ¢2 in general. This means in particular that the two approximate
solutions diverge when reaching the second boundary layer: the approach of
Sec. 9.1.1 is only formal, and does not lead to a good approximation. And
yet, the source term in Proposition 9.3 is small. We will see below that
this divergence is not due to a spectral instability, but to the fact that the
approach followed to construct the formal approximation was too crude.

We apply the transform (9.6) to the intermediary approximate solution
v%. We show that the formal approximation stops being a good approxima-
tion between the first and the second boundary layer exactly, as suspected
at the end of Sec. 9.1.1. Like for the exact solution, write

1 e T 22
’U?V(t’x) = (1 _t)n/z’lbjav <1 _t’l _t) e 2€(t 1),

We check that 1% is given by

) e” x
(1. €) = ag(€)ioh (), Whereg?v(tal‘)zw%< —)

We compute

1 & ni BT
:ﬁzn]—l (t T (1) )gj(x).

Jj=1

Therefore, 1% satisfies

. h? e
Zhatwjlif + 7A¢1}§ =1 2|¢§L\7|2¢?\7 +9§L\/(t7$) ) ’@[J?\f (tgvx) = ao(x),
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where:

h n
O (tx) = <t<N“>"2Ko(a:> +ih Ky (t @) + (tj;) ES(x)) ¥ (k@)

thy"
+ihKs(t, ) + h2Ks(t, ) + ih ( 22) 2l (@),

where the functions K; are smooth and independent of h, and E? are
bounded in all Sobolev spaces, uniformly in h. Note that the factor in
front of E? is not singular, since we assume t > tO, and n > 2. Now write

PR (t,x) = a}]{,(t,x)ew%(t’z)/h, with

h
Reay,

h
Imay,

OV ) A (VMo = gLvh +sh(t, ), with vi(t,z) = | ok |,

On gl

h R
Re (K1a%) + Re | | K2 — ih K3 + (fitl)z:g =it /h

Im (Kya%) +1Im | | Ky — ihKs + (t(iot{)g:ff e~ itk /h

s"(t, z)

th
_(t + t(})L)(N+1)n7281KO - t(+t2L)2 81 ’

n— ' th)" —
(a2, 1, — g, =

where the matrices A; are the same as in Sec. 9.1.2 and the functions in the
definitions of v and S" are evaluated at (t + ¢, z). We can proceed like
in Sec. 9.1.2: the new term is the source S”. Unlike for the exact solution,
the oscillatory aspect of the problem has not disappeared: the first two
components of 8" contain a highly oscillatory factor. Therefore, we cannot
expect h-independent energy estimates here. To measure the effect of this
oscillatory term, forget the shift in time, and take tg = 0. Then assuming
that for small times, d2¢% (t,x) = O(t"~1) for any multi-index 3 (like for
the exact solution), the H*® norms of the first two components of " are

tlJrs(nfl)
o)

Back to the initial variables, this yields a control by

1+s(n—1 sa—s
e N ey
1-¢ (1 — t)1+8(n71) :

controlled by
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This is small for 1 — ¢ > &%, with
Y+ sa—s
w=-———.
1+s(n—1)
We check that for n > « > 1, we have
a—1 " v+ s(a—1) - 200 — 1
n—1 1+s(n—1) 2n-1
The first inequality means that we can expect the formal approximation to
be a good approximation of the exact solution beyond the first boundary
layer (which holds true). The second one explains why the approximation
ceases to be relevant before the second boundary layer.

A possible way to understand the above computation is that the choice
of the variables is crucial: working with the “usual” unknown v (as in
Sec. 9.1.1) is not very efficient. On the other hand, with the variables
introduced by E. Grenier for his generalized WKB methods, a precise and
rigorous analysis is possible, via the transform (9.6).

, for all s > 0.

Remark 9.12. Even though there is stability in a reasonable sense for the
limiting hyperbolic system (9.10), small perturbations of the initial ampli-
tude ag may drastically alter the asymptotic behavior of u; see Sec. 5.3.

9.2 And beyond?

Using the analysis of Sec. 4.2.1, we could not only describe u® fort < 1—Ae”
in the limit A — 400, but also for ¢t < 1 — &7/T, where T is given by
Proposition 9.9. The main differences with the approximate solution of
Theorem 9.2 is that the amplitude a can no longer be approximated by
its initial value ag, and a phase modulation must be inserted (which was
denoted ®™) in Sec. 4.2.1). This shows that for t = 1 —¢7 /T, the amplitude
of uf is of order e~"/2 = ¢=*/2 in L>°. Moreover, the potential term in
the nonlinear energy is of order O(1) exactly:

T\*" T
-t =e [ (5) ot (12

T n
== (5) WOl = @)~ 1.

Since we know that the potential energy is bounded for all time, from
the conservation of the energy, this suggests that u® might have reached
its maximal order of magnitude at time ¢t = 1 — ¢7/T, as guessed in the
introduction of this chapter.

4
dx
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To know how u® evolves past this time, it seems reasonable to introduce
the (L? unitary) scaling transform,

1 t—1 z 1 t—1 x
€ =— | —y— | = —° | —— . .
u (taf'r) - 5’”7/2@ < Y E’Y) ga/280 ( = S'Y> (9 14)
With the same change of notation as for 1, we have
; W P hiZ h
thop™ + EAQD = ‘gp | o (9.15)

For —1/tf <t < —1/(T + t}), we have:

n/2
Pt = () o (FHEE) e

t 4
n/2 ; 2
(-1 -1 —x i (|| -1 —x
_<t> a(t’t)‘aXp<h<2t+q5 t ot
= al(t, a:)ei{)h(t’r)/h. (9.16)

The phase ®" is no longer in Sobolev spaces, because of the quadratic term.
However, it enters the class studied in Sec. 4.2.2. So to go further into the
analysis, we meet again a question which was natural in Chap. 4: what
happens when singularities appear in the limiting Euler equation? What
does it mean for u®?

We have seen that because we study a focal point in a supercritical
régime, new frequencies have appeared. There are potentially other possible
effects. For instance, is there a (different) notion of caustic for ¢", that is,
in a supercritical WKB régime? Indeed, we know that we have to expect
the solution of the limiting Euler system to develop singularities in finite
time ([Chemin (1990); Makino et al. (1986); Xin (1998)]), but this tells
us nothing about ¢". Typically, we do not expect the L> norm of ¢"
to be unbounded, since both its L? norm and its L* norm are bounded
for all time and all h. Of course, this does not imply that the L*° norm
of ¢" is bounded, but this is a rather appealing property. As suggested in
Chap. 6, this might mean that two notions of caustic could be distinguished
in supercritical régimes: a geometrical notion (the rays along which the
amplitude is carried cease to form a diffeomorphism of the whole space), and
an analytical notion (the L® norm of the wave function becomes unbounded
as the semi-classical parameter goes to zero). These two notions might be
disconnected in supercritical cases, and other analytical mechanisms may
be involved.
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In the linear, subcritical and critical cases, we have seen that past a
single focal point, one phase suffices to describe the rapid oscillations of
the wave function, unlike what happens for a cusped caustic in the linear
case, for instance. In the present supercritical case, it is not clear even how
many phases are necessary to describe the wave function for ¢ > 1. As a
matter of fact, the geometry of singularities is not understood either: it is
not clear that for ¢ > 1, u® is of order O(1) again. It might for instance
keep the form it has reached at time t =1 —¢7/T.

This informal discussion shows that many questions remain open, both
in a WKB régime and in a caustic régime. Moreover, these questions are
more connected than it may seem at first glance.
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